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Abstract—While electric vehicles (EVs) are expected to provide
environmental and economical benefit, judicious coordination of
EV charging is necessary to prevent overloading of the distribu-
tion grid. Leveraging the smart grid infrastructure, the utility
company can adjust the electricity price intelligently for indi-
vidual customers to elicit desirable load curves. In this context,
this paper addresses the problem of predicting the EV charging
behavior of the consumers at different prices, which is a prereq-
uisite for optimal price adjustment. The dependencies on price
responsiveness among consumers are captured by a conditional
random field (CRF) model. To account for temporal dynamics
potentially in a strategic setting, the framework of online convex
optimization is adopted to develop an efficient online algorithm
for tracking the CRF parameters. The proposed model is then
used as an input to a stochastic profit maximization module
for real-time price setting. Numerical tests using simulated and
semi-real data verify the effectiveness of the proposed approach.

Index Terms—Conditional random field (CRF), online convex
optimization, real-time pricing, smart grid.

NOMENCLATURE

E Set of edges (dependency) in graph G.
G Graph of spatial dependency of consumer

behaviors.
M Total number of consumers.
V Set of nodes (consumers) in graph G.
bt

i EV charging decision of consumer i at time t.
PEV Charging power flow.
Pmax Aggregate load power threshold.
α, β, γ Coefficients for generation cost function.
Di Charging deadline of consumer i.
Ei Total charging capacity of consumer i.
ηt

i Nonelastic load of consumer i at time t.
�t Loss function.
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φi Feature function capturing dependency of charging
decision of consumer i on the price ρt

i .
ψi,j Feature function capturing dependency of charging

decisions between consumers i and j.
ρt

i Price for consumer i at time t.
�t Covariance matrix encoding the dependency graph.
τ t

i Charging decision threshold.
D̃t

i Time left to the deadline for EV i at time t.
Ẽ t

i Charging energy needed for EV i at time t.
θ t

i,j CRF model parameter capturing dependency
between consumers i and j at time t.

θ t
i CRF model parameter capturing price dependency

of consumer i at time t.
ζ Elasticity coefficient.

I. INTRODUCTION

THE SMART grid vision aims at capitalizing on informa-
tion technology for efficient use of energy resources in

grid operation with reliability assurance and consumer par-
ticipation. Recently, there has been a growing interest in
incorporating electric vehicles (EVs), which are expected to
be widely deployed in the near future [1]. EV penetration may
contribute to alleviating dependence on fossil fuel and cutting
greenhouse gas emissions. EV owners may also benefit from
lower energy cost in the face of spiking gasoline prices.

Although environmental and economical benefit due to
transportation electrification may be huge, simultaneous charg-
ing of a large number of EVs in residential distribution grids
can significantly overload the infrastructure. Uncoordinated
EV charging can aggravate load peaks owing to concen-
trated charging demand before commuting hours, resulting in
higher cost for grid operation [2]–[4]. Therefore, coordinated
charging of EVs is a crucial task for future power systems.

In order to elicit desirable electricity consumption patterns,
various time-based pricing schemes have been proposed. By
allowing the electricity price to vary over different hours of
a day, consumers are encouraged to shift inessential loads to
the periods of low prices, which generally correspond to off-
peak hours [5]. There is an extensive literature on scheduling
the time and rate of EV charging [6]–[13]. The generation
and EV charging costs were minimized in [7] under power-
flow constraints. With the goal of shifting EV loads to fill
the overnight demand valley, a distributed algorithm for day-
ahead charging rate schedules was proposed in [8]. The EV
charging schedule was optimized by minimizing load variance
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and maximizing load factor in [9]. A real-time distributed
algorithm was proposed to shift the elastic loads to the periods
of high renewable generation [10].

Prerequisite to the demand coordination task is to obtain
reliable analytics. In addition to the essential load and price
forecasting tasks, it is instrumental also to learn the con-
sumers’ behavioral patterns. In [14], smart grid consumers’
price elasticity was estimated using a linear regression model
with price changes as regressors and the corresponding shift in
total demand as the response. The price responsiveness is use-
ful, for instance, when one desires to set the prices optimally
with various objectives such as minimizing the generation cost
or maximizing the net profit from grid operation.

However, existing techniques for acquiring price elasticity
fall short of capturing some important aspects. First, in prac-
tice, price elasticity might change over time even in an adver-
sarial and strategic manner, as the consumers can react to price
changes to maximize their own profit. Thus, accounting for the
dynamics of consumer preferences is critical. Secondly, the
spatial dependencies of consumer behaviors, e.g., the correla-
tions existent in the behaviors of consumers, which may be due
to similar lifestyles of the people in geographic proximity with
comparable income levels, or even due to technical/strategic
reasons involving overloaded distribution networks [15], have
not been exploited. Furthermore, in terms of algorithm imple-
mentation, online algorithms are preferred over batch alterna-
tives for real-time processing of streaming data.

This paper adopts a statistical model that captures the
dependency of EV consumers’ charging decisions on the
announced electricity price. As the charging decisions can
be best described by discrete values (e.g., “charging” or “not
charging”), a logistic regression-type framework is employed.
To capture spatial dependence of the behaviors, the depen-
dency structure is modeled as a graph, and the overall model
corresponds to a conditional random field (CRF) [16]. An
online algorithm is then developed to track the relevant model
parameters, based on an online learning framework [17], which
provides performance guarantees with minimal assumptions on
the structure of temporal dynamics.

Compared to other alternatives such as fully generative
Bayesian approaches and nonparametric kernel models, the
CRF framework is appealing as the EV charging behavior
is discrete, which invites logistic regression-type approaches.
Furthermore, compared to the fully generative Bayesian mod-
els, the CRF approach is widely appreciated due to its merit
of not requiring a statistical model for the control variables,
which in our case is the price vector [18]. Finally, the CRF
framework naturally accommodates risk-limiting stochastic
optimization formulations for price setting.

Some prior works captured the strategic interdepen-
dency of the consumers through a game theoretic frame-
work [6], [19]–[21]. A noncooperative Stackelberg game
model was adopted in [19], where the utility sets the price
to optimize its revenue and the EV charging customers opti-
mize their charging strategies. A mechanism to encourage the
EVs to participate in frequency regulation was introduced in a
vehicle-to-grid scenario in [20]. The stored energy in the EV
batteries was traded in a noncooperative game setup in [21],

where the prices were determined via an auction mechanism.
Since statistical models, whose parameters are adapted over
time, are employed in this paper, our approach is fairly gen-
eral, and can potentially apply to a broad range of practical
scenarios.

The proposed algorithm yields the consumers’ EV charging
probability distribution, conditioned on the announced elec-
tricity prices, which is a prerequisite for stochastic economic
dispatch or profit maximization formulations. Existing works
on stochastic profit maximization accounting for load elasticity
and uncertainty under real-time pricing include [22] and [23].
A demand elasticity model is postulated in [22] to max-
imize total income (the area under a price-demand curve)
and minimize generation costs. However, the parameters of
the load elasticity model are assumed known and fixed over
time and the dependencies among consumers are neglected.
The real-time pricing approach in [23] again entails maxi-
mization of a certain utility function minus cost. However,
load uncertainty was captured through a simplistic model
involving a typical load perturbed by a random variable. In
contrast, this paper properly captures spatio-temporal depen-
dency and variability of consumers’ price responsiveness,
learns them in an online fashion, and exploits them for real-
time price setting with a pertinent goal of stochastic profit
maximization.

Since our proposed approach is a closed-loop strategy that
adjusts the prices in response to consumer behaviors, a real
data set cannot be easily obtained. To test the efficacy of the
proposed approaches, both synthetic and semi-real data sets
were utilized, where in the latter case, a reasonable consumer
behavior model was fitted to available real data to simulate
price-dependent consumer behavior.

Compared to our conference precursor [24], a number of
new contributions are made in this paper. First, while only the
online estimation of consumer behavior depending on prices
was considered in [24], here a stochastic revenue optimization
formulation is proposed for real-time price setting based on the
predictions, closing the loop. Secondly, while the conference
work tested the CRF parameter estimation using only synthetic
data, this paper employed semi-real data as well to validate
the entire algorithm including the price setting part in a more
realistic setup.

The rest of this paper is organized as follows. Section II
states the problem and recaps the CRF modeling frame-
work. Section III develops an online algorithm for estimating
the model parameters. In Section IV, the real-time price
setting problem is formulated. Results of numerical tests
are presented in Section V, and the conclusion is provided
in Section VI.

II. PROBLEM STATEMENT

A. System Model

The goal of a load serving entity is to shape the EV charging
load imposed to the distribution grid in some desirable way, so
as to minimize the generation cost, or maximize the net profit.
One way of achieving this is to set the electricity prices for
individual consumers appropriately in order to influence the
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consumers’ EV charging behavior. For this, it is first necessary
to estimate how responsive individual consumers are at each
time to different prices presented to them.

Consider M EV owners, who desire to charge their EVs
via a distribution network. Let bt

i ∈ S := {0, 1} indicate
the charging behavior of consumer i at time t; i.e., bt

i = 1
when consumer i is charging his EV at time t, and bt

i = 0,
otherwise.1 Similarly, ρt

i denotes the electricity price during
time slot t for consumer i.2 To capture spatial dependence
(e.g., behavioral dependence of consumers living in the same
neighborhood, or having similar income levels), an undi-
rected graph G = (V,E) is introduced, where the vertex set
V := {1, 2, . . . ,M} corresponds to the consumers, and edges
(i, j) ∈ E capture the dependence between consumers i and j.
Since the edges are undirected, it is assumed that (i, j) ∈ E if
( j, i) ∈ E.

It is assumed that the customer premises are equipped with
smart meters so that bi-directional communication between
the utility and the consumers is feasible. Leveraging such
an advanced metering infrastructure, the utility announces
prices {ρt

i } to all consumers i ∈ V at the beginning of slot
t = 1, 2, . . .. Subsequently, the charging decisions {bt

i} of the
consumers are reported back to the utility at the end of slot t.

In this context, the following problem is of interest:
estimate the probability with which each consumer i ∈ V
will charge the EV at time t paying for price {ρt

i }, given
past prices {ρτi , i ∈ V, τ = 1, . . . , t − 1}, and the correspond-
ing observed charging behaviors {bτi , i ∈ V, τ = 1, . . . , t − 1},
while accounting for possible spatial dependencies in {bt

i}
captured by G.

B. CRF Model for EV Charging Behavior

To solve the aforementioned problem, the framework of
CRFs is adopted [16]. Collect in vectors bt and ρt variables
{bt

i}M
i=1 and {ρt

i }M
i=1, respectively. The CRF models the condi-

tional probability distribution function (pdf) p(bt|ρt). In short,
p(bt|ρt) is a CRF with respect to G if it obeys the Markov
property for every ρt. This means that conditioned on ρt, for
any node pair (i, j) ∈ V , behavior bt

i is independent of bt
j

given the neighbors bt
k ∈ N(i) := {k:(i, k) ∈ E}. Intuitively,

this means that given ρt, the behavior of the neighbors of bt
i

contains all the information needed for predicting bt
i, and other

variables are irrelevant.
Let ψi,j(bt

i, bt
j) denote the feature functions quantifying the

dependency in charging behavior of consumers i and j. In
addition, functions φi(bt

i, ρ
t
i ) model the dependency of bt

i on
price ρt

i . Parameters θ t
i and θ t

i,j are introduced for φi and ψi,j,
respectively, to capture the strengths of these dependencies.

1Multiple charging rates can be accommodated straightforwardly by
increasing the number of labels in S.

2The price adjustment in this paper models the incentives given to the indi-
vidual customers in various forms, and may correspond to actual rate charged
if the customers sign up with such an arrangement. The economic benefit
that the utility receive through such incentivization scheme can eventually be
distributed to the consumers. Our scheme allows performing heavier incen-
tivization for the consumers who are more sensitive to it, thus rewarding such
consumers more. On the other hand, it is emphasized that the price setting can
be done while accommodating any regulatory and socio-ethical constraints;
see Remark in Section IV.

With θ t := [θ t
i , i ∈ V; θ t

i,j, (i, j) ∈ E], the price-conditional
behavior pdf can be modeled as

pθ t
(
bt|ρt) = 1

Z(ρt)

∏

i∈V

eθ
t
i φi(bt

i,ρ
t
i)
∏

(i,j)∈E

e
θ t

i,jψi,j

(
bt

i,b
t
j

)

(1a)

Z(ρt) :=
∑

bt∈SM

∏

i∈V

eθ
t
i φi(bt

i,ρ
t
i)
∏

(i,j)∈E

e
θ t

i,jψi,j

(
bt

i,b
t
j

)

(1b)

where Z(ρt) is a normalization factor, also known as the parti-
tion function. Motivated by the CRF model pdf involved with
logistic regression, we adopt the function

φi
(
bt

i, ρ
t
i

)
:= bt

iρ
t
i . (2)

Furthermore, inspired by the Ising model for modeling
dependencies of binary random variables [25]

ψi,j

(
bt

i, bt
j

)
:= bt

ib
t
j (3)

is chosen. Now the problem of finding pθ t(bt|ρt) given
{ρτi , bτi , i ∈ V, τ = 1, . . . , t − 1} translates to estimating θ t

at each time t.

III. ONLINE LEARNING OF LOAD ELASTICITY

Compared to batch algorithms that process the entire
collection of data to obtain the desired estimates, online
algorithms feature the capability to process data one-by-
one in a sequential fashion. To develop an online algorithm
for estimating θ t, the approach here utilizes online convex
optimization, which requires minimal assumptions on the
temporal dynamics of θ t, and can provide provable perfor-
mance guarantees even in adversarial settings [17], [26], [27].
Such guarantees against adversarial players are meaningful
because the consumers may act strategically to maximize their
own benefit (and mend their price responsiveness accord-
ingly). Next, the online convex programming framework is
outlined.

A. Online Convex Programming

Online convex programming can be viewed as a multiround
game with a forecaster and an adversary. The loss functions
�t(·) associated with the forecasts for t = 1, 2, . . . ,T , and
the feasible set � are assumed convex. In round t, the fore-
caster chooses θ̂

t ∈ �, after which the adversary reveals �t(·),
incurring loss �t(θ̂

t
) for the tth round. Performance of the

online actions {θ̂ t} is assessed through the so-termed regret
given by

RT =
T∑

t=1

�t
(
θ̂

t)− min
θ∈�

T∑

t=1

�t(θ) (4)

which represents the relative cumulative loss of the online
forecaster after T rounds, compared to an optimal offline
minimizer, which has the advantage of hindsight. Online
convex programming algorithms provide ways to gener-
ate the sequence {θ̂ t}T

t=1 to achieve a regret that is
sublinear in T .
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TABLE I
BELIEF PROPAGATION ALGORITHM FOR COMPUTING {p(bt

i|ρt)} AND {p(bt
i, bt

j|ρt)}

B. Online Learning of Load Elasticity

In our context, the forecaster is the utility company and
the adversaries are the EV owners. The loss is represented by
the negative log-likelihood function for maximum likelihood
estimation of θ t [16], [28] as

�t (θ t) := − log pθ t
(
bt
∣∣ρt) (5)

which is not revealed to the utility company until the utility

predicts θ̂
t

and announces ρt based on θ̂
t
, since only then can

the consumers respond with their charging decisions bt.
Note that the chosen loss �t(θ t) in (5) with pθ t(bt|ρt) as

in (1a) is convex [29]. A popular online convex programming
algorithm relies on the online mirror descent (OMD) iteration,
which is a projected subgradient method with the Bregman
divergence used as a proximal term. It yields an efficient first-
order algorithm with sublinear convergence rate [30]. Vector

θ̂
t+1

is obtained recursively in OMD as

θ̂
t+1 = arg min

θ

〈
∇�t

(
θ̂

t)
, θ
〉
+ 1

μt
D
(
θ̂

t∥∥θ
)

(6)

where μt denotes a step size, and D(·‖·) represents the
Bregman divergence. The Bregman divergence associated with
the �2-norm is simply given by D(θ̂

t‖θ) = 1/2‖θ−θ̂
t‖2. Upon

substituting this into (6), the OMD update boils down to an
online gradient descent given by

θ̂
t+1 = θ̂

t − μt∇�t
(
θ̂

t)
. (7)

To evaluate the gradient in (7), for the likelihood in (5) and
the pdf in (1a), it is shown in the Appendix that

∂�t

∂θ t
i

= E
{
bt

iρ
t
i

∣∣ρt}− bt
iρ

t
i , ∀i ∈ V (8)

∂�t

∂θ t
i,j

= E

{
bt

ib
t
j

∣
∣ρt
}

− bt
ib

t
j, ∀(i, j) ∈ E (9)

where the expectation is with respect to p
θ̂

t(bt|ρt).
Since bt

i is a Bernoulli variable, it follows that:

E
{
bt

iρ
t
i

∣∣ρt} = ρt
i pθ̂

t
(
bt

i = 1
∣∣ρt) (10)

E

{
bt

ib
t
j

∣∣ρt
}

= p
θ̂

t

(
bt

i = 1, bt
j = 1

∣∣ρt
)
. (11)

TABLE II
OVERALL ONLINE ALGORITHM

These marginal conditional probabilities can be efficiently
evaluated by employing the belief propagation (BP) algo-
rithm [31]. Starting with some initial messages, the BP
algorithm performs message passing between nodes. The mes-
sages are updated iteratively until convergence or for a fixed
number of iterations. The obtained messages can then be used
for computing exact marginal probabilities for tree structured
graphs. In graphs with loops, one needs to resort to the loopy
belief propagation (LBP) algorithm [31], which often yields
good approximations of marginals.

Let mij(bt
i) denote the message passed from node i to node

j for (i, j) ∈ E. Then, based on the standard BP update
rules, the updated messages mij(bt

j) and the marginals p(bt
i|ρt)

and p(bt
i, bt

j|ρt) are obtained as summarized in Table I [31].
The main computational burden of the BP algorithm lies in
the message update step, which is O(|S|2) for each pair of
nodes. This is considerably better than the O(|S|M) complex-
ity incurred by computing marginals through direct summation
over all variables.

The overall online algorithm for estimating θ t+1 is summa-

rized in Table II. Steps 5 and 6 confirm that θ̂
t+1

is dependent
on past values of {θ τ }t

τ=1, and thus on {bτ , ρτ }t
τ=1 as well.

Therefore, (7) makes use of the information in the entire input
history. An instance of price setting algorithm for step 3 will
be discussed in Section IV.

Clearly, consumers’ charging decisions are correlated across
time in practice. Compared to stochastic approximation alter-
natives [32], the novel algorithm based on online convex
programming requires minimal assumptions on the structure
of temporal correlation of data (charging decisions). In addi-
tion, the framework accommodates strategic actions of the
consumers [17].
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C. Performance Analysis

The algorithm in Table II yields a regret bound that is
sublinear in T , as described in the following proposition.

Proposition 1: Let Ne := |E| denote the number of edges
in E. If max{|θ t

i |, |θ t
i,j|} ≤ θ0 and |ρt

i | ≤ ρ0 for all t, i ∈ V ,

and (i, j) ∈ E, then for {θ̂ t} obtained from the algorithm in
Table II, it holds that

RT ≤ θ0

√
2
(
Mρ2

0 + Ne
)

T = O
(√

T
)
. (12)

Proof: See the Appendix.
Regarding practicality of the assumptions, it is natural

to assume that the prices are bounded. In addition, to
account for consumers that do not respond to price changes
(corresponding to θ t

i = ±∞), one can use a sufficiently large
bound for max{|θ t

i |, |θ t
i,j|} in practice. Thus, the conditions in

Proposition 1 can be readily satisfied.

D. Dynamic Logistic Regression Benchmark

If one neglects the spatial dependencies by setting θi,j = 0
for (i, j) ∈ E, the CRF model reduces to M parallel logistic
regression models; that is [see (1a)]

pθ t
(
bt|ρt) = 1

Z(ρt)
exp

(
∑

i∈V

θ t
i bt

iρ
t
i

)

=
M∏

i=1

eθ
t
i bt

iρ
t
i

1 + eθ
t
i ρ

t
i
. (13)

To obtain online estimates of {θ t
i }, the algorithm in Table II

is again applicable, but the gradient evaluation can be per-
formed without using BP, simply as

∂�t

∂θ t
i

= ρt
i e
θ t

i ρ
t
i

1 + eθ
t
i ρ

t
i
− bt

iρ
t
i , i ∈ V. (14)

IV. CRF-BASED REAL-TIME PRICE SETTING

So far, we have developed models and algorithms to cap-
ture consumers’ EV charging decisions. Since the CRF model
provides the probability distribution of the charging deci-
sions given the prices, one can now formulate a risk-limiting
stochastic optimization problem to tailor the EV charging
demand in some desirable fashion. Here, a price setting for-
mulation for maximizing the utility’s net profit is considered,
where the profit equals the revenue collected from customers
minus power generation cost.

The idea is that through the learned CRF model, the util-
ity can predict the overall load and the corresponding income
as well as the generation cost accurately at each time t for
arbitrary price vector ρt. On the other hand, the utility must
make sure that various operational constraints, such as the
capacity constraints, are met all times. Thus, the relevant opti-
mization problem maximizes the net profit while the risk of
the total demand exceeding a certain limit is constrained to
be low. Since the risk constraint is not easily expressed in
closed form, a Gaussian approximation is employed to obtain
a tractable formulation.

Let PEV denote the charging rate for a single EV, and ηt
i

represent the aggregate base load of household i at time t. Then

dt
tot :=∑M

i=1

(
PEVbt

i + ηt
i

)
ut

tot :=∑M
i=1 ρ

t
i

(
PEVbt

i + ηt
i

)
(15)

Fig. 1. Spatial dependency graph for the simulated test.

correspond to the total demand and payment due to M
consumers at time t, respectively.

The generation cost is modeled as quadratic in total power
P as αP2 + βP + γ , where α, β and γ are constants. Then,
the problem of interest is to maximize the expected net profit
while the chance of the total load exceeding certain threshold is
smaller than a specified risk level. Formally, this corresponds to

(P1) max
0
ρt
ρ̄

E

{
ut

tot −
[
α
(
dt

tot

)2 + βdt
tot + γ

] ∣∣∣ρt
}

(16a)

subject to Pr
{
dt

tot > Pmax|ρt} ≤ ε (16b)

where the expectation is with respect to p
θ̂

t(bt|ρt) and ρ̄ is the
vector of maximum allowable prices. Equation (16b) ensures
that the probability of aggregate load exceeding Pmax is less
than ε. The expectation in (16a) can be evaluated as

Ut(ρt) := E

{
ut

tot −
[
α
(
dt

tot

)2 + βdt
tot + γ

] ∣∣∣ρt
}

=
M∑

i=1

⎡

⎣ρt
i PEV − α

⎛

⎝P2
EV + 2PEV

M∑

j=1

ηt
j

⎞

⎠− βPEV

⎤

⎦

× p
θ̂

t
(
bt

i = 1
∣∣ρt)

− α

M∑

i=1

M∑

j=1
j �=i

P2
EVp

θ̂
t

(
bt

i = 1, bt
j = 1|ρt

)

+
M∑

i=1

(
ρt

i − β
)
ηt

i − α

(
M∑

i=1

ηt
i

)2

− γ (17)

using the marginal probabilities p
θ̂

t(bt
i = 1|ρt) and

p
θ̂

t(bt
i = 1, bt

j = 1|ρt) obtained from the BP algorithm.
In order to obtain a tractable closed-form approximation of

the risk constraint (16b), the central limit theorem is invoked,
which holds for a sum of dependent random variables under
appropriate mixing conditions [33]–[35]. Specifically, dt

tot is
approximated as Gaussian-distributed with mean and variance
given as

μ̄t(M) := E
{
dt

tot|ρt} =
M∑

i=1

[
p
θ̂

t
(
bt

i = 1|ρt)PEV + ηt
i

]
(18)

(
σ t(M)

)2 := var{dt
tot|ρt}

= P2
EV

M∑

i=1

[

p
θ̂

t
(
bt

i = 1|ρt)

+
M∑

j=1
j �=i

p
θ̂

t

(
bt

i = 1, bt
j = 1|ρt

)

−
M∑

j=1

p
θ̂

t(bt
i = 1|ρt)p

θ̂
t

(
bt

j = 1|ρt
)
⎤

⎦

(19)
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Fig. 2. True and estimated model parameters θ t . (a) True parameters. (b) Random prices. (c) Constant prices. (d) ToU prices.

respectively. Based on this approximation, one can
replace (16b) with

μ̄t(M)− Pmax + σ t(M)Q−1(ε) ≤ 0 (20)

where Q(·) is the standard Gaussian tail function. Thus, the
optimization problem to solve is

(P2) max
0
ρt
ρ̄

Ut(ρt) subject to (20). (21)

Since the conditional marginals are log-concave with respect
to ρt [36], (P2) is not convex in general. In the next sec-
tion, locally optimal solutions to (P2) are sought using the
“fmincon” function in the MATLAB package.

Remark 1: Since the price setting is posed as a stochas-
tic optimization problem, it can be tailored to incorporate
any additional regulatory, socio-ethical, and operational con-
straints. For example, setting the prices equal for different
consumers is possible through constraints like (27). One can
perform zone-based pricing by setting prices equal within
zones. Various regulatory constraints on the tarrifs as well as
the grid operational constraints such as the optimal power-flow
and the frequency regulation can also be accommodated as
additional constraints, although this is beyond the scope of this

paper. The bottom line is that while our focus is on incorporat-
ing consumer behavioral analytics into the pricing mechanism,
the formulation is flexible enough to accommodate various
deployment constraints.

V. NUMERICAL TESTS

The performance of the proposed algorithm was verified via
numerical tests. Both fully simulated data and semi-real data
were utilized.

A. Simulated Data

A set of 13 EV owners was considered, whose spatial depen-
dencies were captured by graph G in Fig. 1. Given the true
CRF parameters θ∗t, the charging decisions bt were the sam-
ples from the CRF model in (1a)–(3), with ρt chosen as
explained next. The values of θ∗t were changed occasionally
but otherwise were kept fixed over time; see Fig. 2(a), which
depicts θ∗t. To test the tracking performance of the proposed
method, three simple strategies for selecting ρt independent of
estimated parameters are considered here: 1) constant prices;
2) time-of-use (ToU) prices; and 3) random prices. For the
constant pricing setup, ρt

i was set to 1 for all consumers and
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Fig. 3. Average squared prediction error for CRF parameters.

Fig. 4. Joint probability of consumer charging decisions.

held constant across time. For ToU pricing, the following was
used:

ρt
i =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

$0.508 7 A.M.–2 P.M.

$0.880 2 P.M.–8 P.M.

$0.722 8 P.M.–11 P.M.

$0.508 11 P.M.–7 A.M.

∀i ∈ V. (22)

In random pricing, the prices were randomly selected from
a uniform distribution over [0, 1]. Prices were updated every
12 min, which corresponds to the duration of one time slot.
A step size μt = 0.72 was used. Fig. 2 shows true and esti-
mated parameters under pricing strategies 1)–3). The y-axes
of the subplots represent the parameter indices. The parame-
ters indexed from 1 to 13 are the price dependency parameters
{θ t

i }i∈V , and the rest the spatial dependency {θi,j}(i,j)∈E.
Fig. 3 depicts the squared prediction error of the parameters,

averaged over M + Ne = 25 parameters. For all price setting
mechanisms, the errors tend to decrease as iterations progress,
while sharp changes in the prediction error result whenever the
parameter values are changed abruptly.

A comparison of p
θ̂ t(bt

revealed|ρt) with pθ∗t(bt
revealed|ρt) per

iteration is shown in Fig. 4. It can be seen that the joint
probability of the charging decisions is tracked very well.

Once the joint probabilities p(bt|ρt) have been estimated,
the expected value of the total load can be readily found as
P̄t

tot := PEV
∑M

i=1 p
θ̂

t(bt
i = 1|ρt). The predicted total loads are

Fig. 5. Predicted total EV charging load P̄t
tot.

Fig. 6. Charging demand of 25 households [37].

depicted in Fig. 5, where the CRF-based estimates and the
logistic regression-based ones are plotted together for com-
parison. The CRF-based algorithm achieves the performance
gain by incorporating spatial dependencies.

B. Semi-Real Data

To validate the proposed methods in a more realistic setting,
the experimental data of charging demand collected from 25
Northern California households in [37] were used in the tests.
The project ran from August 2008 to April 2010, and the
collected data have been aggregated to a single summary week.
The charging power flow of EV, was assumed to be PEV =
1.4 kW in all the experiments. Fig. 6 depicts the daily total
demand data collected every 10 min with the price held equal
at all times and for all consumers; that is, ρt

i = 1, ∀i, t. The
three curves in Fig. 6 correspond to the highest demand dt

max
at each time t, the lowest demand dt

min, and their average

d̄
t
tot := dt

max + dt
min

2
. (23)
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Fig. 7. Spatial dependency graph for semi-real data.

To evaluate the proposed model, data that capture con-
sumers’ charging behaviors in response to price changes are
necessary. For this, a reasonable consumer behavioral model
is concocted as delineated next, which is then fitted such that
when the prices are held fixed at ρt

i = 1, the total demand
curves as shown in Fig. 6 are obtained.

1) Consumer Behavior Model: A simple consumer behav-
ior model is adopted, where consumer i charges when the price
ρt

i is less than some threshold τ t
i . That is, bt

i is modeled as

bt
i =

{
1, if ρt

i < τ t
i

0, otherwise
(24)

for i ∈ V and t = 1, 2, . . .. Note that τ t
i < 0 can model the

case where the EV i is fully charged.
Let τ t := [τ t

1, . . . , τ
t
M] and Pt

tot := PEV
∑M

i=1 bt
i. In order

to capture the spatial dependency of charging behaviors, τ t is
sampled from a Gaussian distribution with mean μt and covari-
ance �t, where �t encodes the dependency graph G shown in
Fig. 7, via

[
�t]

ij =

⎧
⎪⎨

⎪⎩

rt
ij, if (i, j) ∈ E

rt
ii, if i = j

0, otherwise

(25)

with rt
ij > 0 for i, j ∈ V . Using again the central limit theo-

rem for dependent random variables, Pt
tot can be approximated

to follow a Gaussian distribution with mean μt
S and vari-

ance (σ t
S)

2. To fit the model to the real data when ρt
i = 1 for

all i, t, the positive definiteness of �t, as well as the following
relations are used to determine parameters {rt

ij}:

μt
S = d̄

t
tot, σ t

S = dt
max − dt

min

4
. (26)

Fig. 8 shows the result of the fitting. The dotted curve shows
the total charging demand obtained through the model in (24)
and (25) averaged over 28 realizations, and the solid curve
represents d̄

t
tot due to the real data. It can be seen that real

charging demand matches well with the value obtained from
the proposed behavior model.

2) Online Model Parameter Learning: The performance of
the proposed online learning algorithm was tested using the
semi-real data. Fig. 9 shows the average predicted total charg-
ing demands P̄t

tot (averaged over 28 realizations) using the
CRF and logistic regression models, based on the input gen-
erated from the model in (24) and (25) under constant pricing.

Fig. 8. Real and simulated total charging demands.

Fig. 9. Predicted average total charging demands.

The model parameters {θ t} were tracked using the algorithm
in Table II. It can be seen that the prediction is very accurate
when the CRF model is used. However, similar to the case
of simulated data, the logistic regression model produces pre-
dictions that are quite off from the true values. Note that the
initial performance degradation seen in the CRF curve is due
to the transient effect in tracking, which depends on the initial
value of θ t.

3) Real-Time Pricing: Finally, the real-time price setting
formulation discussed in Section IV is tested. Here, ε = 0.001
and Pmax was set to 5 kW, and ρ̄ = [2, 2, . . . , 2] was used.
The case of zero base load was considered; i.e., ηt

i = 0 for all
i and t. The generator parameters were chosen to be α = 0.15,
β = 0.4, and γ = 0. In addition to the most general price
setting formulation (P2), a special case of setting the prices
equal to all consumers was also considered. That is

ρ1 = ρ2 = · · · = ρt
M = ρt (27)

was enforced in (P2) at each time t. Fig. 10 depicts the net
profit and the total EV charging load under real-time pricing.
The dash-dot curve in Fig. 10(a) is the net profit obtained from
model (24) when prices are set through (P2), and the dashed
curve corresponds to the case of equal pricing under (27). For
comparison, the net profit under fixed pricing at ρt

i = 1 for
all i and t as in the real data is also plotted in the solid curve.
From Fig. 10(a), it can be observed that the profit is generally
much improved by employing real-time pricing, compared to
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(a) (b)
Fig. 10. Net profit and total charging demand under real-time pricing. (a) Net profit. (b) Total charging demand.

(a) (b)
Fig. 12. Net profit and total charging demand with (28). (a) Net profit. (b) Total charging demand.

Fig. 11. Real-time prices.

the curve for which fixed pricing was used. However, since
the tracking is not perfect, and the solutions to (P2) may suf-
fer from local optima, the profit does not always stay at the
optimum. The load curve in Fig. 10(b) clearly shows that the
demand is flattened by real-time pricing, as the economically
favorable operating point is tracked. Interestingly, it is noted
that adopting identical prices across customers incurs almost
no performance loss.

Fig. 11 depicts {ρ∗t
i } for the individual customers i ∈ V

from solving (P2) in the solid curves, as well as ρt from (P2)
with the additional constraint (27) in the thick dashed curve.

The initial peaks are due to the constraint (16b) being tight
with Pmax set to 5 kW.

4) Test With Charging Capacity and Deadline Constraints:
Here, the proposed real-time pricing algorithm is tested with
a slightly different consumer behavior model, where the con-
sumers have total energy target for EV charging as well as
the charging deadline. As more energy is left to be charged
and the deadline is approached, the consumer is modeled to
behave less elastically.

To capture this, let Ei and Di denote the energy left to be
charged at time t and the time left until the deadline for the
ith consumer, respectively. We still use the behavior model
in (24), but now τ t

i is determined as

τ t
i =

{
ζiE t

i /Dt
i + νt

i + |λt|, if E t
i > 0 and Dt

i > 0

0, otherwise
(28)

where νt := [νt
1, ..., ν

t
M] is a zero-mean Gaussian noise vector

with its covariance matrix obtained as (25), λt := mini ν
t
i intro-

duced to make sure τi ≥ 0, and ζi controls the sensitivity to
the charging constraints. Pmax was set to 15 kW, and α = 0.05
and β = 0.1 were used. ζ , E0

i , and D0
i were uniformly sampled

from [0, 1], [6, 10] kWh, and [6, 24] h, respectively. The rest of
the parameters remained the same as the previous experiment.

Fig. 12(a) shows that the net profit from solving (P2)
with (27) is considerably higher than the profit with the fixed
pricing strategy. From Fig. 12(b), it can be seen that through
real-time pricing, the net demand is considerably flattened,



This article has been accepted for inclusion in a future issue of this journal. Content is final as presented, with the exception of pagination.

10 IEEE TRANSACTIONS ON SMART GRID

whereas the demand with the fixed pricing suffers from a large
peak demand due to simultaneous charging of the EVs.

VI. CONCLUSION

An algorithm to track the elasticity of individual EV charg-
ing loads was developed. Such information is essential for
setting the electricity prices in real time to coordinate EV
charging. The probabilities with which individual EV con-
sumers charge their vehicles when presented with real-time
prices were obtained based on a CRF model, in which the
spatial dependency of the customers’ behavior was captured.
Without explicit models for temporal dynamics, an online
learning algorithm to estimate the CRF parameters was derived
in the framework of online convex optimization. The CRF
model was then applied as an input to an stochastic profit max-
imization problem for real-time price setting. The performance
of the proposed algorithms was corroborated using simulated
and semi-real data.

APPENDIX

DERIVATION OF (8) AND (9)

Differentiating the − log of the pdf in (1) yields

∂�t

∂θ t
i

= ∂ log Z(ρt)

∂θ t
i

− bt
iρ

t
i , ∀i ∈ V

∂�t

∂θ t
i,j

= ∂ log Z(ρt)

∂θ t
i,j

− bt
ib

t
j, ∀(i, j) ∈ E

where after substituting Z(ρt) from (1b), it follows:

∂ log Z(ρt)

∂θ t
i

= 1

Z(ρt)

∑

bt

bt
iρ

t
i exp

⎛

⎝
N∑

i=1

θ t
i bt

iρ
t
i +

∑

i,j∈E

θ t
i,jb

t
ib

t
j

⎞

⎠

= E
{
bt

iρ
t
i |ρt} , ∀i ∈ V

∂ log Z(ρt)

∂θ t
i,j

= 1

Z(ρt)

∑

bt

bt
ib

t
j exp

⎛

⎝
N∑

i=1

θ t
i bt

ib
t
j +

∑

i,j∈E

θ t
i,jb

t
iρ

t
i

⎞

⎠

= E

{
bt

ib
t
j|ρt
}
, ∀(i, j) ∈ E

thus completing the proof.

PROOF OF PROPOSITION 1

The regret of online gradient descent algorithm for convex
loss function, �t(θ t), is bounded by [17]

RT(θ) :=
T∑

t=1

�t(θ t)−
T∑

t=1

�t(θ) ≤ 1

2μt
‖θ‖2 + μt

T∑

t=1

∥∥∇�t
∥∥2
.

(29)

Since bt
i ∈ {0, 1}, 0 ≤ pθ t(bt

i = 1|ρt) ≤ 1, and 0 ≤
pθ t(bt

i = 1, bt
j = 1|ρt) ≤ 1, it follows from (8) and (9) that

the gradients are bounded as:

− ρt
i ≤ ∂�t

∂θ t
i

≤ ρt
i ∀i ∈ V (30a)

−1 ≤ ∂�t

∂θ t
i,j

≤ 1 ∀(i, j) ∈ E. (30b)

Upon assuming that the price is bounded, i.e., |ρt
i | ≤ ρ0 for

all t, i ∈ V , it follows that ‖ρt‖2 ≤ Mρ2
0 . Letting Ne := |E|

denote the number of edges in E, it then holds that ‖∇�t‖2 ≤
Mρ2

0 + Ne. If max{|θ t
i |, |θ t

i,j|} ≤ θ0 and we further choose

μt = θ0/

√
(2(Mρ2

0 + Ne)T , the regret boils down to

RT ≤ θ0

√
2(Mρ2

0 + Ne)T = O(
√

T). (31)
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