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Cross-Layer Design of Coded Multicast for
Wireless Random Access Networks
Ketan Rajawat, Nikolaos Gatsis, Seung-Jun Kim, and Georgios B. Giannakis

Abstract—Joint optimization of network coding and Aloha-
based medium access control (MAC) for multi-hop wireless
networks is considered. The multicast throughput with a power
consumption-related penalty is maximized subject to flow con-
servation and MAC achievable rate constraints to obtain the
optimal transmission probabilities. The relevant optimization
problem is inherently non-convex and hence difficult to solve
even in a centralized manner. A successive convex approximation
technique is employed to obtain a Karush-Kuhn-Tucker solution.
A separable problem structure is obtained and the dual decompo-
sition technique is adopted to develop a distributed solution. The
algorithm is thus applicable to large networks, and amenable to
online implementation. Numerical tests verify performance and
complexity advantages of the proposed approach over existing
designs. A network simulation with implementation of random
linear network coding shows performance very close to the one
theoretically designed.

Index Terms—Network coding, random access, cross-layer
optimization.

I. INTRODUCTION

TACTICAL wireless ad hoc networks play a crucial role
when it comes to communication dominance in the

battlefield. Important requirements for such networks include
resilience and efficiency. In order to accommodate units such
as soldiers, military vehicles, or a field hospital, tactical
networks are typically multi-hop; see e.g., Fig. 1. Thus, it
becomes important to deploy decentralized protocols, so that
no single node exposes vulnerability of the network. Aloha is
a simple, yet widely deployed medium access control (MAC)
protocol, whose operation is distributed and resilient to both
random, and jamming-induced link failures.
This work focuses on multicasting applications for tactical

networks, where information needs to be distributed from a
source to multiple target nodes. Efficient multicasting is real-
ized using network coding whereby nodes perform encoding
functions on packets traveling in the network. Network coding
for wireline networks can achieve the multicast capacity using
random or deterministic linear strategies [1], [2]. Although
the multicast capacity region of wireless networks is not
known, the rate region achievable with linear network coding
has been characterized [3], [4]. Both wireline and wireless
rate regions can be practically achieved by fully distributed
random linear network coding strategies [2], [5], [6]. Random
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Fig. 1. A Tactical Network

network coding also results in each packet getting distributed
spatially, thus providing some inherent protection against
eavesdropping. Moreover, wedding of network coding with
Aloha is particularly attractive for military networks because
the network operation becomes extremely simple. Specifically,
given the access probabilities, each node simply transmits
random linear combinations of the packets in its buffer at a
pre-specified rate [2], [5], [6]. The protocol does not require
ACKs (nor retransmissions) in the MAC or network layers.
The present paper considers joint design of wireless multi-

hop networks employing random network coding and slotted
Aloha. A cross-layer optimization problem is formulated,
where network coding rates (also called subgraphs) and trans-
mission probabilities are jointly determined to maximize a
network-wide objective. In contrast to simple protocol oper-
ation, the joint design itself is notoriously difficult. This is
because the Aloha capacity region, even for three nodes with
fully backlogged queues is described by non-convex signomial
constraints [7].
Joint design of network coding and Aloha MAC has been

undertaken for single-hop network topologies. The perfor-
mance of slotted Aloha for star networks was analyzed in [8].
A game theoretic approach for throughput maximization in
a single-hop setting was proposed in [9]. The performance
for two-hop (relay) networks with bi-directional traffic was
reported in [10]. These works underline the significance of
the cross-layer approach for coded Aloha networks.
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Joint design of coded Aloha multi-hop networks has been
attempted. A branch-and-bound method was employed in [11]
to obtain globally optimal transmission probabilities and sub-
graphs. While offering a benchmark for comparison, the
resultant protocol may be too complex for use in large net-
works. A heuristic algorithm was proposed in [12], where the
access probabilities and network coding rates were optimized
separately. Albeit practical, the approach in [12] is suboptimal,
and does not provide performance guarantees.
In this work, a successive convex approximation approach

is adopted to obtain solutions that are guaranteed to be locally
optimal. Convex surrogate problems are constructed in such
a way to guarantee convergence of the overall algorithm
to a Karush-Kuhn-Tucker (KKT) point of the original non-
convex problem, and thus enable a tractable, locally optimal
solution, even for large networks. This requires an efficient
re-formulation of the MAC constraints, which constitutes our
first contribution.
The constructed surrogate problems are not amenable to

distributed solution. To this end, a separable structure is
created by further approximating the problem, while still
preserving KKT optimality of the overall algorithm. This
forms our second contribution, which involves approximating
even convex terms in order to make the overall problem
separable. The dual subgradient method is employed for the
resulting convex problems, where the primal and dual updates
can be performed in a parallel and distributed fashion. A
primal solution yielding near-optimal access probabilities and
network coding rates, is recovered by primal averaging. An
online network control protocol is also introduced to perform
the optimization task.
The coded Aloha scheme enjoys features attractive for

military networks. Specifically, the resulting protocol is simple
and decentralized, whereby every node transmits random
linear combinations with its access probability. Moreover, the
optimal designs of this work take into account the packet
loss probability due to the wireless medium (erasures); this
feature can be leveraged to ensure jamming-resilience by
preemptively setting higher erasure probabilities for any part
of the network that is likely to be jammed. Furthermore,
the subgradient-based online optimization and control uses a
constant stepsize, which enables adaptation to slowly time-
varying environments, for instance, due to mobility of branch
units, or non-stationary jamming.
The rest of the paper is organized as follows. The system

model and the problem statement are given in Sec. II. The
successive convex approximation algorithm is described in
Sec. III. A distributed solution and its online implementation
are provided in Sec. IV. Numerical tests as well as a network
simulation with suitable implementation of random linear
network coding are presented in Sec. V, followed by the
conclusions in Sec. VI.

II. SYSTEM MODEL AND PROBLEM STATEMENT

A. System Model

Consider a wireless network represented by a hypergraph
(N ,A) with the set of nodes N and the set of hyperarcs A.
A hyperarc (i, J) ∈ A models the broadcast channel between
node i, and the set of receivers J ⊂ N . The super-set Ji

collects all such sets of receivers {J |(i, J) ∈ A} for node
i ∈ N . The one-hop neighborhood of node i is denoted by
N(i) and includes all nodes belonging to at least one set
J ∈ Ji. The hyperarc model is very general and allows nodes
to transmit at different rates and powers on each hyperarc;
see e.g., [3], [4], [6]. It also subsumes point-to-point, and
broadcast-only scenarios, as detailed later in Section II-C.
Consider further a multicast session involving a source node

s ∈ N , and a set of sink nodes T ⊂ N . The aim is to
maximize the multicast rate R at which node s can transmit
the same information to all the sink nodes t ∈ T . The network
operates in a time-slotted fashion.
Leveraging the characterization of the multicast rate region

in [3], [4], the present section formulates a cross-layer opti-
mization problem to maximize the multicast rates supported
by a slotted Aloha network. To this end, a set of auxiliary
variables {r(t)

ij } is introduced, with r
(t)
ij ≥ 0 representing the

virtual transmission rate (also called virtual flow) from node i
to a neighboring node j ∈ N(i) for sink t ∈ T . Virtual flows
abide by the flow conservation constraints [3]∑

j∈N(i)

r
(t)
ij −

∑
j:i∈N(j)

r
(t)
ji = R11{i=s} −R11{i=t},

i ∈ N , t ∈ T (1)

where 11{.} is the indicator function that takes the value one
when the expression inside the curly brackets is true, and zero
otherwise.
Optimization solvers usually require all constraints to be

expressed as inequalities. Therefore, the following relaxed
version of virtual flow constraints (1) is used here∑

j∈N(i)

r
(t)
ij −

∑
j:i∈N(j)

r
(t)
ji ≥ R11{i=s}, t ∈ T , i ∈ N \ {t}.

(2)

To obtain (2), note that in (1), the set of equations for i = t
can be omitted since they are implied by the other equations.
Relaxation of the flow constraints for i �= t is then equivalent
to allowing each node i to transmit at higher rate than received,
which amounts to adding virtual sources at all nodes. Note,
however, that sending nonzero flow from these virtual sources
to the sinks can never increase R, which is the flow from
s to t ∈ T . Thus, even if the optimal solution has some
nodes injecting extra flows, they can all be set to zero without
impeding R.

B. Characterization of MAC Constraints

The MAC layer employs the slotted Aloha protocol. At
every time slot, each node i ∈ N transmits on hyperarc (i, J)
with probability piJ and (instantaneous) physical layer (PHY)
rate ciJ . The transmissions of different nodes are independent.
Not all nodes in J can decode the packets received from i,
because of collisions or erasures. Let I(m) denote the set
of nodes whose transmissions interfere with the reception at
node m. Reception at node m may fail (a) due to collisions—
when a node j ∈ I(m) or m itself (half-duplex contraint)
is transmitting at the same time slot—or (b) due to erasures
caused by impairments of the wireless medium or jamming.
Erasure means that although the link may be collision-free,
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the receiving end cannot decode the transmitted packets with
some probability due to, e.g., fading. Occurrence of erasures is
independent of collisions. To summarize, a transmission from
i to m is successful when (a) no node j ∈ (I(m)∪{m})\{i}
transmits, and (b) there is no erasure on link (i, m).
Let Sm

iJ denote the event that a packet transmitted on
hyperarc (i, J) is correctly decoded by node m ∈ J , and
define qi := 1 −

∑
J∈Ji

piJ , the probability that i remains
silent. Assume that erasures happen independently across links
and time slots, and let 1− siJm be the probability of erasure
on the link (i, m) of a packet transmitted at PHY rate ciJ .
Assuming fully backlogged queues at the link layer, so that
all nodes have packets to transmit at every time slot, one can
write the probability of Sm

iJ as

Pr (Sm
iJ) = siJm

∏
j∈(I(m)∪{m})\{i}

qj m ∈ J, (i, J) ∈ A.

(3)

Next, introduce for each K ⊂ N(i) the probability biJK that
at least one node in K receives the packets injected on the
hyperarc (i, J) correctly; i.e,

biJK := Pr

( ⋃
m∈K

Sm
iJ

)
, K ⊂ N(i), (i, J) ∈ A. (4)

It is clear from this definition that biJK = 0 if J ∩K = ∅.
From the inclusion-exclusion principle [13, p. 6], the proba-
bility of the union of events in (4) can be expanded as

Pr

( ⋃
m∈K

Sm
iJ

)
=

|J∩K|∑
k=1

∑
M⊂J∩K
|M|=k

(−1)k−1Pr

( ⋂
m∈M

Sm
iJ

)
,

K ⊂ N(i), (i, J) ∈ A. (5)

Define I(M), for a set of nodes M ⊂ N , as the set of nodes
whose transmissions interfere with at least one node in M ;
i.e., I(M) =

⋃
m∈M I(m). The probability that all nodes in

M decode the packet is

Pr

( ⋂
m∈M

Sm
iJ

)
=

( ∏
m∈M

siJm

)( ∏
j∈(I(M)∪M)\{i}

qj

)
,

M ⊂ J, i ∈ N . (6)

The average rate at which packets are injected in the hyperarc
(i, J) is given by ziJ := ciJpiJ . The virtual flow rate for
each sink t ∈ T can be related to {ziJ}(i,J)∈A through the
following set of inequalities [4]∑

j∈K

r
(t)
ij ≤

∑
J∈Ji

ziJbiJK , K ⊂ N(i), i ∈ N , t ∈ T . (7)

The right-hand side represents the rate at which packets
transmitted by node i reach at least one node in K , through
various hyperarcs (i, J). Combining (4)–(6), the virtual flow
constraints (7) become

∑
j∈K

r
(t)
ij ≤

∑
J∈Ji

ciJpiJ

|J∩K|∑
k=1

∑
M⊂J∩K
|M|=k

(−1)k−1
∏

m∈M

siJm,

K ⊂ N(i), i ∈ N , t ∈ T . (8)

C. Problem Formulation

The problem of interest is to maximize the multicast
throughput R while minimizing energy consumption, subject
to network coding and random access constraints. Since higher
values of qi should translate to lower energy consumption at
node i ∈ N , a convex, decreasing function vi(qi) is used as
a cost to penalize the energy consumption.
First, the following definition is introduced, in order to

streamline the notations in (8)

CiK := {(J, M, k)|J ∈ Ji, M ⊂ J ∩K, k = |M |} . (9)

Also define IiM := (I(M) ∪ M) \ {i} and siJM :=∏
m∈M siJm. The overall optimization problem is formulated

as follows:

(P0) min
R≥0,{r

(t)
ij

≥0}

∑
i∈N

vi(qi)−R (10a)

s.t.
∑

j:i∈N(j)

r
(t)
ji + R11{i=s} −

∑
j∈N(i)

r
(t)
ij ≤ 0,

t ∈ T , i ∈ N \ {t} (10b)∑
j∈K

r
(t)
ij +

∑
(J,M,k)∈CiK

(−1)kciJpiJsiJM

∏
j∈IiM

qj ≤ 0,

K ⊂ N(i), i ∈ N , t ∈ T (10c)∑
J∈Ji

piJ + qi − 1 ≤ 0, i ∈ N . (10d)

Note that (10d) is a relaxed version of the original equality
constraint

∑
J∈Ji

piJ + qi = 1. If the optimal solution is such
that strict inequality holds in (10d) for a node i ∈ N , then the
value of qi can be increased without changing any piJ . This
will likely decrease the probability of collisions due to node
i for other nodes, thus allowing at least as much throughput
as before.
Problem (P0) is non-convex, because constraint (10c) is

non-convex. A logarithmic change of variables as in [14,
Sec. 2] does not convexify the problem either, as (10b)
and (10c) both become signomial constraints. For this reason,
a successive convex approximation approach is pursued in the
next section to obtain a KKT optimal solution efficiently.

Remark 1. The problem formulation (10) can also be used
when there are no erasures—also referred to as lossless
network—by setting siJm = 1 for all links. This is the case
when, e.g., sufficiently strong error correction codes are em-
ployed at the link layer, possibly combined with appropriately
reduced rates ciJ . Erasures correlated over space, e.g., due
to jamming, can also be incorporated in the formulation by
directly plugging in the appropriate values of siJM for each
set M in (10c).

Before concluding this section, it is worth mentioning
that the proposed model subsumes wireless networks with
point-to-point, and broadcast-only transmissions. The problem
formulation also becomes simpler under these special cases
and is briefly outlined next.
1) Point-to-point Transmissions: When only point-to-point

transmissions are allowed, the network can be modeled by a
regular graph with edges E instead of hyperarcs A. Using the
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set Ji = {j|(i, j) ∈ E} in (10c), the new constraints become

r
(t)
ik − cikpiksik

∏
j∈I(k)∪{k}\{i}

qj ≤ 0, k ∈ N(i), i ∈ N , t ∈ T .

where 1 − sik is the erasure probability on link (i, k) ∈ E .
The sum-of-probabilities constraint (10d) also simplifies to∑

j∈N(i) pij + qi ≤ 1.
2) Broadcast-only Transmissions: In networks with

broadcast-only transmissions, node i transmits all its packets
on the hyperarc (i, N(i)). Such a scenario arises when each
node i ∈ N can only transmit at the same PHY rate ci to all
its neighbors. In this case, transmitting on a hyperarc (i, J)
such that J � N(i) does not yield any rate advantage. Under
this assumption, the Aloha protocol is also simplified and
at each time slot, node i only transmits on (i, N(i)) with
probability piN(i) = 1 − qi. The set CiK is replaced here by
the set

C̄iK = {(M, k)|M ⊂ K, k = |M |}. (11)

Defining I1
iM := (I(M) ∪M) \ {i} and I2

iM := I(M) ∪M ,
constraint (10c) becomes∑

j∈K

r
(t)
ij ≤ ci

∑
(M,k)∈C̄iK

(−1)k+1(1− qi)siM

∏
j∈IiM

qj

= ci

2∑
p=1

∑
(M,k)∈C̄iK

(−1)k+psiM

∏
j∈Ip

iM

qj ,

K ⊂ N(i), i ∈ N , t ∈ T (12)

where siM := siN(i)M . Note that problem (10) remains non-
convex even under both special cases.
The broadcast-only case was also considered in [11], where

a centralized algorithm was developed for small-size networks.
In addition to focusing here on distributed optimization that
is scalable for larger networks, characterization of the MAC
constraints in (12) (as well as in (10c)) is more efficient.
Specifically, the MAC constraints in [11] are captured through
the variables ziJ , which, in turn, are described using a sum
with the number of terms growing exponentially in |N |,
whereas in (12), the number of terms is exponential only in
|N(i)|.

III. SUCCESSIVE CONVEX APPROXIMATION

Optimization over general non-convex constraints is well
known to be difficult. However, depending on the problem
structure, several approximation methods are available. An
option is offered by successive convex approximation, which,
under certain regularity conditions, guarantees first order KKT
optimality [15]. In this section, the successive convex approx-
imation approach is applied to (P0). First, the general method
is reviewed.

A. Successive Convex Approximation Procedure

Suppose that the objective function to be minimized is
convex, and the constraint set is the intersection of a set
H := {y|hi(y) ≤ 0, i = 1, 2, . . . , I} with a convex set C.
Functions {hi(y)} are differentiable but may be non-convex
in general. The set C captures convex constraints, if any. The
idea is to solve a sequence of surrogate problems, indexed

by � ∈ {1, 2, . . .}, where H is substituted per iteration � by a
convex setH�. Since the intersection of convex sets is a convex
set [16, Sec. 2.3.1], the resulting optimization problems are
convex. Set H�+1 is constructed as H�+1 := {y|h̃i(y;y�) ≤
0, i = 1, 2, . . . , I}, where y� is the solution of the convex
approximation at the �-th iteration, and h̃i(y;y�) for each i is
a differentiable convex function satisfying the following three
conditions:

(c1) hi(y) ≤ h̃i(y;y�) for all y ∈ H�+1 ∩ C
(c2) hi(y�) = h̃i(y�;y�); and
(c3) ∇hi(y�) = ∇h̃i(y�;y�).

The procedure is initialized at an arbitrary feasible point y0 ∈
H ∩ C. As shown in [15], the limit of the sequence {y�} is
precisely a KKT point of the original (non-convex) problem.

B. Centralized Solution

In order to apply the successive convex approximation
method to (P0), consider first the change of variables p̃iJ :=
log piJ and q̃i := log qi. The objective in (10a) remains
convex provided that the cost function vi(qi) = vi(eq̃i) for
each i is chosen to be convex in q̃i. Such a requirement
is not too restrictive, as it is satisfied by a large class of
useful cost functions including, e.g., vi(qi) = − ln qi and
vi(qi) = q−α

i , α > 0. Such cost functions do not allow
qi = 0, or, equivalently each node remains silent with
nonzero probability, which has desirable effects on fairness
as well as power savings. Constraints (10b) are not affected
by the change of variables, and hence remain convex (linear).
Constraints (10d) become

∑
J∈Ji

exp(p̃iJ) + exp(q̃i)− 1 ≤ 0, i ∈ N (13)

which are convex.
Constraints (10c) become

∑
j∈K

r
(t)
ij −

∑
(J,M,k)∈C1

iK

ciJsiJM exp

(
p̃iJ +

∑
j∈IiM

q̃j

)

+
∑

(J,M,k)∈C2
iK

ciJsiJM exp

(
p̃iJ +

∑
j∈IiM

q̃j

)
≤ 0,

K ⊂ N(i), i ∈ N , t ∈ T (14)

where the odd-k and even-k subsets of CiK are defined as

C1
iK := {(J, M, k)|(J, M, k) ∈ CiK , k odd} (15)

C2
iK := {(J, M, k)|(J, M, k) ∈ CiK , k even} . (16)

It is noted that the second summand (with its sign) in (14)
is concave in the optimization variables, while the rest are
convex. However, it is possible to upper-bound the concave
terms by an affine function [16, p. 69]. Specifically, given the
solution p̃

(�)
iJ and q̃

(�)
j of the �-th convex approximation, (14)

can be replaced with the following convex constraint at the
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(� + 1)-th approximation:
∑
j∈K

r
(t)
ij −

∑
(J,M,k)∈C1

iK

ciJsiJMα
(�)
iJM

(
1 + p̃iJ − p̃

(�)
iJ +

∑
j∈IiM

(q̃j − q̃
(�)
j )

)

+
∑

(J,M,k)∈C2
iK

ciJsiJM exp

(
p̃iJ +

∑
j∈IiM

q̃j

)
≤ 0,

K ⊂ N(i), i ∈ N , t ∈ T (17)

where for (J, M, k) ∈ C1
iK , K ⊂ N(i), and i ∈ N , it holds

that α
(�)
iJM := exp

(
p̃
(�)
iJ +

∑
j∈IiM

q̃
(�)
j

)
. It is easily verified

that the approximation introduced in (17) satisfies conditions
(c1)–(c3).
The resulting convex optimization problem for the (�+1)-th

iteration is given by

(P1
� ) min

R≥0,{r
(t)
ij

≥0},{p̃iJ≤0},{q̃i≤0}

∑
i∈N

vi(eq̃i)−R (18a)

subject to (10b), (13), and (17) (18b)

and can be solved by generic algorithms for convex programs
such as interior-point methods; see e.g., [17], [16]. Note that
in the first iteration, {p̃(0)

iJ , q̃
(0)
i } must be initialized to a

feasible point of the original non-convex problem (P0). This
can be done by selecting arbitrary values for piJ such that∑

J∈Ji
piJ < 1, setting qi = 1 −

∑
J piJ , and R as well as

{r(t)
ij } to zero.

C. Implementation

The successive convex approximation procedure outlined in
Section III-B can be used to solve (P0) to KKT-optimality.
The algorithm must be executed offline in a centralized fashion
to obtain the transmission probabilities {piJ , qi}. Using the
scheme of [6], at each time slot, node i simply transmits ran-
dom linear combinations of packets in its buffer on hyperarc
(i, J) with rate ciJ and probability piJ . However, a centralized
solver may require a long time to solve each surrogate problem
(P1

� ) and need several successive approximations to converge.
Fig. 2 describes an online variation of previously described

algorithm, which uses the probabilities {exp(p̃(�)
iJ ), exp(q̃(�)

i )}
for transmission, as and when they become available. This is
allowed since in the limit, the variables {p̃(�)

iJ , q̃
(�)
i } become

KKT-optimal. The random network coding scheme, adopted
from [5], ensures that the asymptotic throughput achieved
is also KKT-optimal. Interestingly, the scheme does not re-
quire MAC/network-layer acknowledgments or retransmis-
sions; only the sinks need to signal the end of each generation.
As the size of the network scales, it is of prime interest to

solve (P0) in a distributed manner. Moreover, it is desired that
the iterative optimization is performed online so that (slow)
variations in the network topology and parameters can be
tracked. Towards these ends, a distributed algorithm is devel-
oped next, which also lends itself to an online implementation.

initialize
Convex approximation index � = 0
Current generation index g = 1
{p̃(0)

iJ , q̃
(0)
i } to arbitrary values satisfying (13)

foreach time slot do
// Protocol operation
foreach node i do
if node i has packets of generation g then

Transmit a random linear combination of
packets from generation g on the hyperarc
(i, J) with probability exp(p̃(�)

iJ )
end
if packet is received at node i then

Store packet if it is linearly independent of
the packets already stored at node i.

end
end
if each sink t ∈ T can decode all packets of
generation g then

Flush all packets of generation g from all nodes
in the network
update g ← g + 1

end
// Update the transmission
probabilities
if solution {p̃∗iJ , q̃∗i } to (P1

� ) available then
update

p̃
(�+1)
iJ ← p̃∗iJ , q̃

(�+1)
i ← q̃∗i for i ∈ N ,

(i, J) ∈ A
�← � + 1

end
end

Fig. 2. Online Implementation of the Centralized Algorithm

IV. DISTRIBUTED ALGORITHM

Solving convex network optimization problems in a dis-
tributed fashion usually involves application of problem-
specific decomposition techniques. The aim is to decompose
the original problem into smaller sub-problems, which can
be solved by distributed processors coordinated through local
message passing. A popular method is the dual decomposi-
tion technique based on Lagrangian duality, which is well-
motivated when the primal problem has a separable struc-
ture [17, Sec. 5.1.6], [18].

Unfortunately, the convex approximation (P1
� ) is not sepa-

rable. In particular, the summands in (17) with even k involve
exponentials of the sum of the transmission probabilities of
neighboring nodes. Therefore, they do not take the form of
a sum of terms that depend on individual node variables. To
cope with this hurdle, additional approximation is introduced
first to effect a separable structure. Moreover, a set of auxiliary
variables {R(t)}t∈T is introduced to allow decomposition of
the problem to the individual sinks in T . For simplicity, the
algorithm development hereafter specializes to the broadcast-
only case. However, the methodology extends straightfor-
wardly.
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A. Creating Separable Structure

As noted earlier, the distributed solution is developed here
for networks with broadcast-only transmissions. Changing the
variables q̃i := log qi, and defining C̄1

iK and C̄2
iK as the odd-k

and even-k subsets of C̄iK [cf. (11)], (12) becomes

∑
j∈K

r
(t)
ij − ci

∑
(M,k)∈C̄1

iK

siM exp

( ∑
j∈I1

iM

q̃j

)

+ ci

∑
(M,k)∈C̄2

iK

siM exp

( ∑
j∈I1

iM

q̃j

)

+ ci

∑
(M,k)∈C̄1

iK

siM exp

( ∑
j∈I2

iM

q̃j

)

− ci

∑
(M,k)∈C̄2

iK

siM exp

( ∑
j∈I2

iM

q̃j

)
≤ 0 (19)

which can be expressed compactly as

∑
j∈K

r
(t)
ij − ci

2∑
x=1

2∑
p=1

∑
(M,k)∈C̄x

iK

(−1)x+psiM exp

( ∑
j∈Ip

iM

q̃j

)

≤ 0. (20)

Of the five terms in (19), the second and fifth terms (those
corresponding to even x + p in (20)) are non-convex and can
be upper-bounded using affine functions as in the centralized
solution. Thus, given q̃

(�)
j at the �-th iteration, the following

approximations are used for x = p ∈ {1, 2}:

exp

( ∑
j∈Ip

iM

q̃j

)
≥ α

(�)
iMp

(
1 +

∑
j∈Ip

iM

(q̃j − q̃
(�)
j )

)
(21)

where, similar to before, α(�)
iMp := exp

(∑
j∈Ip

iM
q̃
(�)
j

)
.

Note that the resultant affine terms are already separable.
To make the remaining terms separable, another layer of
approximation is applied to (19). The idea is to use the
arithmetic-geometric inequality to upper-bound each term in
the third and the fourth summations in (19). Specifically, it is
noted that [14, p. 32]

∏
j∈Ip

iM

exp(q̃j) ≤
∑

j∈Ip
iM

β
(�)
iMjp exp

(
q̃j

β
(�)
iMjp

)
(22)

is satisfied for terms corresponding to x = 3 − p ∈ {1, 2},
provided that β(�)

iMjp > 0 and
∑

j∈IiM
β

(�)
iMjp = 1 hold. More-

over, it can be verified that conditions (c1)–(c3) are satisfied at
q̃j = q̃

(�)
j , j ∈ Ip

iM , if the approximation parameters {β
(�)
iMjp}

are chosen for (M, k) ∈ C̄iK , K ⊂ N(i), j ∈ Ip
iM , and i ∈ N

as β
(�)
iMjp =

q̃
(�)
j∑

j′∈Ip
iM

q̃
(�)
j′
. Thus, (19) can be surrogated by

∑
j∈K

r
(t)
ij − ci

∑
x=p∈{1,2}
(M,k)∈C̄x

iK

siMα
(�)
iMp

(
1 +

∑
j∈Ip

iM

(q̃j − q̃
(�)
j )

)

+ ci

∑
x=3−p∈{1,2}
(M,k)∈C̄x

iK

siM

∑
j∈Ip

iM

β
(�)
iMjp exp

(
q̃j

β
(�)
iMjp

)
≤ 0,

K ⊂ N(i), i ∈ N , t ∈ T (23)

which is now separable in the per-node optimization variables
{r(t)

ij } and q̃i for each i ∈ N .
To induce per-sink decomposability of constraint (10b),

a set of auxiliary variables {R(t)}t∈T is introduced, which
represents the multicast rates for the individual sinks t ∈ T ,
and additional constraints are imposed to ensure that the sinks
can support the optimal R. Specifically, (10b) is substituted
with∑

j:i∈N(j)

r
(t)
ji + R(t)11{i=s} −

∑
j∈N(i)

r
(t)
ij ≤ 0,

t ∈ T , i ∈ N \ {t} (24)

R−R(t) ≤ 0, t ∈ T . (25)

The resulting problem
(P2

� ) min
R≥0,{R(t)≥0},{r

(t)
ij

≥0},{q̃i≤0}

∑
i∈N

vi(eq̃i)−R (26a)

subject to (23), (24), and (25) (26b)

is amenable to a distributed solution, as detailed next.

B. Distributed Solution via Dual Subgradient Method

The convex optimization problem (26) is solved here in
a distributed fashion via the dual decomposition technique.
Since the objective function in (26a) is not strictly convex
with respect to all primal variables, the dual function may not
be differentiable. Thus, the subgradient method is employed
to solve the dual problem [19, Ch. 8]. The subgradient method
is widely used in cross-layer optimization; see e.g., [3], [18],
[20], [21] and references therein. Also, to ensure feasibility of
the primal solution recovered from the dual optimal variables,
primal averaging is employed [22].
Upon introducing the Lagrange multipliers {λiKt ≥ 0} and

{μt ≥ 0} to relax constraints (23) and (25), respectively, the
partial Lagrangian for (26) is written as

L(R, {R(t)}, {r(t)
ij }, {q̃i})

=
∑
i∈N

vi

(
eq̃i
)
−R +

∑
t∈T

μt

(
R−R(t)

)
+

∑
K⊂N(i),
i∈N ,t∈T

λiKt

{∑
j∈K

r
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(�)
iMp

(
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∑
j∈Ip
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(q̃j − q̃
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j )

)

+ ci

∑
x=3−p∈{1,2}
(M,k)∈C̄x

iK

siM

∑
j∈Ip

iM
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(�)
iMjp exp

(
q̃j

β
(�)
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)}
.

(27)

Thus, the dual function is given by

D({λiKt}, {μt}) = min
R≥0,{R(t)≥0},

{r
(t)
ij

≥0},{q̃i≤0}

L(R, {R(t)}, {r(t)
ij }, {q̃i}),

subject to (24) (28)

and the dual problem by

max
{λiKt≥0},{μt≥0}

D({λiKt}, {μt}). (29)
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Remark 2. The choice of which constraints to explicitly relax
via dual variables and which to keep implicit may affect
complexity of the minimization step in (IV-B), as well as the
convergence speed of the algorithm. Specifically, if only few
constraints are kept implicit, the primal solution step (IV-B)
may be simple, but the subgradient method to solve (29) may
take long time to converge. On the other hand, keeping many
constraints implicit may hinder distributed implementation
of (IV-B), as it becomes hard to exploit the separable structure.
Here, inspired by [3] and [23], the virtual flow constraints (24)
are kept implicit, which leads to a favorable trade-off between
decomposability and convergence speed.

The separable structure of (26) allows terms in the La-
grangian function to be re-grouped according to the corre-
sponding layers in the networking protocol. Thus, minimiza-
tion of Lagrangian decomposes to per-layer sub-problems in
the link layer (involving the log probabilities {q̃i}); the net-
work layer (involving the network coding parameters {R(t)}
and {r(t)

ij }); and the transport layer (involving the multicast
rate R), each of which can be solved individually given the
Lagrange multipliers. In the sequel, distributed solutions to the
sub-problems are developed.
1) Link layer sub-problem: The link layer sub-problem can

be further decomposed to the node level. Upon defining the
set I−p

i of nodes that are interfered by node i’s transmission
as

I−p
i := {m ∈ N|i ∈ ∪M⊂N(m)Ip

mM} (30)

the link layer sub-problem for node i ∈ N is obtained by col-
lecting in L(·) of (IV-B) the terms containing q̃i (henceforth,
τ denotes the iteration index of the subgradient updates to be
discussed later):

q̃i(τ) ∈ arg min
q̃i≤0

vi

(
eq̃i
)

− ciq̃i

(
2∑

x=1
p=x

∑
m∈I−p

i

∑
K⊂N(m)

t∈T

∑
(M,k)∈Cx

mK

smMα
(�)
mMpλmKt(τ)

)

+ ci

(
2∑

x=1
p=3−x

∑
m∈I−p

i

∑
K⊂N(m)

t∈T

∑
(M,k)∈Cx

mK

smMβ
(�)
mMipλmKt(τ)

exp

(
q̃i

β
(�)
mMip

))
. (31)

2) Network layer sub-problem: The network layer sub-
problem can be further decomposed to the sink level. Thus,
R(t) and {r(t)

ij }j∈N(i),i∈N can be updated by solving the per-
sink problem for each t ∈ T given by

(Rt(τ), {r(t)
ij (τ)}) ∈

arg min
R(t)≥0,{r

(t)
ij

≥0}

∑
j∈N(i),i∈N

r
(t)
ij

∑
K⊂N(i)

K	j

λiKt(τ)− μt(τ)R(t)

s.t.
∑

j∈N(i)

r
(t)
ji + R(t)11{i=s} ≤

∑
i∈N(j)

r
(t)
ij , i ∈ N\{t} (32a)

r
(t)
ij ≤ ci, j ∈ N(i), i ∈ N . (32b)

Problem (32) can be reduced to the standard minimum-cost
flow problem by adding a virtual link from node t to node

s with infinite capacity and cost −μt [24]. The minimum-
cost flow on this graph then yields the solution to the original
problem with R(t) given by the flow on the virtual t-s link.
The minimum-cost flow problem is a well-studied problem;

see e.g., [24] for a detailed survey. Many of the algorithms
available are amenable to distributed implementation, and
terminate in a number of steps polynomially bounded by the
number of nodes. In our case, the iterative primal updates only
involve changes in the link costs. Therefore, it would be useful
to choose a method that can soft-start from an available feasi-
ble solution from the previous iteration. One such method is
the ε-relaxation method; see e.g., [24, Ch. 7], [25, Ch. 6], [26].
3) Transport layer sub-problem: In order to obtain the up-

date equation for R, note first that the optimal R is necessarily
upper-bounded because the per node maximum transmission
rates ci are bounded. In particular, from (10b) with i = s
and (10c) with K = N(i), it holds that

R ≤
∑

j∈N(s)

r
(t)
sj ≤ cs|CsN(s)| =: Rmax. (33)

Using (33) as an additional constraint, the multicast rate R is
updated as

R(τ) ∈ arg min
0≤R≤Rmax

(∑
t

μt(τ) − 1
)
R (34)

which can be solved straightforwardly.
4) Dual update and primal recovery: Once the primal

iterates y(τ) := [{q̃i(τ)}, {R(t)(τ)}, {r(t)
ij (τ)}, R(τ)] have

been obtained, the dual variables are updated to solve (29). The
subgradient projection method is employed, which amounts to
updating the dual iterates through

λiKt(τ + 1) =

[
λiKt(τ) + σ

{∑
j∈K

r
(t)
ij (τ)

− ci

∑
x=p∈{1,2}
(M,k)∈C̄x
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siMα
(�)
iMp

(
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∑
j∈Ip
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(�)
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∑
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siM

∑
j∈Ip

iM

β
(�)
iMjp exp

(
q̃j(τ)

β
(�)
iMjp

)}]+

,

K ⊂ N(i), i ∈ N , t ∈ T (35)

μt(τ + 1) =
[
μt(τ) + σ

(
R(τ) −R(t)(τ)

)]+
, t ∈ T (36)

where [·]+ :≡ max{0, ·}, and σ > 0 is the step size. The dual
iterates can be initialized to arbitrary non-negative values. The
subgradient method with a constant step size converges into a
ball of the optimal dual variables, whose radius is proportional
to the step size; see e.g., [19, Prop. 8.2.2] for the exact claim
and the convergence rates.
Due to the lack of strict convexity, the primal iterates y(τ)

recovered from the dual iterates may not converge in general.
Nevertheless, their running average ȳ(τ) := 1

τ

∑τ−1
ρ=0 y(ρ)

is asymptotically feasible, and converges to the optimum
solution of (P2

�) [22]. The running averages are then used
to update {q̃(�+1)

i } (to evaluate {α(�+1)
iMp , β

(�+1)
iMjp }) for the next

approximation (P2
�+1) and the subgradient iterations restarted.
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It is also possible to combine the subgradient and convex
approximation iterations by not reinitializing the dual iterates
when updating the values of {q̃(�)

j }. If the surrogate problems
(P2

� ) and (P2
�+1) are not too different, the final dual iterates

of (P2
� ) will also be near-optimal for (P2

�+1). Retaining the
dual iterates is therefore equivalent to “soft-starting” the dual
subgradient method with near-optimal initial values. The next
section builds upon this combined algorithm, and describes its
distributed and online implementation.

C. Distributed and Online Protocol

The present section describes a distributed, parallel, and
online implementation of the successive convex approximation
algorithm. Recall from the centralized algorithm in Fig. 2,
that it is possible to operate the network using a sequence
of transmission probabilities {1 − exp(q̃(�)

i )}, converging to
KKT-optimal values. In the present case, these values are pro-
vided by the combined subgradient and convex approximation
algorithm outlined in Sec. IV-B. Fig. 3 describes the message
passing and variable updates required by the algorithm at each
node i ∈ N . Each subgradient iteration in Fig. 3 takes up
several time slots; cf. Fig. 2.
Observe that the message passing required at each iteration

is moderate. Specifically, node i collects primal variables q̃j(τ)
from all nodes j ∈ (∪M,pIp

iM ) \ {i} = I1
iN(i), and dual

variables {λmKt} from all nodes m ∈ I−p
i for p = 1, 2.

Roughly speaking, these quantities pertain to the two-hop
neighborhood of node i. Further, the source needs to solve
(32) at each iteration and for each sink (in parallel), using
an asynchronous, distributed method such as ε-relaxation.
Finally, the convex approximation parameters {α(�)

iJM , β
(�)
iM}

at node i depend on q̃
(�)
j for j ∈ I1

iN(i). These variables
are anyway made known to node i for the purpose of dual
updates. Overall, if each node has at most d neighbors, it
exchanges O(2d) variables with each of its O(d2) two-hop
neighbors, per subgradient iteration. Each node also exchanges
O(d) variables per ε-relaxation iterations. Finally, the storage
requirement for each node is O(2dd2) variables.
In general, the subgradient method does not specify a

stopping criterion, and it is customary to use a fixed number
of iterations. Alternatively, the subgradient algorithm can stop
when the primal averages converge and remain unchanged
for several iterations. The use of subgradient algorithm offers
some flexibility in the choice of the time-scale of iterations.
It is not necessary to wait for convergence of the subgradient
method for updating the transmission probabilities. Indeed,
the running averages {1 − exp(¯̃qi(τ))} can also be used
as transmission probabilities at intermediate iterations, since
these converge to {1− exp(q̃(�)

j )}, which in turn converge to
the KKT-optimal probabilities.

V. NUMERICAL RESULTS

Numerical tests are performed for the centralized and
distributed algorithms proposed in Sec. III and IV. Related
algorithms from [11] and [12] are compared as benchmarks.

A. Simulation Set-up

Random networks are generated using the MAX-DPA al-
gorithm [27], which generates graphs by placing nodes one

maintain variables
α

(�)
iMp and β

(�)
iMjp for M ⊂ N(i), j ∈ Ip

iM , p = 1, 2
q̃i(τ), r

(t)
ij (τ) for j ∈ N(i), and λiKt(τ) for

K ⊂ N(i), t ∈ T , i �= t
if node i is source then R(τ), R(t)(τ), μt(τ) for
t ∈ T

initialize
probabilities q̃

(0)
i and evaluate α

(0)
iMp, β

(0)
iMjp

λiKt(1) = 0 for K ⊂ N(i), t ∈ T , i �= t
if node i is source then μt(1) = 0, for t ∈ T
successive convex approximation index � = 0
running average ¯̃qi(0) = 0, and τ0 = 0

foreach τ = 1, 2, . . . do
collect
{λmKt(τ)} from nodes m ∈ I−p

i , p = 1, 2
{q̃j(τ)} from nodes j ∈ I1

iN(i)

update
primal iterates q̃i(τ) and r

(t)
ij (τ) [cf. (31) and (32)]

dual iterates λiKt(τ + 1) [cf. (35)]
running average
¯̃qi(τ)← τ−τ�−1

τ−τ�

¯̃qi(τ − 1) + 1
τ−τ�

q̃i(τ)
if node i is the source then

primal iterates R(τ) and R(t)(τ) [cf. (34) and
(32)]
dual iterates μt(τ + 1) [cf. (36)]

end
if subgradient iterations have converged or maximum
iterations reached then
update q̃

(�+1)
i ← ¯̃qi(τ) and evaluate α

(�+1)
iMp and

β
(�+1)
iMjp

update �← � + 1
reinitialize running average ¯̃qi(τ)← 0, and set
τ� = τ

end
end

Fig. 3. Distributed and Online Algorithm for Node i

by one, while respecting certain maximum-degree and node
proximity constraints so as to simulate a realistic ad hoc
network. The algorithm parameters are chosen to be d = 3,
dmax = 6, and d0 = 0.2 (see [27]), and the nodes are placed
in a square area with the average node density 1. The erasure
probability for a pair of neighboring nodes i and j separated by
distance dij is given by 1− exp(−d2

ij/4), assuming Rayleigh
fading. The transmission rate ci is assumed to be unity for
all nodes i ∈ N . The multicast session is chosen so that the
leftmost node is the source and the two rightmost nodes are
the sink nodes. To compare with the existing algorithms on an
equal footing, the broadcast-only scenario is considered and
only the throughput is maximized while {vi(qi)} are set to
zero.

B. Centralized Algorithm

Table I gives the maximum throughput achieved with
different schemes, averaged over 100 random network real-
izations. Four different methods are compared: the heuristic
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TABLE I
AVERAGE OPTIMIZED THROUGHPUT.

# of nodes Heurist. Central. B. & B. Orth. Schedul.
7 0.1883 0.3103 0.3138 0.3144
8 0.1762 0.2736 0.2782 0.2667
9 0.1664 0.2584 0.2647 0.2498
10 0.1632 0.2354 0.2426 0.2214
20 0.1242 0.1890 – 0.1263
40 0.1110 0.1615 – 0.0776
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Fig. 4. Evolution of the end-to-end throughput R in the subgradient method
with step size σ = 0.5 for the first surrogate problem (� = 0) and σ = 0.1
thereafter. The vertical lines result from the fact that the primal averages
are refreshed whenever the value of � is advanced. Therefore the solution
obtained from the next few subgradient iterations is of poor quality and gives
low values of R. However, the network throughput depends only on the
access probabilities at the instants when the subgradient iterations converge.

method from [12], the proposed method (centralized version),
the branch-and-bound method from [11], and the orthogonal
scheduling from [3] with only one transmitting node per
time slot. The proposed centralized algorithm is initialized by
considering a set of 20 randomly chosen probabilities qi, and
picking the one that yields the maximum value of R (which
can be easily obtained by solving a linear program). It can be
seen that for small-size networks, where the branch-and-bound
algorithm runs in a reasonable time, the average throughput
of the proposed centralized algorithm is close to the global
optimum. The suboptimality is due to possible convergence
of the algorithm to a KKT point.

C. Distributed Algorithm

1) Evolution of the Subgradient Method: The algorithm of
Fig. 3 is simulated on a randomly generated network with 40
nodes. The initial point was chosen again as in Sec. V-B. Fig.
4 shows the evolution of the throughput achieved with the
running average { ¯̃qi} (which is close but not exactly equal
to the running average R̄) across the subgradient iterations
and successive convex approximations. Recall that the running
averages are refreshed when the convex approximation is
updated. Interestingly, the throughput converges to a near-
optimal value in very few convex approximation iterations.
2) Online Implementation: The algorithm of Fig. 3 is

implemented with the random network coding scheme of [5]
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Fig. 5. Dynamic network used for simulation. Node 4 joins the network at
time slot 4 × 104 .

on a simple dynamic network. The network is shown in Fig.
5 and initially consists of all nodes except node 4. The aim is
to multicast packets from source node 1 to sink nodes 7 and
8. The network is simulated for 7× 104 time slots, and node
4 joins the network at time slot 3×104 and starts transmitting
with arbitrary probability.
The network coding scheme is implemented using a gen-

eration size of 100 packets, and field size 28. The source
is infinitely backlogged, i.e., there are generations waiting
to be transmitted at all time slots. It is assumed that an
end-to-end network error-correction code is employed; see
e.g., [28] and references therein. Consequently, the sinks are
required to collect only 90 linearly independent packets for
each generation. This implies that the uncoded throughput
is 90% of the value obtained from the centralized solution.
The subgradient algorithm runs in parallel with the network
protocol, and updates the transmission probabilities every 103

time slots.
Fig. 6 shows the evolution of the per-generation through-

put of the system, represented by dots. The per-generation
throughput is Rg := 90/Tg, where Tg is the time-difference
(measured in time slots) between transmission of the first
packet of generation g and the reception of 90 linearly inde-
pendent packets of generation g at all sinks. The solid curve
Ravg represents the moving average of Rg for 10 previously
received generations. Finally, the dotted line (Ropt) shows the
90% of the KKT-optimal value of R obtained by running the
centralized algorithm.
It can be observed that the per-generation throughput is

low in the beginning as all nodes start transmitting at sub-
optimal access probabilities. The throughput improves as the
subgradient iterations evolve, but decreases again when node
4 joins the network. This is because when node 4 enters,
it also starts transmitting at an arbitrary probability, and
interferes with reception at other nodes. Eventually though,
the subgradient iterations evolve to a new optimum, and
the throughput increases again. Intuitively, node 4 helps by
providing more paths for packets being multicast to nodes
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Fig. 6. Evolution of the R values. A dot at a given time slot represents
the throughput of the generation that is received at that time slot. Since
generations are transmitted serially, the moving average of the per-generation
throughput represents the throughput achieved over several generations.

7 and 8, and therefore the overall throughput is higher than
before. The remaining gap between the centralized solution
and achieved throughput is because of the overhead inherent to
the network coding scheme. This gap can be reduced by using
a larger generation size or more sophisticated schemes (such
as generation-interleaving [5]) at the expense of increased end-
to-end packet delay.

VI. CONCLUSION

The problem of joint optimization of network coding and
Aloha-based medium access control (MAC) for multi-hop
wireless networks was considered. The multicast throughput
with a power consumption-related penalty was maximized
subject to flow conservation and MAC achievable rate con-
straints to obtain the optimal transmission probabilities. The
relevant optimization problem turns out to be non-convex
and hence difficult to solve even in a centralized manner. A
successive convex approximation technique was employed to
obtain a Karush-Kuhn-Tucker (KKT) solution. The idea was
also extended to create a separable structure in the problem,
and the dual decomposition technique is applied to derive
a distributed solution. The algorithm is thus applicable for
large networks, and amenable to online implementation. The
numerical tests verify performance and complexity advantages
of the proposed approach over existing designs. A network
simulation with implementation of random linear network
coding shows performance very close to the theoretical.
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