
Channel Gain Cartography via
Low Rank and Sparsity

Donghoon Lee
Dept. of ECE

University of Minnesota
Minneapolis, MN 55455, USA

leex6962@umn.edu

Seung-Jun Kim
Dept. of CSEE

University of Maryland, Baltimore County
Baltimore, MD 21250, USA

sjkim@umbc.edu

Abstract—Channel gain cartography aims at inferring the
channel gains between arbitrary points in space based on mea-
surements (samples) of channel gains taken from finite pairs of
transceivers. Channel gain maps are useful for various sensing
and resource allocation tasks, essential for the operation of
cognitive radio networks. In this work, the channel gain samples
are modeled as compressive tomographic measurements of an
underlying spatial loss field (SLF), postulated to have low-rank
structure corrupted by sparse errors. Efficient algorithms to
reconstruct the SLF are developed, from which arbitrary channel
gains can be interpolated.

I. INTRODUCTION

RF cartography is an instrumental concept for spectrum
sensing and dynamic spectrum access of cognitive radio (CR)
networks [1]. Based on the measurements collected by spatially
distributed CR sensors, RF cartography aims at constructing
maps over space, time, and frequency, of useful information
regarding the RF “landscape,” in which the CR network is
deployed. Two kinds of maps have been proposed in the lit-
erature: i) power spectral density (PSD) maps that reconstruct
the ambient interference power distribution, revealing crowded
regions that CR transceivers need to avoid [2]; and ii) channel
gain maps which capture shadow fading between arbitrary
points in space, thus allowing CR networks to perform accurate
spectrum sensing and aggressive spatial reuse [3].

The present work focuses on channel gain cartography.
Prior works capitalized on the experimentally validated spatial
loss field (SLF) model [4] and developed linear interpola-
tion algorithms based on kriging techniques [3], [5]. Spatio-
temporal dynamics were captured using a Kalman filtering
based approach. It is worth noting that the reconstruction
of the SLF itself is tantamount to RF tomographic imag-
ing [6]. Tracking of moving objects using dynamic SLF models
was investigated in [7]. However, in these works, relatively
densely sampled observations were utilized for acceptable
performance.

In this work, we aim to reconstruct the SLF (and sub-
sequently interpolate channel gains) from a small number of
measurements, by tapping into the recent advances in compres-
sive sensing techniques. Specifically, it is postulated that the
SLF of the two-dimensional geographical area of CR network
deployment is of low rank, potentially corrupted by sparse
outliers. Such a model is particularly appealing for urban and
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indoor propagation scenarios, where regular placement of walls
and buildings renders the scene inherently low-rank, while
sparse outliers can pick up artifacts that do not conform to the
low-rank model. As channel gain samples can be viewed as
tomographic measurements of the SLF, the cartography prob-
lem becomes an instance of compressive principal component
pursuit (CPCP) [8]. We develop computationally efficient batch
and online solutions, suitable for CR network implementation.

The rest of the paper is organized as follows. In Section II,
the system model is set forth. Problem formulation for channel
gain prediction and its batch solution method are the subjects
of Section III. An online algorithm is developed in Section IV.
Results from numerical tests are provided in Section V, and
the conclusions in Section VI.

Notations: Bold uppercase (lowercase) letters denote ma-
trices (column vectors). Calligraphic letters are used for sets.
In is the n×n identity matrix. Operators (·)T , tr(·), and σi(·)
represent transposition, matrix trace, and i-th singular value.
| · | is used for the cardinality of a set and the magnitude of a
scalar. The `1 norm of X ∈ Rn×n is ||X||1 :=

∑n
i,j=1 |Xij |.

For two matrices M,R ∈ Rn×n, matrix inner product is
defined as 〈M,R〉 := tr(MTR). The Frobenius norm of
matrix R is ||R||F :=

√
tr(RRT ). The spectral norm of R is

||R|| := max||x||2=1 ||Rx||2, and ||R||∗ :=
∑
i σi(R) is the

nuclear norm of R.

II. SYSTEM MODEL AND PROBLEM STATEMENT

Consider a set of N CRs deployed in a geographical area
represented by a 2-dimensional plane A ⊂ R2. Let x(t)

n denote
the position of CR n ∈ {1, 2, . . . , N} at time t. By exchanging
pilot sequences, the CR nodes can estimate the channel gains
among them. A typical channel gain between nodes n and n′
can be modeled as the product of pathloss, shadowing, and
small-scale fading. By averaging out the effect of the small-
scale fading, the (averaged) channel gain measurement in dB
scale for link (n, n′) at time t, denoted by ǧ

(t)
xnxn′ , can be

represented (in dBs) as

ǧ(t)
xnxn′

= g0 − γ log10 ||x(t)
n − x

(t)
n′ ||+ s(t)

xnxn′
+ ε(t)xnxn′

(1)

where g0 is the path gain at unit distance; ||x(t)
n − x

(t)
n′ || the

distance between nodes n and n′; γ the pathloss exponent,
s

(t)
xnxn′ the shadow fading in dB over link (n, n′) at time t,



and ε(t)xnxn′ the measurement noise. By subtracting the known
pathloss component, the shadowing measurement

š(t)
xnxn′

= s(t)
xnxn′

+ ε(t)xnxn′
(2)

is obtained. Let M(t) be the set of links, for which channel
gain measurements were made at time t, and collect the
measurements in vector š(t) ∈ R|M(t)|. The goal of channel
gain cartography is to predict the channel gain g

(t)
xx′ between

arbitrary points x, x′ ∈ A at time t, based on the known nodal
positions {x(t)

n } and the channel gain measurements collected
up to time t, that is, {š(τ)}tτ=1 [3], [5].

In order to achieve this interpolation, we will leverage the
structure of shadow fading experienced by co-located radio
links. A variety of correlation models for shadow fading
have been proposed [3], [4], [9]. In particular, the models
in [3] and [4] relied on the so-termed spatial loss field (SLF),
which captures the attenuation in the propagating medium.
Tomographic imaging applications based on such models have
been pursued in [6] and [7].

Let F ∈ RNx×Ny denote the SLF, discretized to an Nx-
by-Ny matrix. Then, the shadow fading of the link between
points x and x′ in A is modeled as a linear combination of
the field elements expressed as

sxx′ = 〈Wxx′ ,F〉 (3)

where Wxx′ is a weight matrix corresponding to the link
connecting x and x′. Matrix Wxx′ is often constructed so
that the shadow fading is a weighted sum of the loss field
within an ellipse having the foci at x and x′ [6]. Specifically,

Wxx′(i, j) :=

{
1/
√
d, if dij(x) + dij(x

′) < d+ δ

0, otherwise
(4)

where dij(x) is the distance from the position represented by
grid point (i, j) to x, d := ‖x− x′‖2, and d+ δ is the major
axis of the ellipse.

Using (4), the goal is to form an estimate F̂(t) of F(t) at
time t, based on {x(t)

n } and {š(τ)}tτ=1. Once F̂(t) is obtained,
the shadowing and the overall channel gain across any link
x–x′ can be estimated via (3) and (1) as

ŝ
(t)
xx′ = 〈Wxx′ , F̂

(t)〉 (5)

ĝ
(t)
xx′ = g0 − γ log10 ||x− x′||+ ŝ

(t)
xx′ . (6)

If the number of entries to be estimated in F(t) is larger
than the number of measurements, the problem is underde-
termined and cannot be solved uniquely. To overcome this
and also improve the performance even in the overdetermined
cases, a priori knowledge on F(t) will be exploited next to
regularize the problem, using the attributes of low rank and
sparsity.

III. CHANNEL GAIN PREDICTION USING
LOW RANK AND SPARSITY

A. Problem Formulation

The low-rank and sparse structure has been advocated
in various problems in machine learning and signal process-
ing [10], [11]. Low-rank matrices are effective in capturing

regular patterns, and sparsity is instrumental in incorporating
robustness. In this work, we postulate that F has the following
low-rank plus sparse structure

F(t) = L(t) + E(t) (7)

where L(t) has low rank and E(t) is sparse. This model is
particularly attractive in urban or indoor scenarios where the
obstacles often possess regular patterns, while the sparse term
can capture the irregularities that do not conform to the low-
rank model.

Toward estimating F(t) that obeys (7), let W
(t)
nn′ :=

W
x
(t)
n x

(t)

n′
and š(t)

nn′ := š
(t)
xnxn′ for brevity, and define the cost

c(t)(L,E) :=
1

2

∑
(n,n′)∈M(t)

(
〈W(t)

nn′ ,L + E〉 − š(t)
nn′

)2

(8)

which fits the shadowing measurements to the model. Then,
the low-rank and sparse components can be recovered via

(P1) min
L,E∈RNx×Ny

t∑
τ=1

βt−τ
[
c(τ)(L,E) + λ||L||∗ + µ||E||1

]
(9)

where β ∈ (0, 1] is the forgetting factor that weights the
recent observations more heavily. The nuclear norm promotes
low-rank of L, and the `1-norm encourages sparsity in E.
Parameters λ and µ are chosen appropriately to control the
effect of these regularizing norms. Conditions for exact recov-
ery through a related convex formulation in the absence of
measurement noise were provided in [8].

Problem (9) is a convex optimization problem, and can be
tackled using existing efficient solution techniques, such as the
interior-point method and the accelerated proximal gradient
(APG) method [12]. Once the optimal Ê and L̂ are found,
the desired F̂(t) is obtained as F̂(t) = L̂ + Ê. However,
general-purpose optimization software tends to scale poorly
as the problem size grows. Specialized algorithms developed
for related problems often employ costly SVD operations
iteratively [8]. Furthermore, such an algorithm might not be
amenable for an online and distributed implementation. Next,
an efficient algorithm is proposed with reduced complexity.

B. Efficient Solution

Consider replacing L with the low-rank product PQT ,
where P ∈ RNx×ρ and Q ∈ RNy×ρ, and ρ is a pre-specified
overestimate of the rank of L. It is known that (e.g., [11])

||L||∗ = min
P,Q

1

2

(
||P||2F + ||Q||2F

)
subject to L = PQT . (10)

Thus, a natural re-formulation of (9) is (see also [11])

(P2) min
P,Q,E

t∑
τ=1

βt−τ
[
c(τ)(PQT ,E)

+
λ

2

(
||P||2F + ||Q||2F

)
+ µ||E||1

]
. (11)

Instead of NxNy entries of L, the factorization approach (11)
entails (Nx +Ny)ρ unknowns, thus reducing complexity and
memory requirement for ρ� Nx, Ny .



Since (P2) is nonconvex while the original (P1) is convex,
in general one expects only a locally optimal solution of (P2).
Interestingly, under appropriate conditions, it can be shown that
global optimality can be guaranteed even if (P2) is solved, as
claimed next [11].
Proposition 1: Let {P̄, Q̄, Ē} be a stationary point
of (P2). Define β̄ :=

∑t
τ=1 β

t−τ and f̃(L̃, Ẽ) :=∑t
τ=1 β

t−τ∇c(τ)(L̃, Ẽ). If ||f̃(P̄Q̄T , Ē)|| ≤ λβ̄, then {L̃ :=
P̄Q̄T , Ẽ := Ē} is a globally optimal solution to (P1).

A stationary point of (11) can be obtained through a block
coordinate-descent (BCD) algorithm, where the optimization
is done over one of E, P, Q with the other two fixed. In
fact, since µ||E||1 is separable over individual entries, the
cyclic update can be stretched all the way up to the individual
entries of E without affecting convergence [13]. To update
each (block) variable, the cost in (P2) is minimized while fixing
other variables to their up-to-date iterates.

To describe the procedure, let W(t) ∈ RNxNy×|M(t)|

be a matrix with columns equal to vec
(
W

(t)
nn′

)
for

(n, n′) ∈ M(t), where vec(·) produces a column vector
by stacking the columns of a matrix one on top of the
other. Define W := [

√
βt−1W(1), . . . ,

√
β0W(t)], š :=

[
√
βt−1š(1)T , . . . ,

√
β0š(t)T ]T , and e := vec(E). Let el

denote the l-th entry of e and e(−l) represent the replica of
e with its l-th entry removed. Similarly, let A(l, :) denote the
l-th row of matrix A, and A(−l, :) the matrix A with its l-
th row removed. The minimization in (P2) with respect to E
decomposes over the individual entries of e. At iteration k,
each entry is updated via

el[k + 1] = arg min
el

1

2
||WT (l, :)el − ˇ̌s||22 + µβ̄|el| (12)

where ˇ̌s[k] := š−WT vec(P[k]Q[k]T )−W(−l, :)T e(−l).
Define the soft-thresholding function soft thλ(·) as
soft thµ(x) := sgn(x) max{0, |x| − µ}. A closed-form
solution for el is obtained as

el[k + 1] =
soft thµβ̄(W(l, :)ˇ̌s[k])

||WT (l, :)||22
. (13)

Matrices P and Q are similarly updated over their
rows. Let pTi be the i-th row of P, transposed to result
in a column vector; i.e., P := [p1,p2, . . . ,pNx ]T .
Define W̃(t)

i ∈ R|M(t)|×Ny to be the matrix whose
rows are the i-th rows of {W(t)

nn′}(n,n′)∈M(t), and
s̃

(t)
i ∈ R|M(t)| a vector with entries equal to
s̃

(t)
nn′,i = š

(t)
nn′,i − 〈W

(t)
nn′ ,E[k + 1]〉+

∑Nx
j 6=iW

(t)
nn′(j, :)Q[k]pj

for (n, n′) ∈ M(t). Define also W̃i :=

[
√
βt−1W̃(1)T

, . . . ,
√
β0W̃(t)T

]T and s̃i :=

[
√
βt−1s̃

(1)T
i , . . . ,

√
β0s̃

(t)T
i ]T . Then, pi is updated by

solving a ridge-regression problem given as

pi[k + 1] = arg min
pi

[
1

2
||W̃iQ[k]pi − s̃i||22 +

λβ̄

2
||pi||22

]
(14)

whose solution is given by

pi[k + 1] =
[
Q[k]T W̃T

i W̃iQ[k] + λβ̄Iρ
]−1

Q[k]T W̃T
i s̃i. (15)

TABLE I. BATCH BCD UPDATE FOR (P2).

1: Initialize E[1] := 0Nx×Ny , P[1] and Q[1] at random.

2: For k = 1, 2, . . .

3: For l = 1, 2, . . . , NxNy

4: Update el[k + 1] via (13)

5: Next l

6: For i = 1, 2, . . . , Nx

7: Update pi[k + 1] via (15)

8: Next i

9: For j = 1, 2, . . . , Ny

10: Update qi[k + 1] via (16)

11: Next j

12: Next k

Likewise, define W̆i := [
√
βt−1W̆

(1)T
, . . . ,

√
β0W̆

(t)T
]T

and s̆i := [
√
βt−1s̆

(1)T
i , . . . ,

√
β0s̆

(t)T
i ]T , where W̆

(t)

i ∈
R|M(t)|×Nx is the matrix whose rows are the transpositions
of the i-th columns of {W(t)

nn′}(n,n′)∈M(t), and s̆
(t)
i ∈ R|M(t)|

has entries equal to s̆
(t)
nn′,i = š

(t)
nn′,i − 〈W

(t)
nn′ ,E[k + 1]〉 +∑Ny

j 6=iW
(t)T
nn′ (j, :)P[k + 1]qj for (n, n′) ∈ M(t). The update

for qi is then given by

qi[k + 1] =
[
P[k + 1]T W̆

T
i W̆iP[k + 1] + λβ̄Iρ

]−1

· P[k + 1]T W̆
T
i s̆i. (16)

The overall algorithm is tabulated in Table I.

IV. ONLINE ALGORITHM

Although the proposed batch algorithm exhibits low com-
putational and memory requirements, it is not suitable for
online processing, since (11) must be re-solved every time
a new set of measurements arrive, thus incurring a major
computational burden. Furthermore, the batch solution cannot
track effectively time-varying channels. These considerations
motivate the development of an efficient recursive algorithm.

Stochastic approximation (SA) is an appealing strategy for
deriving online algorithms [14]. Recently, techniques involv-
ing minimizing majorized surrogate functions were developed
to handle nonconvexity in online settings [15], [11], [16].
Improving upon these works, an online algorithm for the
CPCP problem will be developed here. Th proposed approach
employs quadratic surrogate functions with diagonal weighting
so as to capture disparate curvatures in the directions of
different block variables.

Define X := {P,Q,E} ∈ X ⊂ X ′, where X ′
is an open set, and ξ(t) := {{š(t)

m }Mm=1, {W
(t)
m }Mm=1} ∈

Ξ , where, for simplicity, the number of measurements
per time slot is fixed to M = |M(t)| per slot t.
With some abuse of notation, define g1(X, ξ(t)) :=

g1(P,Q,E, ξ(t)) = 1
2

∑M
m=1

(
〈W(t)

m ,PQT + E〉 − š(t)
m

)2

and g2(X) := g2(P,Q,E) = λ
2

(
||P||2F + ||Q||2F

)
+ µ||E||1.



A surrogate function for g1(X, ξ(t)) is then constructed as

ǧ1(X,X(t−1), ξ(t)) := g1(X(t−1), ξ(t)) (17)

+ 〈P−P(t−1),∇Pg1(X(t−1), ξ(t))〉+
η

(t)
P

2
‖P−P(t−1)‖2F

+ 〈Q−Q(t−1),∇Qg1(X(t−1), ξ(t))〉+
η

(t)
Q

2
‖Q−Q(t−1)‖2F

+ 〈E−E(t−1),∇Eg1(X(t−1), ξ(t))〉+
η

(t)
E

2
‖E−E(t−1)‖2F .

Upon defining hm(X(t−1)) := 〈W(t)
m ,P(t−1)Q(t−1)T +

E(t−1)〉 − š(t)
m , it can be verified that

∇Pg1(X(t−1), ξ(t)) =

M∑
m=1

hm(X(t−1))W(t)
m Q(t−1) (18)

∇Qg1(X(t−1), ξ(t)) =

M∑
m=1

hm(X(t−1))W(t)
m

T
P(t−1) (19)

∇Eg1(X(t−1), ξ(t)) =

M∑
m=1

hm(X(t−1))W(t)
m . (20)

Suppose that ∇Pg1(·,Q,E, ξ), ∇Q(P, ·,E, ξ) and
∇E(P,Q, ·, ξ) are Lipschitz (which can be asserted through
Cauchy-Schwartz’s inequality), and that the corresponding
Lipschitz constants are LP, LQ, and LE, respectively.
Then, upon choosing η

(t)
i ≥ L2

i /Lmin for i ∈ {P,Q,E}
and Lmin := min{LP, LQ, LE}, it can be verified that
ǧ1(X,X(t−1), ξ(t)) satisfies the following conditions:

(c1) ǧ1(X,X(t−1), ξ(t)) majorizes g1(X, ξ(t)) ∀ X ∈ X ′,
i.e., ǧ1(X,X(t−1), ξ(t)) ≥ g1(X, ξ(t));

(c2) ǧ1(X(t−1),X(t−1), ξ(t)) = g1(X(t−1), ξ(t));
(c3) ∇ǧ1(X(t−1),X(t−1), ξ(t)) = ∇g1(X(t−1), ξ(t)); and
(c4) ǧ1(X,X(t−1), ξ(t)) + g2(X) is uniformly strongly

convex in X.

Consider the case of β = 1. Based on ǧ1(X,X(t−1), ξ(t))
and g2(X), a surrogate problem for (P2) is given by

(P3) min
X

1

t

t∑
τ=1

[
ǧ1(X,X(τ−1), ξ(τ)) + g2(X)

]
. (21)

Solving (P3) yields a stochastic gradient descent (SGD) up-
date. In particular, since variables P, Q, and E can be
independently optimized in (P3), the proposed solver can
perform parallel updates across variables. For P and Q, the
update rules are obtained by checking the first-order optimality
conditions, as

P(t) = P(t−1) − λP(t−1) −∇Pg1(X(t−1), ξ(t))∑t
τ=1(η

(τ)
P + λ)

(22)

Q(t) = Q(t−1) − λQ(t−1) −∇Qg1(X(t−1), ξ(t))∑t
τ=1(η

(τ)
Q + λ)

. (23)

The update for E proceeds in two steps. To handle the non-
smoothness of ‖E‖1, an auxiliary variable Z is introduced

TABLE II. ONLINE STOCHASTIC GRADIENT ALGORITHM.

1: Initialize E(0) := 0Nx×Ny , P(0) and Q(0) at random.

2: Set η(1)P ≥ L2
P

Lmin
, η

(1)
Q ≥

L2
Q

Lmin
, and η(1)E ≥ L2

E
Lmin

.

3: For t = 1, 2, . . .

4: Update P(t) via (22)

5: Update Q(t) via (23)

6: Update E(t) via (24) and (25)

7: Next t

and projected onto the desired constraint set E where E ∈ E ,
leading to

Z(t) =
1∑t

τ=1 η
(τ)
E

[
η

(t)
E E(t−1) −∇Eg1(X(t−1), ξ(t))

+

t−1∑
τ=1

η
(τ)
E Z(t−1)

]
(24)

E(t) = soft th µt∑t
τ=1 η

(τ)
E

(Z(t)). (25)

Convergence of the proposed updates is established next.

Proposition 2: Suppose that a1) {ξ(t)}∞t=1 are indepen-
dent and identically distributed (i.i.d) random processes and
β = 1. If a2) {X(t)}∞t=1 are in the compact set X ; a3) Ξ
is bounded; and a4) for the step sizes of i ∈ {P,Q,E},
η̄i

(t) :=
∑t
τ=1 η

(τ)
i ≥ ct are used ∀t for some c ≥ 0; with

a5) c′ ≥ η
(t)
i ≥ L2

i /Lmin, ∀t for some c′ ≥ 0, the iterates
{X(t)}∞t=1 generated by the proposed algorithm asymptotically
converge to the stationary points of (P2), that is

lim
t→∞

[
inf
X̄∈X̄

‖X(t) − X̄‖F
]

= 0 a.s. (26)

where X̄ is the set of stationary points of (P2).
The proof is inspired by [15] and [16], but it is omitted here
due to space limitation.

V. NUMERICAL TESTS

To assess the proposed approach, numerical tests were
performed using synthetic data. Random tomographic mea-
surements employing 30 nodes placed along the perimeter of
a square region were taken, from which a discretized SLF
of size Nx = Ny = 40 was reconstructed. Per-time slot,
15 measurements were taken, corrupted by zero-mean white
Gaussian noise with unit variance. The parameters were set as
ρ = 15, β = 1, λ = 5, and µ = 0.35.

To test the performance of the batch algorithm in Table I,
synthetic data were generated for a time interval with duration
500 slots. For comparison, a benchmark algorithm derived for
(P1) using the APG method was also tested [12]. As seen
in Fig. 1, both algorithms attain similar estimation cost after
a few tens of iterations, as asserted by Proposition 1. The
reconstructed SLFs from both algorithms in Fig. 2 are visually
similar to the ground truth SLF. However, the APG algorithm
requires a costly SVD operation of a Nx-by-Ny matrix per
iteration incurring complexity O(4N2

xNy + 22N3
y ), while the

proposed algorithm requires only inversion of ρ-by-ρ matri-
ces with complexity O(ρ3). Thus, the proposed algorithm
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Fig. 1. Evolution of the optimization cost for batch algorithms.
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Fig. 2. True and reconstructed SLFs. (a) True SLF; (b) APG; and (c) BCD.
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Fig. 3. Evolution of the average cost for the online algorithm.
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Fig. 4. Reconstructed SLFs using the online algorithm. (a) Different step
sizes η̄P = η̄Q = 4.2 × 103 and η̄E = 10; and (b) identical step sizes
η̄P = η̄Q = η̄E = 6000.

achieves the performance of the benchmark algorithm with
less computational complexity.

The proposed online algorithm was tested using step sizes
η̄P = η̄Q = 4.2 × 103 and η̄E = 10. The evolution of the
average cost of the online algorithm is depicted in Fig. 3.
Clearly, the average cost of the online estimator with different
step sizes converges to the average cost solving (P2), which
confirms convergence of the iterates from (P3) as asserted
in Proposition 2. Next, the online algorithm with identical
step sizes η̄P = η̄Q = η̄E = 6000 was tested. It resulted
in slower interpolation of the SLF when compared with that
of using multiple step sizes. In Fig. 3, the average cost of
the online estimator with identical step sizes converges in a
noticeably slow rate. The reconstructed SLFs are also shown
in Fig. 4. The online algorithm with the different step sizes
yields significantly better result, while the sparse components
are not effectively captured with identical step sizes.

VI. CONCLUSIONS

A low-rank plus sparse matrix model was proposed for
interpolation of channel gains for channel gain cartography.
The low-rank component was motivated by the regular patterns
of the obstacles to RF propagation in urban or indoor settings,
while the sparse component could capture the artifacts that
do not conform to the low-rank structure. Efficient algorithms
were derived for reconstruction of SLFs using batch BCD
and online SGD-type updates. The batch algorithm enjoyed
low computational complexity and memory requirement. The
online algorithm was shown to converge to the batch solution
as claimed. Future research directions include testing with real
data, and proving efficacy of the proposed techniques with
severely limited number of measurements.
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