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Abstract— Automated brain tumor image segmentation with
high accuracy and reproducibility holds a big potential to
enhance the current clinical practice. Dictionary learning (DL)
techniques have been applied successfully to various image pro-
cessing tasks recently. In this work, kernel extensions of the DL
approach are adopted. Both reconstructive and discriminative
versions of the kernel DL technique are considered, which can
efficiently incorporate multi-modal nonlinear feature mappings
based on the kernel trick. Our novel discriminative kernel DL
formulation allows joint learning of a task-driven kernel-based
dictionary and a linear classifier using a K-SVD-type algorithm.
The proposed approaches were tested using real brain magnetic
resonance (MR) images of patients with high-grade glioma.
The obtained preliminary performances are competitive with
the state of the art. The discriminative kernel DL approach is
seen to reduce computational burden without much sacrifice in
performance.

I. INTRODUCTION

Brain tumor segmentation in magnetic resonance (MR)
images plays an important role in diagnosis, surgery or
radiotherapy planning, and tumor growth monitoring. Be-
cause there is no automated segmentation method acceptable
to clinicians, the task is usually done manually by the
radiologists, which can take anywhere between 30 minutes
to 3.5 hours per patient [1]. The manual segmentation
results in the intra-rater volume variability of (20± 15)%
and the inter-rater volume variability of (28± 12)% [2].
Thus, (semi-)automatic segmentation with high accuracy and
reproducibility holds a big potential in MR-based brain tumor
diagnosis and treatment. However, automated brain tumor
segmentation is very challenging as the pixel intensities and
textures corresponding to normal and tumorous regions are
often similar [3]. Furthermore, the size, shape and locations
of tumors vary considerably from case to case.

Current methods for brain tumor segmentation roughly fall
into either generative or discriminative methods. Generative
methods utilize prior knowledge on the morphologies and
spatial structures of tumorous and normal tissues, and thus
require significant effort to encode expert’s semantic interpre-
tation into appropriate probabilistic models [4], [5]. Discrim-
inative methods directly learn the characteristic differences
between tumor and normal tissues from annotated training
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images, but may be sensitive to image acquisition protocols
and accuracy of the registration process [6], [7].

Recently, competing algorithms for brain tumor detection
and segmentation were evaluated through the Multi-modal
Brain Tumor Segmentation (BRATS) Challenges [8]. Dis-
criminative probabilistic approaches based on the random
forest classifier were shown to yield a good performance [6],
[9]. Discriminative approaches including dictionary learn-
ing (DL)-based ones have also received attention [8].

DL attempts to construct a set of overcomplete bases such
that each datum can be explained well using only a small
number of basis vectors chosen from the set. Compared
to using predefined bases such as the Fourier or wavelet
bases, employing dictionaries learned from data was seen to
improve the performances of various signal processing and
machine learning tasks significantly [10], [11].

There have been a number of extensions to the plain
vanilla DL idea in the literature. First, it was observed that
dictionaries can be further tailored for particular tasks. For
example, in the context of classification, jointly designing
the dictionary and the classifier often improves the classi-
fication performance, since the dictionary can then better
capture discriminative features in the data [12], [13]. Another
interesting extension is to kernelize the DL technique. By
mapping the data to a high-dimensional feature space and
seeking salient subspaces in this transformed domain, kernel
DL can cope with highly nonlinear features effectively.
Resorting to the kernel trick, existing DL algorithms can
be efficiently kernelized without actually computing the
transformed features [14], [15]. Discriminative linear DL and
a special case of (reconstructive) kernel DL were recently
tested for hippocampus and brain tumor segmentations in
MR images, respectively [16], [17].

In this study, the kernel extensions of the DL approach are
adopted to tackle the challenges associated with the tumor
segmentation task in brain MR images. Both reconstructive
and discriminative versions of the kernel DL techniques are
considered. Our novel formulation for discriminative kernel
DL allows joint learning of a kernel-based task-driven dictio-
nary and a linear classifier to detect normal/tumorous regions,
using adapted orthogonal matching pursuit (OMP) [18] and
K-SVD algorithms [19].

The rest of the paper is organized as follows. The general
DL and its (reconstructive) kernel extension are introduced
in Sec. II. The discriminative kernel DL formulation and
the K-SVD-based solution method are presented in Sec. III.
Preliminary test results using the USPS hand-written digit
images and the real MR images from the BRATS dataset are
reported in Secs. IV and V, respectively. Conclusions and



future work are discussed in Sec. VI.

II. DL AND ITS KERNEL EXTENSION

Given N data (feature) vectors denoted by {xn ∈RP}, DL
aims at obtaining a (possibly overcomplete) basis set D ∈
RN×K to approximate the data via a linear combination of
few basis vectors (called atoms) {dk}K

k=1 in D. This can be
accomplished by the constrained optimization [19]

min
D∈D⊂RP×K ,{αn∈RK}Nn=1

N

∑
n=1
‖xn−Dαn‖2

2 (1a)

subject to ‖αn‖0 ≤ K0, n = 1,2, . . . ,N (1b)

where D := {D := [d1,d2, . . . ,dK ] : ‖dk‖2 = 1 ∀k}, αn is
the sparse coefficient vector to represent xn, and K0 is the
maximum number of nonzero coefficients in αn for any n.
Vector αn is sparse in the sense that K0� K. This problem
can be solved effectively via the K-SVD algorithm [19],
which alternates sparse coding and dictionary update steps.
The algorithm has been successfully applied for various
signal processing and machine learning tasks.

Recently, kernelized DL algorithms have also been de-
veloped [14], [15]. They mitigate the limitation of linear
DL that the features belonging to similar subspaces are
difficult to discriminate, by transforming the features through
a nonlinear mapping. The feature space may even be infinite-
dimensional, but the kernel trick comes handy to avoid
any direct computation of the transformed features. Upon
denoting the mapping as Φ, a relevant formulation is

min
Ω∈O⊂RN×K ,{αn∈RK}Nn=1

N

∑
n=1
‖Φ(xn)−Φ(X)Ωαn‖2

2 (2a)

subject to ‖αn‖0 ≤ K0, n = 1,2, . . . ,N (2b)

where Φ(X) := [Φ(x1),Φ(x2), . . . ,Φ(xN)] and O := {Ω :=
[ω1,ω2, . . . ,ωK ] : ‖Φ(X)ωk‖2 = 1 ∀k}. Note that since the
transformed features are embedded in a high-dimensional
space, it is prudent to confine the search for the dictionary
in the subspace spanned by the features, which is reflected
in the cost function in (2a) [15].

III. DISCRIMINATIVE KERNEL DL

Formulations (1) and (2) train dictionaries based on the
criterion of faithful reconstruction of (transformed) features.
The resulting dictionaries have been shown to be powerful
for reconstructive tasks such as image denoising and inpaint-
ing [10]. Although it was observed that such a dictionary is
also useful for discriminative tasks such as classification [11],
tailoring the dictionary for specific supervised learning tasks
may potentially lead to better performance [12], [21].

A. Problem Formulation

Online learning algorithms for discriminative DL was
derived for the linear and kernelized cases in [12] and [20],
respectively, based on iterative stochastic gradient descent
methods. Here, the goal is to derive a K-SVD variant for
discriminative kernel DL. Inspired by [13], which developed
a K-SVD-type algorithm for discriminative linear DL, our

kernelized formulation is described next. Let C be the
number of classes, and yn ∈ {1,0}C the class label vector for
datum n= 1,2, . . . ,N, whose c-th entry is equal to 1 if datum
n belongs to class c, and 0 otherwise, for c = 1,2, . . . ,C.
Let W ∈RC×K denote a linear classifier. Then, the proposed
formulation is

min
Ω,{αn},W

N

∑
n=1

[
‖Φ(xn)−Φ(X)Ωαn‖2

2

+γ‖yn−Wαn‖2
2
]
+µ‖W‖2

F (3a)
subject to ‖αn‖0 ≤ K0, n = 1,2, . . . ,N (3b)

where ‖ ·‖F is the Frobenius norm of a matrix and γ and µ

are scalars controlling the contribution of their corresponding
terms. Note that µ is eliminated in the final formulation (4),
and does not need to be tuned. Problem (3) learns jointly the
dictionary Φ(X)Ω and the classifier W, which encourages the
dictionary to be tailored to the discriminative task at hand.

In order to apply the kernel trick and find the solution
to (3) using a K-SVD-type procedure, (3) is reformulated.
Upon defining X := [x1, . . . ,xN ], Y := [y1, . . . ,yN ], and A :=
[α1, . . . ,αN ], consider

min
Ω,A,W

∥∥∥∥[Φ(X)√
γY

]
−
[

Φ(X)Ω√
γW

]
A
∥∥∥∥2

F
(4a)

subject to ‖αn‖0 ≤ K0, n = 1,2, . . . ,N (4b)

where it is understood that the `2-norms of the columns
of [(Φ(X)Ω)T √γWT ]T are normalized to unity. Thanks to
this normalization, the explicit regularization term µ‖W‖2

F
in (3a) is omitted in (4). Furthermore, it is noted that (4) is
in the same form as (1), leading to a K-SVD-based solution.

B. K-SVD-Based Algorithm

Let k(·, ·) be a positive semidefinite kernel satisfy-
ing k(x,x′) = 〈Φ(x),Φ(x′)〉. Define also the Gram matrix
K(X,X) ∈ RN×N whose (n,m)-entry is k(xn,xm), and row
vector k(x,X) := [k(x,x1),k(x,x2), . . . ,k(x,xN)]. The desired
discriminative kernel K-SVD algorithm iterates between the
sparse coding and the dictionary/classifier learning steps.
The sparse coding step computes K0-sparse coefficients {αn}
given the most recent iterates of dictionary Φ(X)Ω(`−1) and
classifier W(`−1) using the OMP algorithm [18], where ` is
the iteration index. The dictionary/classifier update step com-
putes Ω

(`) and W(`) jointly based on the eigendecomposition
with the sparse codes A fixed.

The detailed steps are listed in Tables I and II. Table I
is the OMP-based sparse coding algorithm. Table II is the
overall discriminative kernel DL algorithm. In the Tables, vS
for vector v and index set S denotes a vector constructed
from the entries in v, whose indices are in S. Similarly, M|S
collects the columns in matrix M, whose indices belong
to S. Also, aT

k denotes the k-th row of A. It can be seen
from the tabulated algorithm that computing the transformed
features Φ(X) is not necessary; only their inner products
appear thanks to the kernel trick.



TABLE I
SPARSE CODING ALGORITHM

discr kernel OMP(x,y,Ω,W)

1: Initialize I0 =∅, α(0) = 0
2: For s = 1,2, . . . ,K0
3: Compute for k ∈ {1,2, . . . ,K}\Is−1

τk =
(

k(x,X)− (α(s−1))T Ω
T K(X,X)

)
ωk

+γ(yT − (α(s−1))T WT )wk
4: k∗ = argmaxk/∈Is−1 |τk|
5: Is = Is−1 ∪{k∗}
6: α(s)|Is =

[
Ω|TIs K(X,X)Ω|Is + γW|TIs W|Is

]−1

·
[
Ω|TIs k(x,X)T + γW|TIs y

]
and

α(s)|Ic
s = 0

7: Next s
8: Return α(K0)

TABLE II
DISCRIMINATIVE KERNEL DL ALGORITHM

Input: X,Y,K0,γ
Output: Ω,W

1: Initialize Ω
(0) and W(0)

2: For `= 1,2, . . .
% Sparse coding via discriminative kernel OMP

3: For n = 1,2, . . . ,N
4: αn = discr kernel OMP(xn,yn,Ω

(`−1),W(`−1))
5: Next n

% Dictionary/classifier update via discriminative kernel K-SVD
% Note that A := [α1, . . . ,αN ] = [aT

1 , . . . ,a
T
K ]

T = [αkn]
6: For k = 1,2, . . . ,K
7: Sk = {n ∈ {1,2, . . . ,N} : αkn 6= 0}
8: E R

k = (I−∑ j 6=k ω jaT
j )|Sk

9: ER
k =
√

γ(Y−∑ j 6=k w jaT
j )|Sk

10: Compute the largest eigenvalue σ2
1 and the corresponding

eigenvector v1 of (E R
k )T K(X,X)E R

k +(ER
k )

T ER
k

11: Set ak|Sk = |σ1|v1 and ak|Sc
k
= 0

12: ωk = |σ1|−1E R
k v1

13: wk =
√

γ
−1|σ1|−1ER

k v1
14: Next k
15: Ω

(`) = [ω1,ω2, . . . ,ωK ], W(`) := [w1,w2, . . . ,wK ]
16: Next `
17: Let Λ be a diagonal matrix with diagonal entries equal to

those in Ω
(∞)T K(X,X)Ω(∞)

18: Return Ω = Ω
∞

Λ
− 1

2 and W = W(∞)Λ
− 1

2

IV. TEST WITH HANDWRITTEN DIGIT IMAGES

The kernel DL algorithms were first tested using the USPS
handwritten digit dataset [22]. The dataset contains 9,298
images of handwritten digits 0,1, . . . ,9 in 16×16 resolution.
A subset of 100 images for each digit (totaling N = 1,000
images) was randomly chosen to train dictionaries. We
constructed ten dictionaries (K = 60) and one dictionary (K =
600) for the kernel DL and the discriminative kernel DL,
respectively. The sparsity level K0 was set to 5 and γ = 40
was used. A polynomial kernel of degree 4 was employed.
When tested over 4,000 test samples, the discriminative
kernel DL yielded slightly higher accuracy (94.3%) than the
kernel DL (93.4%). Besides, to classify the digit images, the
former needed to perform the kernel OMP once per sample
while the latter did ten times.

V. TEST WITH REAL BRAIN TUMOR MR IMAGES

To evaluate the proposed methods for the tumor image
segmentation task, the MR images of 20 patients with

high-grade glioma retrieved from the BRATS2013 dataset
were used. The dataset consists of multi-modal MR images
including the FLAIR, T1-weighted (T1), T1-contrast (T1c),
and T2-weighted (T2) MR images along with the ground
truth images [8]. To assess the test performance, a 4-fold
cross-validation was performed, that is, 20 MR image sets
were split into 15 training image sets and 5 test image sets in
four different combinations. The performance indices were
averaged across the four experiments.

A feature vector was generated as the normalized intensity
values corresponding to a 5× 5× 5 cubic patch around a
voxel. A Gaussian kernel exp(−‖x−x′‖2

2/2σ2) was adopted
with σ = 1.5. To fully exploit the multi-modal imagery, the
kernel matrix was composed from the ensemble kernel as
K=KF�KT1�KT1c�KT2, where KF, KT1, KT1c, and KT2
represent the kernel matrices for the FLAIR, T1, T1c, and T2
images, respectively, and � denotes the Hadamard product.
For pre-processing, the image intensities were scaled so that
the peak levels of the Flair and T2 histograms equal to
0.5 and 0.35, respectively, and the maximum downslope
of the T1 and T1c histograms equal to 0.75 and 0.55,
respectively. Any normalized pixel intensity exceeding 1.0
was re-normalized to 1.0.

To represent the training set compactly, 2,000 centroids of
the feature vectors calculated by the k-means method for each
class were used as inputs to the both kernel DL algorithms.
For the reconstructive kernel DL, N = 2,000, K = 1,000,
and K0 = 5 were used to learn each of dictionaries DTumor
and DNormal . For discriminative kernel DL, the labels for the
tumor and normal tissue voxels were defined as yTumor =
[1 0]T and yNormal = [0 1]T , and N = 4,000, K = 1,000,
K0 = 5, and γ = 1.0 were used to learn a dictionary DDiscr
and a classifier W. Note that only one dictionary is involved
in the discriminative approach.

To test the trained algorithms, 20,000 tumor and 20,000
normal voxels from the test set were randomly chosen. For
each feature vector corresponding to a test voxel, the sparse
code was computed using the kernel OMP algorithm [15].
For the reconstructive kernel DL, the voxel was classified
to the class that yielded the smallest reconstruction error.
For the discriminative kernel DL, the estimated label vector
ŷ = [ŷ1 ŷ2]

T was calculated by multiplying W to the sparse
code. When ŷ1 > ŷ2, the test sample was classified into the
tumor class and, otherwise, into the normal class. Example
segmentation results using both methods are depicted in
Fig. 1. The performance indices are summarized in Table III.
The formulas for computing the indices can be found in
[23]. Compared to the latest studies [17], [24], [25], both ap-
proaches show comparable or better performances. Although
the discriminative version did not outperform the reconstruc-
tive counterpart, it provided a comparable performance with
lower computational burden in the testing phase. That is, it
needed to perform the kernel OMP routine–the most time-
consuming step–once per a test sample while the reconstruc-
tive kernel DL did it twice. On a separate note, significant
performance degradation was observed when 5 specific MR
image sets (HG0022, HG0024-HG0027) having some major



bias field and blurring in T1 modality were assigned together
as a test set. For the discriminative kernel DL, the false
negative (FN) error caused by them correspond to 58.7%
of the total FN error. This underlines the importance of pre-
processing, which will be one of our future work items. Also,
as can be deduced from Figs. 1(f) and 1(g), some of the
misclassified voxels would be easily corrected by a post-
processing step incorporating spatial smoothness.

Fig. 1. An example of brain tumor segmentation (HG0007). (a) Flair (b) T1-
weighted (c) T1-contrast (d) T2-weighted (e) ground truth (f) segmentation
using reconstructive kernel DL (Jaccard = 81.5%) (g) segmentation using
discriminative kernel DL (Jaccard = 83.0%)

TABLE III
SUMMARIZED PERFORMANCE (UNIT: %)

Sensitivity Specificity Dice Jaccard
Kernel DL 86.3 94.0 89.3 81.4

Discriminative kerel DL 86.2 92.5 88.6 80.2

VI. CONCLUSION

Novel automated brain tumor segmentation methods based
on kernel DL have been proposed. Both reconstructive and
discriminative kernel DL approaches were considered. Novel
K-SVD-type algorithm for discriminative kernel DL was
derived. To exploit the multi-modality of the MR imagery,
an ensemble kernel based on Gaussian kernel functions
was constructed. Thanks to the diversity manifested in
multi-modal images, and nonlinear mapping of features
through kernel techniques, the proposed methods showed
very promising segmentation performances, which are com-
petitive with or even beat the state-of-the-art alternatives.
The discriminative kernel DL method was found to yield a
performance almost the same as the reconstructive counter-
part with reduced computational burden. The planned future
work includes fine tuning of parameters including the use
different kernel parameters for different modalities, as well as
extending the proposed approach to multi-class segmentation
of tumor regions.
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