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Abstract—Online kernel-based dictionary learning (DL) algo-
rithms are considered, which perform DL on training data lifted
to a high-dimensional feature space via a nonlinear mapping.
Compared to batch versions, online algorithms require low com-
putational complexity, essential for processing the Big Data, based
on the stochastic gradient descent method. However, as with
any kernel-based learning algorithms, the number of parameters
needed to represent the desired dictionary is equal to the number
of training samples, which incurs prohibitive memory require-
ment and computational complexity for large-scale datasets. In
this work, appropriate sparsification and pruning strategies are
combined with online kernel DL to mitigate this issue. Numerical
tests verify the efficacy of the proposed strategies.

I. INTRODUCTION

It has been widely appreciated that a dictionary comprising
bases learned from training samples rather than pre-defined
ones lead to a more compact representation of data [1], [2].
Allowing an overcomplete set of bases, dictionary learning
(DL) provides significant flexibility, and exhibited a state-of-
the-art performance for various signal processing and machine
learning tasks [3], [4], [5], [6].

Recently, motivated by the fact that kernelized representa-
tions can capture the nonlinear characteristics present in the
data, which linear representations fail to exploit, kernel DL
techniques have been proposed for classification and pattern
recognition in high-dimensional feature spaces [7], [8], [9]. In
addition to achieving an outstanding performance, the “kernel
trick” allows the kernel DL algorithms to avoid the need for
actually computing the high-dimensional features.

Batch DL algorithms access the entire batch of training data
in order to minimize a cost function. Thus, as the size of the
dataset gets large as in the Big Data scenarios, or when there
is dynamics in the data that changes over time, the batch DL
does not work well. To cope with this, online DL algorithms
have been developed for ordinary and kernelized versions [10],
[11]. The online algorithms process one datum or a mini-batch
at a time, typically based on the stochastic gradient descent
(SGD) method. Online DL features lower computational cost
than the batch alternatives, and can quickly provide a rough
solution, which may be refined over time as needed [10], [12].

However, as with any kernel-based learning algorithms,
kernel DL faces the challenge that the number of parameters
needed to represent the desired function is equal to the number
of training data. Thus, the memory requirement and computa-
tional complexity continue to grow as new data are added over
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time. To tackle this challenge, kernel adaptive algorithms have
employed sparsification and pruning strategies, which can keep
the number of stored features vectors in check. Various sparsi-
fication criteria that can upper-bound the condition number of
the kernel (Gram) matrix have been developed [13]. A related
idea is to check the usefulness of the incoming datum based
on a hinged cost function [14]. Although sparsification often
produces a finite-size feature vector set, the ultimate size of the
set is hard to estimate a priori. Thus, a pruning procedure is
necessary to enforce a fixed budget. Pruning has been done by
removing the least important parameter in neural networks [15]
or the training sample that introduces the smallest error after
omission [16]. In some cases, pruning was shown to improve
the generalization capability as well [15].

In this study, we propose two online algorithms for kernel
DL with a fixed budget for the feature vector set. The proposed
algorithms and the effect of the employed sparsification and
pruning criteria are evaluated based on the classification task
of the USPS handwritten digit dataset [17].

The rest of the paper is organized as follows. In Section II,
the relevant kernel DL problem is formulated. The online solu-
tions are derived in dual frameworks, namely, based on SGD in
the feature and the parameter spaces. The budget maintenance
strategy is discussed in Section III. The evaluation results
are presented in Section IV. The conclusion and future work
directions are provided in Section V.

II. ONLINE KERNEL DL

A. Kernel Dictionary Learning

The kernel DL performs DL after mapping the data {xn ∈
Rp} to a high-dimensional feature space through a nonlinear
mapping φ: Rp → RP . Let f(D,x) be the optimal objective
of the sparse coding problem for datum φ(x) using dictionary
D ∈ RP×K :

f(D,x) := min
α

1

2
‖φ(x)−Dα‖22 + λ‖α‖1. (1)

The columns {dk}Kk=1 of D are called atoms, and λ is
a regularization parameter to trade-off the least-squares fit
and the sparsity in α. The kernel DL problem can then be
formulated as

min
D∈RP×K

N∑
n=1

f(D,xn) (2)

subject to ‖dk‖2 ≤ 1, k = 1, 2, . . . ,K (3)
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where (3) prevents the norms of the atoms from growing
without bound.

It can be shown that the optimal dictionary lie in the
subspace spanned by the feature vectors. That is, upon
defining the feature matrix Φ(XN ) := [φ(x1), . . . ,φ(xN )]
and the coefficient matrix Ω ∈ RN×K , the solution D
to (2)–(3) can be expressed as D = Φ(XN )Ω with-
out sacrificing optimality [9]. Furthermore, by introduc-
ing a Mercer kernel κ(·, ·) with κ(x,y) = 〈φ(x),φ(y)〉,
and defining Xn := [x1,x2, . . . ,xn], κ(XN ,xn) :=
[κ(x1,xn), . . . , κ(xN ,xn)]> ∈ RN (> denotes transposition),
and K(XN ,XN ) := [κ(XN ,x1), . . . ,κ(XN ,xn)] ∈ RN×N ,
it can be verified that

‖φ(xn)−Φ(XN )Ωα‖22 =κ(xn,xn)− 2α>Ω>κ(XN ,xn)

+α>Ω>K(XN ,XN )Ωα (4)

which makes the problem tractable even when P is very large
(possibly infinite) and φ might not be known explicitly, since
the expression depends on the data only through the inner
products.

B. Online Kernel Dictionary Learning

Online kernel DL aims at solving the kernel DL problem
incrementally by updating the dictionary on the fly as each
datum arrives sequentially in time. To facilitate deriving an
online algorithm, (3) can be relaxed to a penalty term as

min
D

N∑
n=1

f(D,xn) +
µ

2
‖D‖2F (5)

where µ > 0 adjusts the severity of the penalty.
Our goal is to derive the online algorithms based on the

SGD method. There are two slightly different approaches for
deriving adaptive update algorithms for kernel-based learning.
One is to perform the update in the feature space and the
other is to do that in the parameter space [13]. In the next two
subsections, these two approaches are explained in more detail.

1) Dictionary update in the feature space: Online algo-
rithms were derived for both reconstructive and task-driven
kernel DL problems in [11]. Here, the reconstructive kernel
DL part is reviewed.

The online algorithm can be derived through stochastic ap-
proximation, which aims at optimizing an objective expressed
in terms of an expectation. The law of large numbers can be
invoked to approximate the expectation through data samples,
as the explicit distribution of the data is typically unavailable.
Thus, the kernel DL problem is expressed as

min
D

Ex

[
f(D,x) +

µ

2
‖D‖2F

]
. (6)

Given the previous iterate Dn−1 for the dictionary, which
depends on Xn−1, a subgradient of f(D,xn) + µ

2 ‖D‖
2
F at

Dn−1 is obtained as

Gn := −(φ(xn)−Dn−1ᾱn)ᾱ>n + µDn−1 (7)

where

ᾱn := arg min
α

1

2
‖φ(xn)−Dn−1α‖2F + λ‖α‖1. (8)

The SGD formalism can then be used to obtain the update
rule for D as

Dn = Dn−1 − ρnGn (9)

= (1− µρn)Dn−1 + ρn(φ(xn)−Dn−1ᾱn)ᾱ>n . (10)

With appropriately chosen step sizes {ρn}, it can be shown
that the update converges to the optimum of (6).

Substituting Dn = Φ(XN )Ωn, the update rule in (10)
becomes

Φ(XN )Ωn = Φ(XN )Ωn−1[(1− µρn)IK − ρnᾱnᾱ>n ]

+ ρnφ(xn)ᾱ>n . (11)

Supposing that Ω0 = 0N×K and denoting the rows k, k +
1, . . . ,m of Ωn as Ωk:m

n , the update rule can be equivalently
written as

Ω1:n−1
n = Ω1:n−1

n−1 [(1− µρn)IK − ρnᾱnᾱ>n ] (12)

Ωn:n
n = ρnᾱ

>
n (13)

Ωn+1:N
n = 0(N−n)×K . (14)

In other words, one can maintain the economy version of Ωn

at iteration n as Ω̄n := Ω1:n
n ∈ Rn×K . The dictionary iterate

at iteration n is given as Dn = Φ(Xn)Ω̄n. The update rules
(12)–(14) can then be compactly written as

Ω̄n =

[
Ω̄n−1[(1− µρn)IK − ρnᾱnᾱ>n ]

ρnᾱ
>
n

]
. (15)

Similarly, the sparse coding step (8) can be written as [cf. (4)]

ᾱn := arg min
α

1

2

[
κ(xn,xn)− 2α>Ω̄

>
n−1κ(Xn−1,xn)

+α>Ω̄
>
n−1K(Xn,Xn)Ω̄n−1α

]
+ λ‖α‖1. (16)

Thus, it is clear that the update at iteration n depends only
on samples x1, . . . ,xn, as should be the case for an online
algorithm.

2) Dictionary update in the parameter space: Consider
again solving the following sample-based approximation to
the stochastic optimization problem in (6), after seeing
{x1, . . . ,xn}.

min
D

1

n

n∑
n′=1

[
f(D,xn′) +

µ

2
‖D‖2F

]
. (17)

It can be again shown that the optimal D belongs to the
subspace spanned by the columns of Φ(Xn), allowing one to
have Dn = Φ(Xn)Ω̄n without loss of optimality [14]. Thus,
one can write (17) as

min
Ω̄n

1

n

n∑
n′=1

[
f(Φ(Xn)Ω̄n,xn′) +

µ

2
‖Φ(Xn)Ω̄n‖2F

]
. (18)
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Thus, referring to (4), a subgradient of the expression inside
the brackets in (18) with n′ = n, with respect to Ω̄n at Ω̄n =

[Ω̄
>
n−1,0K ]> is given by

G̃n :=K(Xn,Xn)[Ω̄
>
n−1,0K ]>ᾱnᾱ

>
n

− κ(Xn,xn)ᾱ>n + µK(Xn,Xn)[Ω̄
>
n−1,0K ]> (19)

where ᾱn is again given by (16). Thus, the SGD update for
Ω̄n is given as

Ω̄n =

[
Ω̄n−1

0>K

]
− ρnG̃n (20)

where ρn is the step size.

III. BUDGET MAINTENANCE

Our proposed budget management strategy for online kernel
DL is two-fold: 1) online sparsification of the incoming data
sample when its contribution to the diversity of the dictionary
is deemed small; and 2) pruning of an existing data sample
in the dictionary that has minimal impact on the subspace
representation, in case the size of the feature vector set reaches
a prescribed budget B.

A. Online Sparsification

Various sparsification criteria have been developed in the
context of kernel adaptive filtering, such as the approximate
linear dependence (ALD), distance, coherence, and Babel
measure criteria [13]. These methods can be interpreted as
upper-bounding the condition number of the Gram matrix.
Here, a simple coherence-based criterion is employed in the
context of online kernel DL. At time n − 1, let X̌n−1 :=
[x̌1, . . . , x̌Mn−1

] be the stored data vectors, where Mn−1 is the
storage size. Denote the corresponding set of feature vectors as
Φ(X̌n−1) := [φ(x̌1),φ(x̌2), . . . ,φ(x̌Mn−1)], which are used
to represent the dictionary; that is, Ďn−1 := Φ(X̌n−1)Ω̌n−1,
where Mn−1 represents the size of the feature vector set at
time n− 1. Then, upon the arrival of the n-th datum xn, the
coherence measure is computed by

cn := max
m∈{1,...,Mn−1}

|κ(xn, x̌m)|√
κ(xn,xn)κ(x̌m, x̌m)

. (21)

The coherence-based sparsification criterion is to include the
new feature vector φ(xn) only if cn is smaller than a threshold
γ, where 0 ≤ γ ≤ 1.

Another sparsification strategy is to use the reconstruction
cost in (16) as the criterion; see also [14]. That is, for a pre-
specified threshold ε ≥ 0, only when

ln :=ᾱ>n Ω̌
>
n−1K(X̌n−1, X̌n−1)Ω̌n−1ᾱn

− 2ᾱ>n Ω̌
>
n−1κ(X̌n−1,xn) + κ(xn,xn) > ε (22)

the new feature vector φ(xn) is included.

TABLE I
ALGORITHM FOR ONLINE KERNEL DL WITH A FIXED BUDGET.

Input: {xn}Nn=1, {ρn}Nn=1, µ, γ, K, B, and M0.
Output: Ω̌N and X̌N .

1: Initialize X̌M0 ← [x1,x2, . . . ,XM0 ].
2: Initialize Ω̌M0

∈ RM0×K randomly. Set MM0
= M0.

3: For n = M0 + 1, . . . , N
Sparsification:

4: Calculate cn via (21)
5: If cn < γ

6: Let X̌n = [X̌n−1,xn]
7: Mn = Mn−1 + 1

Perform sparse coding: [cf. (16)]

8: α̌n := arg minα
1
2

[
κ(xn,xn)− 2α>Ω̌

>
n−1κ(X̌n−1,xn)

+α>Ω̌
>
n−1K(X̌n, X̌n)Ω̌n−1α

]
+ λ‖α‖1

Option 1: Dictionary update in the feature space: [cf. (15)]

9: Ω̌n =

[
Ω̌n−1[(1− µρn)IK − ρnα̌nα̌>n ]

ρnα̌>n

]
Option 2: Dictionary update in the parameter space: [cf. (19)–(20)]

9′: Ǧn := K(X̌n, X̌n)[Ω̄
>
n−1,0K ]>ᾱnᾱ>n

−κ(X̌n,xn)ᾱ>n + µK(X̌n, X̌n)[Ω̄
>
n−1,0K ]>

Ω̌n =

[
Ω̌n−1

0>K

]
− ρnǦn

10: Else
11: X̌n = X̌n−1

12: EndIf
Pruning:

13: If Mn > B
14: Find m∗ = arg minm∈{1,2,...,Mn} ‖ω̌

>
m‖22

15: Remove x̌m∗ from X̌n

16: Remove the m∗-th row of Ω̌n

17: Mn = Mn − 1
18: EndIf
19: EndFor

B. Pruning

When Mn exceeds the desired budget B, a pruning strategy
is employed to remove a feature vector from the current pool
Φ(X̌n). Pruning was reported to improve the performance of
neural networks [15] and result in compact representations
often with smaller errors in kernel machines [16], [18], [19].
The key idea is to discard the training sample that would
introduce the smallest error if pruned. In our setting, a useful
strategy is to remove the training sample with the least
contribution to reconstruction. Thus, upon denoting the m-th
row of Ω̌n as ω̌>n

m∗ = arg min
m∈{1,2,...,Mn}

‖ω̌>m‖22 (23)

is found and the m∗-th feature vector φ(x̌m∗) is removed.

C. Overall Algorithm

The overall algorithm for online kernel DL with a fixed
budget is listed in Table I. The feature vector set is initialized
with M0 feature vectors, which can be simply the first M0

data vectors x1,x2, . . . ,xM0
. If the new datum xn at time slot

n ∈ {nM0
+ 1, nM0

+ 2, . . . , N} is sufficiently novel based
on the sparsification criterion, the datum is admitted to the
feature set X̌n (lines 4-7). Then sparse coding of the datum xn
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Fig. 1. Effect of feature vector set budget on classification performance.

is performed based on the current dictionary Φ(X̌n−1)Ω̌n−1

(line 8). The dictionary is updated either in the feature space
(line 9) or in the parameter space (line 9′). Subsequently, if the
size for the feature vector set exceeds the prescribed budget
B, then one of the feature vectors is removed based on the
contribution to the dictionary (lines 13-18). The final feature
set X̌N and the combining coefficients Ω̌N are returned.

IV. NUMERICAL EVALUATION

Numerical tests were performed to evaluate the performance
of the online kernel DL algorithms with the proposed budget
maintainence strategy. The task of automatic recognition of
handwritten digit images was considered using the USPS digit
dataset [17]. The dataset contains 16-by-16-pixel images of
handwritten digits from 0 to 9 in grayscale. Ten separate
dictionaries were trained for the individual digits. To perform
classification, the sparse code for a test sample was first
computed using each dictionary, and then the class yielding the
minimum estimation error in (4) was assigned to the test sam-
ple. A fourth-order polynomial kernel was used. A stream of
N = 50, 000 training samples per class was simulated by pass-
ing through 250 training images in random order 200 times.
The learning rate ρn was set to ρn = 0.01/(1 + n/103) for
n < 2, 000, and then held constant at ρ2000 for n ≥ 2, 000. The
values of λ and µ were set to 0.05 and 0.1, respectively. The
number of atoms K was set to 50. The precision of digit recog-
nition, defined as #True Positives/(#True Positives +
#False Positives), was used as the evaluation metric and
the averaged precision over all classes is reported for a test
dataset consisting of 4, 649 unseen images.

To see the effect of the fixed budget, the pruning procedure
was first performed without sparsification (γ = 1). Thus,
the size of the kernel matrix reached B for all classes.
The dictionary update was done in the parameter space. The
average precision values when B was varied from 25 to 250
are plotted in Fig. 1. The average precision increases as B
grows. It seems that B ≈ 100 strikes a good trade-off between
the memory requirement and classification performance. For a
comparison, the performances from using randomly selected
feature vectors with B = 25 and B = 50 were observed. For
B = 25, the random feature vector set yielded an average
precision of 0.9032, which is much worse than the proposed
pruning strategy, which yielded 9.9286. Similarly, for B = 50,
the random versus pruning-based feature sets yielded precision
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Fig. 2. Effect of coherence threshold γ. (a) Effect on the classification
performance. (b) Effect on the size of the feature vector set.

values of 0.9404 and 0.9518, respectively. Thus, it is verified
that the proposed pruning strategy effectively collects the fea-
ture vectors with more representative power and generalization
capability.

The influence of the sparsification procedure on the clas-
sification performance was examined by varying the coher-
ence threshold γ. The budget B was set to 250. Fig. 2(a)
shows that the classification performance generally improves
as γ increases, but the best performance is actually observed
when γ = 0.8. In fact, the performance seems to degrade
slightly as γ is further increased from 0.8 to 1. The sizes
of the feature vector sets for different γ values are depicted
in Fig. 2(b) for the individual classes. One can see that
dropping significant number of feature vectors based on the
coherence criterion does not necessarily hurt the classification
performance. The numbers of feature vectors for γ = 0.8
were [181, 22, 232, 211, 168, 226, 121, 88, 187, 99], where the
first entry corresponds to digit “0” and the last entry “9.” As
can be seen, there is a substantial variation in the number of
feature vectors retained depending on the class. For example,
the training samples for digit “1” are seen to be accurately
represented by a much smaller number of feature vectors,
perhaps because there are less variations in the ways digit “1”
is written. The sparsification procedure automatically adapts
the sizes of the feature vector sets.

For comparison, an alternative sparsification criterion based
on thresholding the reconstruction cost as in (22) was also
tested. The threshold ε was varied from 0 to 5. The budget
B was again set to 250. As shown in Fig. 3, larger ε

1538



0 0.5 1 1.5 2 2.5 3 3.5

Sparsification threshold ǫ

0.94

0.95

0.96

0.97

0.98

C
la

s
s
if
ic

a
ti
o
n
 p

e
rf

o
rm

a
n
c
e

(a)

0 250

Digit 0

Digit 1

Digit 2

Digit 3

Digit 4

Digit 5

Digit 6

Digit 7

Digit 8

Digit 9

ǫ=0

0 250

ǫ=0.4

0 250

ǫ=0.8

0 250

ǫ=1.2

0 250

ǫ=1.6

0 250

ǫ=2

0 250

ǫ=2.4

0 250

ǫ=2.8

0 250

ǫ=3.2

0 250

ǫ=3.6

(b)

Fig. 3. Effect of reconstruction error threshold ε. (a) Effect on the classifi-
cation performance. (b) Effect on the size of the feature vector set.
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Fig. 4. Evolution of kernel DL cost for pruning and censoring

generally tends to diminish the classification performance, but
the value of ε that yields the best classification performance is
different from zero. The optimal value is seen to be ε = 1.2,
achieving an average precision of 0.9701. The corresponding
feature set sizes for different digits were observed to be
[130, 25, 250, 188, 250, 250, 123, 111, 175, 105]. Compared to
the coherence criterion, the reconstruction cost criterion is
seen to require slightly larger feature vector set but achieves
a slightly better classification performance.

The evolution of the instantaneous learning cost
f(Dn,xn) + µ

2 ‖Dn‖2F over sample index n is depicted
in Fig. 4. Both pruning and sparsification were performed
with parameters γ = 0.8 and B = 100. It is seen that the
proposed algorithm is convergent.

V. CONCLUSION

Online kernel DL algorithms were derived in the feature
and the parameter spaces. In order to mitigate the challenges
due to the memory requirement and computational complexity
that grow with the number of samples, online sparsification
and pruning strategies of the stored feature vector set were
proposed. The numerical tests based on a handwritten digit
image recognition task shows that appropriate levels of sparsi-
fication and pruning of the feature vectors can actually increase
the classification accuracy, while reducing the memory and
computational burden significantly at the same time.
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