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Abstract—Efficient online algorithms are developed to perform dictio-
nary learning (DL) for the features lifted to a high-dimensional space via
nonlinear mapping. Inspired by recent works on batch kernelized DL
with promising performance for real-world learning tasks, two kernel
DL formulations are put forth, amenable to online processing. The
first formulation aims at faithfully representing the high-dimensional
features in an unsupervised manner, while the the second one focuses
on discriminative DL, where the dictionary is optimized for a specific
supervised learning task. Motivated by Big Data processing applications,
our algorithms are based on computationally efficient stochastic gradient
descent variants. Numerical tests were performed to verify the conver-
gence of the algorithms and to compare classification performances.

I. INTRODUCTION

The dictionary learning (DL) problem pursues a set of potentially
overcomplete bases, so that the signals of interest can be represented
via linear combinations of few basis vectors. Since the seminal work
by Olshausen and Field, which investigated the DL model to under-
stand human vision [1], the technique has been applied in a variety
of signal processing tasks to offer state-of-the-art performances [2],
[3], [4]. DL can be viewed as an unsupervised learning (or blind
signal processing) task, where the signal matrix is decomposed into
bi-factors.

Extending the basic DL formulation developed for representing
a given signal faithfully, the discriminative DL approaches try to
optimize the dictionary for specific machine learning tasks, such as
classification, regression, and signal separation [5], [6], [7]. In a
supervised learning framework, the labels are provided in addition
to the feature vectors, and the classifier are often jointly trained with
the dictionary. Once the discriminative dictionary is obtained in the
training phase, the labels can be predicted in the operational phase,
using the sparse codes as new features (possibly in addition to the
original features).

A variety of DL algorithms have been proposed in the literature.
They are based on the Lagrange dual method [8], a generalization of
k-means algorithm [9], or stochastic approximation techniques [10].
In particular, the method in [10] allows online learning of dictionaries.
That is, as the data arrive one by one in a sequential fashion, the
dictionary can be updated accordingly in a computationally efficient
manner, so that the dictionary is close to the one obtained from batch
processing after seeing enough examples. With the advent of Big
Data analytics, it is essential to devise algorithms that can process
large-scale data efficiently. In particular, the merits of online and
randomized variants are widely recognized, as they require little
computational effort per step, and can quickly provide a rough
solution, which can be further refined over time as needed [11], [12].

Kernel-based learning significantly broadens the applicability of
the statistical learning tools by transforming the features to a high
(possibly infinite) dimensional space through a nonlinear mapping,
capturing nonlinear traits in the data [13]. Thanks to the so-called
“kernel trick,” the learning algorithms do not actually need to
compute the high-dimensional features, but access the data only

through inner products of the features, provided by well-defined
kernel functions [14], [15]. The kernel-based approaches adopt a non-
parametric framework where the number of parameters increases with
the number of data points. Therefore, the computational complexity of
the kernel-based learning may be high when processing large-volume
data. Thus, online versions of the kernel-based learning techniques
are well motivated [16], [17], [18].

Recently, the benefits of the kernel-based learning was recognized
in the DL context [19], [20]. Based on the matrix factorization
perspective, individual factors were kernelized in [20], capturing
correlations among the factors, and thus facilitating imputation and
prediction tasks. Geared more to discriminative tasks, the kernel DL
technique proposed in [19] capitalized on the kernel trick to learn the
dictionary for the transformed feature vectors. Supervised kernel DL
was proposed in [21], where a kernel-PCA-like algorithm was devised
with the dictionary optimized in a space where the dependency
between features and labels was maximized. All these algorithms
are based on the batch processing of data.

The present work derives online kernel DL algorithms based on
the stochastic approximation method. Both reconstructive as well as
discriminative DL formulations are put forth, which are shown to be
amenable to online processing. Advocating low-complexity per-step
updates, first-order stochastic gradient descent variants are proposed.
The idea is to minimize at each iteration an appropriate surrogate
function, which upper-bounds the desired per-step cost function [22].
Although a rigorous convergence analysis is relegated to a journal
version of this paper, the numerical results show fast convergence.

The rest of the paper is organized as follows. In Section II, the
relevant DL formulations are presented. The online solutions are
derived in Section III. The results from numerical tests are presented
in Section IV. Conclusions and future research directions are provided
in Section V.

II. PROBLEM FORMULATION

A. Dictionary learning

Given N data vectors {xn ∈ Rp}Nn=1, DL aims at obtaining a
dictionary D̃ ∈ Rp×K , which serves as a (possibly overcomplete)
basis to explain the data in a compact fashion. That is, {xn} are
closely approximated by a linear combination of few columns (called
atoms) {d̃k}Kk=1 in D̃. One way to accomplish this is to leverage a
sparsity-promoting `1-norm regularizer augmented to a fitting term
as in

min
D̃∈D̃,{αn∈RK}Nn=1

N∑
n=1

[
1

2
‖xn − D̃αn‖22 + λ‖αn‖1

]
(1)

where D̃ := {D̃ := [d̃1, d̃2, . . . , d̃K ] ∈ Rp×K : ‖d̃k‖2 ≤ 1} is a
compact set preventing the norms of the atoms from growing without
bound, and λ is a weight for tuning the sparsity of {αn}. Since (1)
is a nonconvex optimization problem, globally optimal solutions are



hard to come by. Greedy or alternating minimization approaches are
often employed to obtain high-quality solutions [9], [10].

B. Kernel DL

There have been a few approaches for kernelizing DL [20], [21],
[19]. Essentially, the idea is to perform DL after mapping the data to
a high-dimensional feature space via a nonlinear mapping Φ : Rp →
RP . Upon defining

f(D,x) := min
α

1

2
‖Φ(x)−Dα‖2F + λ‖α‖1 (2)

the corresponding DL problem can be formulated as

min
D∈D,{αn∈RK}

N∑
n=1

f(D,xn) (3)

where D ∈ D := {D := [d1,d2, . . . ,dK ] ⊂ RP×K : ‖dk‖2 ≤
1} is the dictionary in the high-dimensional feature space. One
can show that confining the search of the dictionary in the form
D = Φ(XN )Ω, where Φ(XN ) := [Φ(x1),Φ(x2), . . . ,Φ(xN )]
and Ω ∈ RN×K denotes the linear combination coefficients for
K atoms, does not sacrifice optimality, in the spirit of the repre-
senter theorem [19]. Upon introducing a Mercer kernel κ(·, ·) with
κ(x,y) = 〈Φ(x),Φ(y)〉, and defining XN := [x1,x2, . . . ,xN ] ∈
Rp×N , κ(XN ,xn) := [κ(x1,xn), . . . , κ(xN ,xn)]T ∈ RN and
K(XN ,XN ) := [κ(XN ,x1), . . . ,κ(XN ,xN )] ∈ RN×N , it is
readily verified that

‖Φ(xn)− Φ(XN )Ωα‖22 = κ(xn,xn)− 2αTΩTκ(XN ,xn)

+ αTΩTK(XN ,XN )Ωα (4)

which leads to a tractable objective for (3) even when P is large (and
possibly infinite).

C. Discriminative kernel DL

Discriminative (or supervised, task-driven) DL is employed when
the dictionary is used for prediction of labels y based on the features
x, rather than mere reconstruction of the data x [5]. Kernelized
discriminative DL was studied in [21].

Given a dictionary D and the feature x, the corresponding sparse
coding vector α∗(D,x) is computed by

α∗(D,x) = arg min
α

1

2
‖Φ(x)−Dα‖22 + λ1‖α‖1 +

λ2

2
‖α‖22.

(5)

Discriminative kernel DL takes into account the task of fitting the
label y for x based on the sparse coding α∗(D,x). Denote the
regression coefficient vector as w, and the fitting cost as c(w,α, y).
For linear regression,

c(w,α, y) =
1

2
(y −wTα)2 (6)

can be used. Then, a reasonable formulation for discriminative kernel
DL is

min
D∈D,w∈RK

N∑
n=1

[
c(w,α∗(D,xn), yn) +

ν

2
‖w‖22

]
(7)

where D and w are jointly optimized, and ν is a positive tuning
parameter capturing the trade-off between trusting in the data and
the prior information.

III. ONLINE SOLUTION

A. Stochastic approximation approach

To solve (3) and (7) even for Big Data applications, it is im-
perative to obtain low-complexity algorithms, capable of providing
rough solutions quickly. Here, a stochastic approximation approach
is taken [23]. The main challenges are the bilinear nonconvex
nature of the problem, as well as the use of kernels. Stochastic
approximation approaches were seen to be effective for (bilinear)
nonconvex problems recently [10], [22], [24]. Online implementation
of kernel-based learning has been investigated as well [17], [25].
Our goal is to combine these ideas to provide an efficient online
implementation for kernel DL.

Stochastic approximation aims at optimizing an objective expressed
in terms of an expectation. In our setup, the relevant problem for
nondiscriminative kernel DL is

min
D

Ex

[
f(D,x) +

µ

2
‖D‖2F

]
(8)

where Ex[·] denotes the expectation with respect to x. Note that
instead of explicitly requiring D ∈ D, an additional regularization
term µ

2
‖D‖2F has been added in (8) with a positive weight µ, which

can still prevent D from growing unbounded, while being amenable
to online solution. Upon defining

g(D,w,x, y) = c(w,α∗(D,x), y) +
ν

2
‖w‖22 (9)

the discriminative counterpart is given as

min
D,w

Ex,y

[
g(D,w,x, y) +

µ

2
‖D‖2F

]
. (10)

B. Online kernel DL

First, consider the reconstructive kernel DL problem (3) and its
stochastic counterpart (8). To derive a stochastic gradient descent-type
algorithm, a majorizing surrogate of f(D,x)+ µ

2
‖D‖2F involving the

first-order approximation must be constructed [22]. With f defined
as in (2), the following serves the purpose.

f̂(D, D̄,x) :=

〈
D− D̄,∇D

(
1

2
‖Φ(x)−Dᾱ‖2F

) ∣∣∣∣∣
D=D̄

+ µD̄

〉
+ f(D̄,x) +

µ

2
‖D̄‖2F +

η

2
‖D− D̄‖2F (11)

where

ᾱ = arg min
α

1

2
‖Φ(x)− D̄α‖2F + λ‖α‖1. (12)

It can be verified that f̂(D̄, D̄,x) = f(D̄, x) and f̂(D, D̄,x)
majorizes f(D,x) in the sense that f̂(D, D̄,x) ≥ f(D,x) for all
D ∈ D for some η.

The online algorithm updates the dictionary iteratively as each
new datum arrives. Thus, at iteration n, dictionary Dn must depend
only on x1,x2, . . . ,xn. Given dictionary Dn−1 from the previous
iteration n − 1, and the new datum xn, the sparse coding step is
performed as

αn = arg min
α

1

2
‖Φ(xn)−Dn−1α‖2F + λ‖α‖1. (13)

The update for D is carried out with the step size ρn > 0 as

Dn = (1− µρn)Dn−1 + ρn(Φ(xn)−Dn−1αn)αTn (14)



Input: {xn}Nn=1, λ, {ρn}
Output: ΩN

1: Set Ω0 = 0
2: For n = 1, 2, . . . , N
3: Perform sparse coding

αn = arg minα
1
2

[
κ(xn,xn)− 2αTΩT

n−1κ(Xn−1,xn)

+αTΩT
n−1K(Xn−1,Xn−1)Ωn−1α

]
+ λ‖α‖1

4: Perform dictionary update in (16)–(18).
5: Next n

TABLE I
ONLINE KERNEL DL ALGORITHM.

which is essentially the stochastic gradient descent applied to
f̂(D,Dn−1,xn). Now, substituting Dn = Φ(XN )Ωn to (14), the
update becomes

Φ(XN )Ωn = Φ(XN )Ωn−1[(1− µρn)I− ρnαnαTn ]

+ ρnΦ(xn)αTn . (15)

Suppose that Ω0 = 0, and denote the rows k, k+1, . . . ,m of Ωn

as Ωk:m
n . Then, the update (15) can be equivalently written as

Ω1:n−1
n = Ω1:n−1

n−1 [(1− µρn)I− ρnαnαTn ] (16)

Ωn:n
n = ρnα

T
n (17)

Ωn+1:N
n = 0. (18)

Note that as is clear through (18), the last (N − n) rows of matrix
Ωn do not need to be stored, nor the actual value of N need to be
known a priori. Furthermore, the first term in the objective of (13)
can be rewritten as

‖Φ(xn)−Dn−1α‖2F = κ(xn,xn)− 2αTΩT
n−1κ(Xn−1,xn)

+ αTΩT
n−1K(Xn−1,Xn−1)Ωn−1α. (19)

It is noted that even though update (15) for Dn depends on the entire
dataset XN , the actual updates performed in practice for Ωn involve
only the past and the present data x1, . . . ,xn as desired [17]. The
overall algorithm for online kernel DL is listed in Table I.

C. Online discriminative kernel DL

For the discriminative case, a first-order online algorithm was
derived for the non-kernelized case in [5]. To extend this to kernel
DL, an appropriate surrogate for g + µ

2
‖D‖2F can be constructed as

ĝ(D,w, D̄, w̄,x, y) := 〈D− D̄,∇Dg(D̄, w̄,x, y) + µD̄〉
+ 〈w − w̄,∇wg(D̄, w̄,x, y)〉+ g(D̄, w̄,x, y)

+
µ

2
‖D̄‖2F +

η

2
‖D− D̄‖2F +

η

2
‖w − w̄‖22 (20)

where the partial gradients can be shown to be [5]

∇wg(D,w,x, y) = ∇wc(w,α
∗, y) + νw (21)

∇Dg(D,w,x, y) = −Dβ∗α∗
T

+ (Φ(x)−Dα∗)β∗
T (22)

where α∗ is the shorthand for α∗(D,x), and β∗ ∈ RK is a vector
defined as follows. Let us denote the entries of β∗ whose indices are
in set Λ as β∗Λ. Similarly, the columns of D with indices in Λ is
represented as DΛ. Let Λ be the set of indices of nonzero entries in
α∗, i.e.,

Λ := {j ∈ {1, 2, . . . ,K} : α∗[j] 6= 0}. (23)

Then, β∗ is defined as

β∗Λc = 0 (24)

β∗Λ = (DT
ΛDΛ + λ2I)−1∇αΛc(w,α

∗, y). (25)

Input: {xn, yn}Nn=1, λ1, λ2, {ρn}
Output: ΩN , wN

1: Set Ω0 = 0 (or, initialize it based on reconstructive kernel DL)
2: For n = 1, 2, . . . , N
3: Perform sparse coding

α∗n = arg minα
1
2

[
κ(xn,xn)− 2αTΩT

n−1κ(Xn−1,xn)

+αTΩT
n−1K(Xn−1,Xn−1)Ωn−1α

]
+ λ1‖α‖1 + λ2

2
‖α‖22

4: Set Λ = {j ∈ {1, 2, . . . ,K} : α∗n[j] 6= 0}
5: Compute β∗n by (33)–(34)
6: Perform dictionary update in (30)–(32)
7: Update wn by (27)
8: Next n

TABLE II
ONLINE DISCRIMINATIVE KERNEL DL ALGORITHM.

Based on the surrogate function ĝ, one can derive an online
algorithm to solve (10). Given Dn−1 at iteration n, and an incoming
datum (xn, yn), the sparse coding is done as [cf. (5)]

α∗n = α∗(Dn−1,xn). (26)

Then, the updates for wn and Dn are the stochastic gradient descent
updates given by

wn = wn−1 − ρn∇wg(Dn−1,wn−1,xn, yn) (27)

Dn = (1− µρn)Dn−1 − ρn∇Dg(Dn−1,wn−1,xn, yn). (28)

For the quadratic cost in (6), (27) becomes

wn = wn−1 + ρn(yn −wT
n−1α

∗
n)α∗n − ρnνwn−1 (29)

which coincides with the leaky least mean-square (LMS) update
rule [26, Ch. 9]. To perform the dictionary update in (28), one again
assumes Ω0 = 0 and replaces Dn by Φ(XN )Ωn to obtain

Ω1:n−1
n = Ω1:n−1

n−1 [(1− µρn)I + ρnβ
∗
nα
∗
n
T

+ ρnα
∗
nβ
∗
n
T

] (30)

Ωn:n
n = −ρnβ∗n

T (31)

Ωn+1:N
n = 0 (32)

where β∗n is given from (24)–(25) as

(β∗n)Λc = 0 (33)

(β∗n)Λ = [(Ωn−1)TΛK(Xn−1,Xn−1)(Ωn−1)Λ + λ2I]−1

∇αΛc(wn−1,α
∗
n, yn). (34)

The matrix inversion in (34) involves O(K3) complexity, which may
be manageable for K � N . A lower complexity implementation of
this step is left as a future work. The overall algorithm is listed in
Table II.

IV. NUMERICAL TESTS

Numerical tests were performed to verify the performance of the
proposed algorithms. Recognition of handwritten digits was consid-
ered using the USPS digit dataset [27]. The dataset contains 16-by-
16-pixel images of handwritten digits in gray scale. The recognition
task is a 10-class classification problem of recognizing digits from
0 to 9. Both reconstructive and discriminative DL formulations can
be used for this as follows. For the reconstructive formulation in
Section II-B, 10 separate dictionaries are trained using only the data
belonging to the respective classes. For prediction, the index of the
dictionary that yields the least fitting cost in (2) is returned. For the
discriminative formulation in Section II-C, the quadratic fitting cost
with linear classifier in (6) was adopted. Then the one-versus-all-
others strategy was employed for the multi-class classification. That
is, for the dictionary Di and the classifier wi for the i-th class, the
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Fig. 1. Evolution of the reconstructive kernel DL cost

labels yn ∈ {−1, 1} for training were provided as yn = 1 for the
images in class i, and yn = −1 for all other classes. The classification
is then performed by choosing the index i with the prediction closest
to 1. A 4-th order polynomial kernel was adopted.

Fig. 1 shows the evolution of the cost f(Dn,xn) + µ
2
‖Dn‖2F

for reconstructive DL versus the iteration count n for training of
the dictionary for the images for digit 0. A total of 250 images were
used per class, which were first passed sequentially and subsequently
randomly sampled for 10, 000 iterations. The step size ρn was set to
ρn = 0.1/(1 + n/103) for 1 ≤ n < 2, 000, and and then fixed at
ρ2000 for n ≥ 2, 000. The value of λ was set to 0.01. It can be seen
that the convergence is quite fast.

Fig. 2(a) depicts the cost g(Dn,wn,xn, yn) + µ
2
‖Dn‖2F for the

discriminative kernel DL, again for digit 0. The evolution of the
dictionary learning cost, which is the objective in (5), is plotted
in Fig. 2(b). A total of 2, 500 data points were used, for a fair
comparison with the reconstructive DL case, and the step size was set
as ρn = 0.1/(1+n/103) for all n. The values of λ1, λ2, and ν were
set to 0.01, 10−3, and 0.01 respectively. It is seen that from Fig. 2(a)
that the regression cost is converging, although the convergence is
considerably slower than the reconstructive kernel DL counterpart. It
is also observed from Fig. 2(b) that the reconstruction error of the
data is gradually increasing while the regression cost is decreasing.
That is, the dictionary is adapted for the discriminative task at hand
at the sacrifice of the reconstruction ability.

A test dataset consisting of 4, 649 unseen images was used to
assess the classification performance. Using the reconstructive kernel
dictionaries, about 3.20% of the images were misclassified. When the
discriminative kernel dictionaries were used, the misclassification rate
was reduced to 2.86%. Although the difference is rather small, further
performance improvement is expected by fine-tuning such parameters
as λ, λ1, λ2, and ν.

V. CONCLUSIONS AND FUTURE WORK

Online update algorithms for kernelized DL have been derived
based on stochastic approximation, motivated by Big Data analytics.
The developed stochastic gradient descent-type updates have low per-
step computational complexity. Both basic reconstructive formulation
as well as the discriminative formulations were proposed, which are
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Fig. 2. Evolution of costs. (a) Regression cost. (b) Discriminative kernel DL
cost.

amenable to online algorithms. Numerical tests involving the hand-
written digit recognition task showed convergence of the proposed
algorithms, and some performance advantage of the discriminative
alternative. In addition to the rigorous convergence analysis, the
future work will include incorporating accelerated gradient updates
and pruning the data points participating in the dictionary for lower
memory requirement. Also, extensive numerical tests will be per-
formed for various applications.
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