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Abstract—Effective spectrum sensing is a critical prerequisite
for multi-channel cognitive radio (CR) networks, where multiple
spectrum bands are sensed to identify transmission opportunities,
while preventing interference to the primary users. The present
paper develops sequential spectrum sensing algorithms which ex-
plicitly take into account the sensing time overhead, and optimize
a performance metric capturing the effective average data rate of
CR transmitters. A constrained dynamic programming problem is
formulated to obtain the policy that chooses the best time to stop
taking measurements and the best set of channels to access for data
transmission, while adhering to hard “collision” constraints im-
posed to protect primary links. Given the associated Lagrange mul-
tipliers, the optimal access policy is obtained in closed form, and
the subsequent problem reduces to an optimal stopping problem.
A basis expansion-based sub-optimal strategy is employed to miti-
gate the prohibitive computational complexity of the optimal stop-
ping policy. A novel on-line implementation based on the recursive
least-squares (RLS) algorithm along with a stochastic dual update
procedure is then developed to obviate the lengthy training phase of
the batch scheme. Cooperative sequential sensing generalizations
are also provided with either raw or quantized measurements col-
lected at a central processing unit. The numerical results presented
verify the efficacy of the proposed algorithms.

Index Terms—Cognitive radio, optimal stopping, sequential de-
tection, spectrum sensing.

I. INTRODUCTION

I T was recognized recently that the cognitive radio (CR) par-
adigm has the potential to mitigate the apparent scarcity of

spectral resources caused by static licensing of the spectrum.
A CR is capable of sensing the environment to detect the un-
derutilized “white spaces” in the temporal and/or spectral do-
mains and dynamically adapt its transmission parameters, thus
exploiting the emergent communication opportunities without
disturbing the licensed primary users (PUs) [27].

A key enabler of CR systems is the sensing module, which is
needed to monitor spectrum usage of the primary system in real
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time. However, there are a number of challenges to the sensing
task. First, to protect the PU links, stringent interference require-
ments must be imposed on the CR operation [8]. Moreover, co-
herent receivers based on matched filtering are often infeasible
because PU signal characteristics are unknown. In such cases,
non-coherent receivers based on energy [4], [35] or feature (e.g.,
cyclostationarity) detection are employed [22]. These less effi-
cient detectors and the strict miss detection probability may re-
quire excessive sensing time. This can lead to having the CR left
with little time for actual data transmission in between PU trans-
missions. Hence, it is critical to take into account the sensing
time overhead explicitly in designing the sensing module, espe-
cially when the PU occupancy changes dynamically in time and
frequency [11], [37].

Having a means to sense efficiently, multi-channel CR ar-
chitectures, such as orthogonal frequency-division multiplexing
(OFDM), allow sensing to be performed in parallel over mul-
tiple channels. The multi-channel sensing problem was con-
sidered in [26]. A cooperative sensing strategy was studied in
[33], where a linear-quadratic combiner was considered for cor-
related measurements based on the deflection criterion. All of
these works, however, rely on batch (or fixed sample size (FSS))
detectors that do not account for the sensing time overhead in
conjunction with the achievable throughput.

The present paper deals with sequential schemes, for which
the number of data used for detection is a random variable de-
pendent on the realization of the observed samples. As a result,
sequential detection schemes can opportunistically reduce the
sample size required to meet the specified reliability target. In
Wald’s sequential probability ratio test (SPRT), for instance,
the likelihood ratio of the underlying simple binary hypoth-
esis testing problem is compared with two thresholds per sam-
pling interval, and the decision is made as soon as either of
the two thresholds is exceeded [29, p. 21]. An SPRT-like se-
quential energy detection scheme was proposed in [36], where
dual thresholds were applied to the accumulated sample energy
to reduce implementation complexity. A hierarchical architec-
ture was developed in [16] for suboptimal cooperative sensing,
where SPRTs were employed at the individual CRs and also
at the fusion center (FC), with the objective of minimizing the
overall detection delay. However, none of these works consid-
ered multi-channel CR systems. In [6], an SPRT was employed
at the FC for detection of OFDM signals, but it was assumed that
the PU signal occupied the entire multi-channels when present.
In fact, it is not straightforward to apply the SPRT framework
to the multi-channel case, where a bank of detectors operate in
parallel with the same stopping time, and the contributions of
the individual channels to the performance objective might not
be of equal weight.

In this work, sequential sensing algorithms are developed to
maximize the average total achievable rate of a multi-channel
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CR system under prescribed miss detection probability con-
straints on each channel. The time spent on sensing is accounted
for in the effective rate criterion, which captures the trade-off be-
tween sensing accuracy and sensing time. The formulation en-
tails a constrained dynamic program (DP). Its solution yields the
optimal stopping policy, which dictates when to stop sensing, as
well as the optimal channel access policy, which identifies the
set of channels to be used for data transmission. To mitigate the
prohibitive computational complexity for obtaining the optimal
stopping policy, a basis expansion-based sub-optimal approach
is pursued, where both a batch least-squares (LS)-based algo-
rithm as well as a recursive least-squares (RLS)-based on-line
implementation are developed. Useful extensions to the cooper-
ative sensing scenarios are also studied, where it is shown that
the solution approach for the single-CR case can be applied to
obtain the optimal policies.

A throughput-sensing trade-off related to the one studied
here was examined in [18] and [12]. However, [18] con-
sidered non-sequential FSS energy detection schemes for a
single-channel CR. Multi-channel sensing with serial channel
scanning was pursued in [12], [13], [38] as optimal stopping
problems. Channel selection strategies under Markov PU occu-
pancy models were studied in [37], [34] using DP formulations.

In our companion paper [15], a sequential multi-channel
CR sensing strategy also related to the one considered here
was reported. However, a sub-optimal access policy based on
the accumulated sample energy statistic was enforced in [15];
whereas, the optimal channel access policy here is identified
through Lagrange relaxation of a constrained DP formulation.
Moreover, only the batch training scheme was considered for
the DP solver in [15], while a novel on-line implementation is
developed here. Finally, the extension to cooperative sequential
sensing is unique to the present work.

The rest of the paper is organized as follows. In Section II, the
signal model and the problem formulation are presented. The
optimal solution is developed in Section III. Section IV intro-
duces a basis expansion-based reduced-complexity algorithm
to obtain sub-optimal yet computationally tractable batch and
on-line solutions. Section V deals with the extension to the co-
operative sequential sensing. Alternative batch detection strate-
gies, useful for assessing the performance benefit of the pro-
posed sequential schemes, are provided in Section VI. Numer-
ical tests are presented in Section VII, followed by the conclu-
sions in Section VIII.

II. MODELING AND PROBLEM FORMULATION

A. Signal Model

Consider a CR system operating on a set of orthogonal
bands shared opportunistically with PUs. The focus of the
present work is on the CR sensing task, with the goal of iden-
tifying the set of available bands that are not occupied by the
PUs.

The th received signal sample at the CR on band
, when a PU is transmitting on that band, can be

modeled by

(1)

where are the channel coefficients, are the PU
signal samples, and are independent and identically dis-

tributed (i.i.d.) complex Gaussian additive noise samples with
mean 0 and variance . Assuming that PU occupancy is inde-
pendent across the bands, the CR performs a binary hypoth-
esis test per band to discriminate between the following two
hypotheses:

(2)

Adopting the Bayesian hypothesis testing framework, the prior
probabilities and are denoted by
and , respectively.

For reasons well documented, e.g., in [4], each CR receiver
relies on energy detection to decide the occupancy of each band.
Thus, the observation at each time step is defined as

. Suppose that the channel coefficients do not
vary over the detection interval so that can be denoted
as , and the transmitted signal is PSK-modulated and
has unit power; i.e., . Clearly, these as-
sumptions are ensured if the CR receiver can learn its channel
with the PU blindly, or, by overhearing the pilot signal trans-
mitted by the PU system. This is feasible when the transceivers
are not moving so that the channel is quasi-static; see e.g., [26]
for a justifying argument in the context of digital television sys-
tems.

The PU-to-SU channels are obtained during the acquisition
stage. Since the delay incurred by channel detection-estimation
schemes is not of primary concern during the acquisition stage,
a sufficient number of samples can be used to ensure accuracy
of the acquired channel. Relying on these acquired PU-to-SU
channels, the algorithms of the present paper are intended for
the operational stage to sense PU transmissions even based on
energy detection, while optimally taking the detection delay into
account, and attaining a desirable tradeoff with the achievable
throughput.

The observations are i.i.d. (non-)
central -distributed under and with the condi-
tional densities for each given by [14, Sec. 2.2]

(3)

(4)

where denotes the zeroth order modified Bessel function
of the first kind, and the indicator function that equals 1 if
the condition is true and 0 otherwise.1 Let us define

.
Miss detection in the CR sensing context represents failing

to detect PU presence, which could lead to causing interfer-
ence to the PU transmission. For this reason, the sensing algo-
rithms must guarantee very low miss-detection probability. On
the other hand, low false-alarm probability is desirable as it in-
creases the usage of the available channels. These conflicting
objectives can be accommodated by increasing the sample size

. However, increasing the increases the sensing overhead,

1More generally, it is possible to apply the results of the present paper even
when the channel gains are unknown, provided that one has available the con-
ditional data p.d.f.s in (3) and (4) capturing the randomness due to channel un-
certainty; the rest of the derivations can proceed without major modification.
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which effectively reduces the time remaining for transmission of
useful data. In the next subsection, a sequential sensing problem
is set up to optimize the effective throughput by taking into ac-
count the sensing overhead.

B. Problem Formulation

1) Average Throughput Criterion: During the operational
stage, consider a CR frame of duration divided into a sensing
phase and a data transmission phase. In the sensing phase,
one sample per channel is taken at every sampling interval
of duration . Let denote the permit-to-access decision
for channel after the th sampling interval, which is equal
to 1 if the channel is detected idle (that is, is deemed
to be in effect), and 0 otherwise. Define the vector

collecting all these binary decision
variables. The PU occupancy over the channels is denoted
by an random vector , whose th entry takes
values from . Let also denote the known
rate that can be achieved when transmitting over channel .
Then, if the CR stops sensing after sampling intervals and
proceeds to data transmission based on the channel access
decisions , the throughput over all channels will be given by

(5)

where . The presence of the indicator functions and the
decision variables in (5) accounts for the fact that the CR will
attain throughput provided that certain channels are truly
idle, and are also detected correctly as being idle.

From (5), the throughput-sensing trade-off is apparent: as the
number of observed samples increases, the factor
diminishes, but more available bands may be correctly identified
to yield a higher value for the sum rate in (5). Thus, the goal is to
obtain the average throughput-optimal stopping policy that de-
termines whether to stop or not at each time , and the access
policy indicating which bands may be used for data transmission
if the sensing stops at time , given the accumulated observa-
tions .

Let per time denote the stopping rule that
maps to the stopping decision variable ,
where signifies the “stop” decision and “continue”; and

the channel access
rule that maps to . The stopping policy
refers to , and the channel access policy to

. Note that by design, since we deal with
a finite-horizon sequential detection problem. Our goal is to
maximize the average throughput

(6)

over the control policies and , where
with and is a

shorthand for . The indicator
function in (6) ensures that the reward is evaluated only
at the smallest time slot satisfying ; for the rest of
the time steps, and , the summands are zero. A
remark is now in order.

Remark 1: Practical reasons dictate sensing to terminate si-
multaneously across all channels. Indeed, hardware considera-
tions discourage sensing on one channel while transmitting con-
currently on another one. This explains why the stopping time
was assumed common to all channels, and justifies the choice
of optimizing the sum throughput rather than each channel’s
throughput independently. A naive alternative would be to em-
ploy an SPRT per channel and continue sensing until all detec-
tors have finished sensing. However, this would be suboptimal
because the detectors that stop earlier than others could have
lowered their false alarm rates by not stopping earlier, and thus
contribute to increasing the throughput.

Clearly, the per-step reward in (5) is a function of the
underlying spectrum occupancy , which is not directly observ-
able, and also of the data through . However, note
that (6) can be re-written as

(7)

(8)

Consider now the data-conditioned average per-step reward
given by [cf. (5)]

(9)

where denotes the belief vector with
entries

(10)

Based on (9), the average throughput (6) can be expressed as

(11)

Using Bayes’ rule, the belief vector can be expressed recur-
sively as

(12)

where

(13)

For future reference, it is important to remember that substitu-
tion of (3)–(4) into (13) allows computation of from
and using the first-order recursion (12) initialized with the
a priori known .
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It can be verified that (11) is a valid dynamic program (DP)
objective function by considering the augmented state

, which depends on the state of the present
step as well as the value of . It is clear that the th
summand of (11) is a function of the state and the control

of the th step, as required by the DP formalism [3,
Ch. 1].

In addition to maximizing the average throughput in (11), the
CR sensing must adhere to prescribed constraints preventing in-
terference to PU communications. To this end, a constrained
formulation is developed in the sequel to find the optimal con-
trol policies and such that the average
throughput in (11) is maximized over the finite horizon com-
prising sampling intervals.

2) Constrained Dynamic Programming Formulation: The
CR access policy has to ensure low “collision” probability,
which is the probability that the CR interferes with the PU
transmission due to miss detection of spectrum occupancy. The
“collision” probability on channel can be expressed as

(14)

It is desired that for each band the “collision” probability is kept
under a small positive threshold ; i.e.,

(15)

Now, recall that the expected value of a -binary random
variable is equal to the probability of the random variable being
equal to 1. Hence, in (14) can be re-written as

(16)

(17)

(18)

Define

(19)

Then, the desired optimization problem can be formulated as a
constrained DP problem given by

(20)

subject to

(21)

Note that the functional optimization problem defined in
(20)–(21) is feasible since never accessing any channel (i.e.,

is a feasible solution.
3) Lagrange Relaxation Approach: One approach to solve

constrained DP problems is to use Lagrange relaxation; see e.g.,
[5]. Let be a set of Lagrange multi-
pliers with . Upon defining

(22)

for any given , the relaxed unconstrained DP problem to solve
is

(23)

The approaches to solve the problem (23) for a given will be
developed in Sections III and IV.

The optimal Lagrange multiplier vector can be obtained iter-
atively so that the constraints in (15) are satisfied. A simple ap-
proach to this end, is to use the subgradient method offline [28]

(24)

where is the iteration index, and is a preselected sequence
of step sizes.

Carrying through the iteration (24) presumes ability to obtain
the expected value in (18) needed to compute . Section IV
will detail how this computation is possible offline using Monte
Carlo runs. But for now, it is instructive to focus on the func-
tional maximization in (23) for a fixed that will be assumed
known in the next section.

III. OPTIMAL SOLUTION

The relaxed unconstrained DP problem in (23) can be solved
via backward induction.2 Moreover, it is proven that the belief
states constitute sufficient statistics for computing the op-
timal control policies [3, Sec. 5.4]. Consider the so-called value
functions defined recursively as follows:

(25)

(26)

2It should be noted that the backward induction is not part of the actual
sensing procedure. In principle, the mappings �� �� �� and ���� �� ��
need to be first computed and stored, and sequential sensing takes place by
applying these mappings to the observation sequence. However, we will also
develop an on-line version in Section IV-A-2), where the computation (and
refinement) of the policy itself and its application for sensing occur at the same
time.
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Then, as shown in Appendix A, the optimal stopping rule at any
slot is given by

(27)

and upon stopping, the optimal access policy at slot
is

(28)

(29)

Backward induction proceeds from the last stage
backward to , computing the optimal stopping and access
decisions and for each value of according to (27) and
(28). The principle of optimality implies that the control policies

and so obtained offer the optimal so-
lution of (23) [3, Ch. 1].

The term in (26)
represents the expected throughput that can be achieved if
sensing is stopped some time after the th slot. Thus, the
optimal stopping rule (27) dictates that sensing must cease as
soon as the throughput gained when stopping at the present
time slot exceeds the expected throughput due to stopping in
the future.

It is also worth noting that the optimal solution in (29) dictates
setting to 1 when the coefficient for in the objective
of (29) is non-negative, and to 0 otherwise, for each . Thus,
after some manipulation, the optimal access rule in (29) is given
in closed form as

(30)

where

(31)

(32)

Therefore, it is clear that the optimal access decision of each
band is based on a likelihood ratio test whose threshold depends
on the Lagrange multiplier associated with the band. It is seen
from (32) that the optimum access policy becomes less aggres-
sive as grows, since the effective rate di-
minishes and hence so does the incentive to access the channel.
In terms of implementation, the likelihood ratio can be
easily computed on-line using (12) in the last equality of (31).
The threshold is obtained from the known parameters once
the Lagrange multiplier vector is fixed.

Remark 2: In our companion paper [15], the energy detector
output was intuitively (yet suboptimally) employed for the
channel access decision. The analysis here reveals that the
optimal access policy can be obtained naturally from the DP
formulation as a likelihood ratio test.

By substituting the optimal access policy to ,
the per-step reward becomes

(33)

(34)

where . Thus, the problem in (23) reduces
to an optimal stopping problem defined precisely through the
sequence of observations and the sequence of rewards

[7], [10], [3, Sec. 4.4]. The optimal stopping
problem seeks the “best” time to stop taking observations in the
sense of maximizing the expected value of the chosen reward.
The optimal stopping rule for this problem is given by [cf. (26)
and (27)]

(35)

Since the observation space and the state space
for the state variables are infinite sets, the con-

ditional expectation in (26) is hard to evaluate. Therefore, the
optimal backward induction must be implemented approxi-
mately via discretization per step [2]. That is, the state space is
partitioned into a finite number of sets and a grid point is chosen
in each set. Similarly, the observation space is discretized to
finite quantization levels. Then, the value functions are ap-
proximated to be piecewise-constant, and backward induction
is carried out only at the grid points by approximating the
expectations via finite sums. Thus, if one uses a given number
of grid points for each channel , it is immediate that the
complexity of the discretized algorithm grows exponentially
with the number of channels . Therefore, implementation of
the optimal backward induction can be prohibitively complex
even for a moderate number of channels.

IV. REDUCED-COMPLEXITY SUBOPTIMAL SOLUTIONS

A. Basis Expansion-Based Approach

To alleviate the “curse of dimensionality” associated with car-
rying out the backward induction in (25)–(26), sub-optimal poli-
cies that approximate the optimal policy closely with reduced
complexity are desired. Here, a regression-based method that
has been applied to problems in quantitative finance [31], [32],
[20] is adopted to the novel sequential CR sensing scenario. Let
us define

(36)
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The idea is to approximate by

b bbb (37)

where bbb b b b per
is a vector of basis functions and

is the coefficient vector.
An important issue in applying the regression method is

to choose the set of basis functions b . The chosen
basis functions should be able to extract the salient features of
the value functions so that the projected -function onto the
lower-dimensional space remains close to the exact one. An
example set of basis functions used for the numerical experi-
ments of Section VII are given in Appendix B. It is noted that
albeit linear in the coefficients , and hence computationally
tractable, the basis expansion approximates well the non-linear
dependency of on through the appropriately chosen
basis functions.

The coefficient vectors are obtained via regression. Two
alternatives are considered in the following. In the batch training
scheme, the batch least-squares (LS) method [21, Ch. 3] is em-
ployed to the data samples generated via Monte Carlo simula-
tions. In the on-line alternative, recursive least-squares (RLS) is
used on the actual observations to learn the coefficient vectors
on-line.

1) Batch Algorithm: In the case of batch estimation of the
vectors , a finite set of sample trajectories of the observa-
tion vector are simulated from their joint distribution, and the
coefficients are obtained via LS regression of the resulting
sample paths of the -values [32].

Specifically, one first generates independent sample paths
, according to the

signal model set forth in Section II-A; that is, by sampling from
the probability density function

(38)

From the sample paths of the observations, the sample paths of
can be computed for

by applying (12), where . Vector is
computed first using

b (39)

where the dependence of on has been suppressed for
simplicity of notation. Given , the regression coefficients

for can be obtained recursively by
[cf. (25), (26) and (37)]

b b (40)

Once the regression coefficients are computed, the optimal stop-
ping rule at step , is [cf. (35)]

bbb (41)

The overall procedure to approximate the solution to the
constrained DP in (20)–(21) is as follows. First, generate
independent sample paths and use them in a batch form to
obtain the estimates of the parameterized value functions

as described earlier. Then, the sequential sensing
algorithm must be run many times, again using simulated
paths, to obtain estimates of the “collision” probabilities

, which are necessary to update
the Lagrange multipliers per (24). Specifically, a sample
average-version of (18) may be used to obtain

(42)

These two steps must be repeated until the Lagrange multipliers
converge. Therefore, the overall algorithm is computationally
demanding, which can be justified only when the channel vari-
ation is slow. To remedy this, an on-line algorithm based on re-
cursive estimation of the value functions as well as on stochastic
optimization of the Lagrange multipliers is developed next.

2) On-Line Algorithm: In solving approximately DP prob-
lems on-line, one naturally faces two conflicting objectives: ob-
taining better estimates of the value functions, and achieving
higher overall reward based on the current estimates of the value
functions [24, Ch. 10]. In our problem setup, this trade-off be-
tween so-called exploration versus exploitation manifests itself
as a dilemma of choosing to stop at time whenever the cur-
rent estimate drops below the immediate reward ,
versus to continue nonetheless as the current estimate
might not be very accurate and needs to be refined by visiting
additional states.

Our approach is to use the RLS updates in covariance form
for estimating the value functions on-line, while using an index
policy based on the confidence level of the value function es-
timate. Use of an index policy in the approximate DP solution
herein is motivated by the similarity of the challenge with the
one encountered in the class of multi-armed bandit problems,
where an index policy is known to be optimal [1], [24, Ch. 10].3

A detailed description of the proposed on-line algorithm is
given in Table I. In Steps 0 and 1, the regression coefficients

, the Lagrange multiplier vector , the collision probability
estimates of time slot , the covariance matrices of
the RLS algorithm, and the prior probability vector are first
initialized. In Step 2, the observations are taken at time
by sensing the channels , and the belief vector

is updated based on (12) in Step 3. The sensing process is

3The multi-armed bandit problem refers to the challenge of choosing one from
� arms to receive a random reward dictated by the state of the chosen arm. The
state of the chosen arm evolves according to a Markov process. The objective is
to maximize the expected total discounted reward over an infinite horizon. An
index policy refers to the one of choosing the arm with the highest associated
index, where each index is computed as a function of the state solely of the
corresponding arm.
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TABLE I
ON-LINE ALGORITHM FOR SEQUENTIAL SENSING

carried on until the end of the -step horizon is reached, or, for
a prescribed margin constant

bbb bbb (43)

is satisfied at a certain sampling time . Upon stopping,
Step 5 of the algorithm performs the RLS update on the re-
gression coefficients starting from down to

in the backward direction. Notice that the trajectory of
the belief vector for must be stored in the
memory. This strategy is referred to as a double-pass proce-
dure for approximately solving a DP, in contrast to a possible
single-pass procedure, where the value function update occurs
forward in time simultaneously with the state evolution (that is,
as the sensing operation) takes place. The double-pass proce-
dure is often observed to have faster convergence [24, Ch. 8].

The weighted least-squares (WLS) estimate obtained by the
RLS algorithm at iteration index with the forgetting factor

corresponds to the best linear unbiased estimate (BLUE)
when the measurements are corrupted by a zero-mean noise se-
quence with a diagonal covariance matrix whose diagonal en-
tries are given by [21, Ch. 9]. Note that
this choice of noise covariance regards “older” measurements to
be more corrupted, thus giving larger weight to the recent mea-
surements in the estimation. With this interpretation, matrices

in the RLS update can be viewed as the covariance of the
BLUE [21, p. 126]. Therefore, the variance of the value func-
tion estimate under this noise model is given by

bbb bbb (44)

According to (43), the stop decision is made in Step 4 only
when the immediate reward exceeds the estimated future
reward at least by a margin , which is a design
parameter, times the standard deviation of obtained from
(44). In other words, when the confidence level for the value
function estimates is low (i.e., the variance is large), the algo-
rithm tends to opt for “exploring” future stages to refine the es-
timates of the future reward, even though current estimates in-
dicate that such a choice could sacrifice performance. As con-
fidence on the estimates improves, the algorithm will tend to
“exploit” the current knowledge of the value function to maxi-
mize the overall expected reward.

In Step 6, the CR can proceed to the data transmission phase
by transmitting on the set of channels ,
as dictated by the optimal access rule described in (30)–(32).
If the CR protocol has a feature for the CR transmitter to re-
ceive an acknowledgment (ACK) reliably from the receiver for
each channel provided that the transmission was suc-
cessful on that channel, the CR transmitter can update the colli-
sion probability estimates based on the per-channel ACKs. By
defining the set of channels for which the ACKs were received
as , the update is done as (cf. Step 7)

(45)

which approximates the expectation in (18) on-line via expo-
nentially weighted sample averaging.

The Lagrange multiplier vector is updated in Step 8 based
on the collision probability estimates following (24), and the
next sensing phase is resumed in Step 9 when there are data to
transmit.

B. One-Step Look-Ahead Heuristic

For performance comparison, the one-step look-ahead
heuristic policy is also derived. The -step look-ahead policy
decides to stop or continue based on the optimal rules truncated

steps ahead of the current time [3, Sec. 6.3], [12]. In the
case of , the one-step look-ahead rule decides to stop if
[cf. (35)]

(46)

or to continue sensing otherwise at stage .
The expected value on the r.h.s. of (46) can be ob-

tained explicitly. Define the likelihood ratio
, and let and

denote the conditional cumulative distribution functions
(c.d.f.’s) of . With the derivation relegated to Appendix C,
the expected value in (46) turns out to be

(47)
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where

(48)

The sequential sensing based on the one-step look-ahead
rule proceeds as follows. At step , based on the observation
vector , the belief vector is computed via (12). Then, the
immediate reward as well as the expected next-step
reward are computed.
If the immediate reward is greater, the sensing stops, and the
channels are accessed according to the access policy .
Otherwise, the sensing continues by taking another observation
vector. After the sensing is stopped, the collision probability
estimate is updated just like Steps 6 and 7 in Table I, and
subsequently, the Lagrange multiplier vector is updated as in
Step 8 in Table I.

Since the (next-step) future reward can be computed
explicitly, there is no training involved. Therefore, the de-
scribed sensing procedure can be executed either off-line
with simulated samples (to compute the optimal Lagrange
multipliers ), or in an on-line fashion relying on the actual
observations. Although the one-step look-ahead sequential
sensing is simpler and thus less complex than the optimal one,
the performance is degraded. In fact, the simulated tests of
Section VII will demonstrate that the basis-expansion-based
approximation of the optimal procedure outperforms the
simple one-step look-ahead heuristic in all operating condi-
tions experimented.

V. SEQUENTIAL COOPERATIVE SENSING

The sequential sensing algorithm developed so far for an
individual CR can be extended to the cooperative scenario,
where multiple CRs cooperate to detect the presence of PUs.
By leveraging diversity of the (conditionally) independent
observations made by multiple CRs, the cooperative sensing
improves detection performance and robustness against fading.
Suppose that a CR cluster head node (henceforth referred to
as FC) collects the measurements from the individual CRs to
perform joint decision.

Consider CRs that are close enough to each other so that
they observe the same PU occupancy over the set of orthog-
onal channels. Let denote the measurements of the th
CR on channel at time . It is assumed that the observa-
tions are conditionally independent over time and across CRs,
conditioned on the PU occupancy. The conditional densities of

under and are given by (3) and (4), respec-
tively, with and substituted with and ,
respectively. Here, denotes the channel gain from the
PU transmitter to the receiver of CR on channel , and
the receiver noise variance per channel at CR .

Two different strategies for transmitting the observed sam-
ples to the FC are considered in the sequel. One entails the
raw (analog) observations transmitted to the FC over a noisy
channel. The other quantizes first the observations and transmits
the quantized bits to the FC error free. The latter is ensured pro-
vided that a sufficiently powerful error control coding scheme
is employed.

A. Sequential Cooperative Sensing With Raw Observations

1) Signal Model: A simple way to relay the individual ob-
servations from the CRs to the FC is to transmit the raw
measurements using analog modulation. Following the model
described in [25], consider that the CRs transmit their observa-
tions over orthogonal channels in the presence of additive white
Gaussian noise (AWGN). To facilitate analysis, it is further as-
sumed that each CR transmits a summary of observations every

sampling intervals per frame.4 That is, CR transmits
at time , where , the sum of

samples generated during . Stacking the
received samples from the CRs in a vector form, the FC thus
obtains at time

(49)

where
, and

is a real-valued Gaussian random variable with mean 0
and (cross-) correlation

Even for modest values of , one can appeal to the central limit
theorem to approximate as Gaussian, when conditioned
on or . Thus, the conditional densities of are
given by

(50)

(51)

where . Due to in-
dependence, the conditional joint p.d.f.s of are simply the
products

(52)

Using (52), one can compute recursively the belief vector
via Bayes rule as in (12), where
and .

2) Problem Formulation: Similar to the single-CR case, it is
desired to maximize the average network-wide throughput by
optimizing the stopping and access policies. To formulate such
a problem, the following rate-based reward function is adopted
[cf. (9)]

(53)

4An interesting future research direction is to find the value of � attaining
a desirable tradeoff between feedback overhead and throughput, but this goes
beyond the scope of this work.
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where with denoting the
achievable rate on channel if CR is allowed to access
that channel, and is the vector of access
decisions. Modulo these modifications, the optimal stopping
and access policies are obtained in an analogous fashion to the
single-CR case treated in Section III.

B. Quantized Observations Case

1) Signal Model: Here we suppose that the CRs quantize
their observations and relay the quantized bits to the
FC. Further, we assume that each CR transmits only a single bit
at each time step per channel. The quantized bit at CR for
channel at time is obtained as

(54)

where denotes the quantization threshold.
The reception of quantized observations at the FC is assumed

to be error free. Let denote the c.d.f. of on
channel at CR under hypothesis for . Define
also

(55)

Then, the conditional probability for
under is given by

(56)

Thus, the belief vector, defined as , where
, can be updated as [cf. (13)]

(57)

Recall now that the data and their conditional p.d.f.s
under along with the belief update equation is all that is
needed to run the (sub-)optimal sequential sensing schemes of
Section IV. Hence, analogous algorithms apply to the cooper-
ating sensing scenarios with raw or quantized observations.

2) Quantizer Design: It remains to select the quantiza-
tion thresholds appropriately. For mathematical
tractability, maximization of an Ali-Silvey distance metric
is pursued; see also [23], [19], [17]. Specifically, the Kull-
back-Leibler divergence of the quantizer output, given by

(58)

is maximized. The Kullback-Leibler divergence is related to the
asymptotic decay rate of the false alarm probability of Neyman-
Pearson hypothesis tests [9, p. 309]. The necessary conditions
for optimality are given by [23]

(59)

which can be solved numerically for to find the desired
quantization breakpoints.

3) Problem Formulation: As in Section V-A, the immediate
reward function at time is given by the effective total achiev-
able rate:

(60)

where , and is the access decision
for channel when stopped at time .

Remark 3: Note that with the quantized observations ,
one can alternatively employ efficient solvers for partially ob-
servable Markov decision processes (POMDPs) to obtain the
exact solution to the sequential cooperative sensing problem;
see, e.g., [30]. However, these approaches are considerably
more complex than the basis expansion approach, and do not
easily lend themselves to an on-line implementation. Moreover,
it is of interest to compare the performance of the algorithms
developed in this work on an equal footing. For this reason, the
basis expansion-based sub-optimal approach is pursued even
for the quantized case.

VI. OPTIMIZED FSS TESTS FOR COOPERATIVE SENSING

To compare the performance of the sequential sensing policy
with that of a batch detection scheme, FSS tests based on
energy detection are designed and optimized in this section
with respect to their sample size . A related optimization
approach was pursued in [18] for a single-channel CR. The
multi-channel throughput-optimal FSS sensing scheme for the
single CR case was presented in [15, Sec. 5]. Here, extensions
of the throughput-optimal FSS test for multiple cooperating
CRs are developed.

A. Raw Observations Case

The signal model for this case is provided in Section V-A-1)
as multi-variate Gaussian. It is well known that the optimal
fusion rule for the binary hypothesis testing in the Neyman-
Pearson framework is linear-quadratic [14, Sec. 5.6]. However,
in order to obtain an analytic formula for the detection thresh-
olds, which facilitates the subsequent optimization with respect
to the sample size, a linear fusion rule is adopted. Thus, the col-
lected observations are linearly combined and tested against a
threshold. The test statistic for channel is given by

(61)
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where is the combining
weight vector for channel with .

The conditional expectations and variances of the test statis-
tics for under the two hypotheses
can be readily found to be

(62)

(63)

(64)

(65)

The weight vectors will be chosen to minimize the
false alarm probabilities. In [25], it is shown that the combiner
weights that maximize the modified deflection coefficients de-
fined by

(66)

achieve near-optimum performance in the sense of mini-
mizing false alarms. Substituting (62)–(65) into (66) and
differentiating with respect to , the combiner weight
vector based on this criterion can be readily obtained as

, where

(67)

The detection rule is thus given by
with ,

where the threshold for satisfying the miss detection
probability target is given by

(68)

Then, the optimized average throughput is given by

(69)

where the false alarm probabilities are obtained as

(70)

The optimization in (69) is carried out using an exhaustive
search over .

B. Quantized Observations Case

The FC forms the decision statistic by linearly com-
bining the quantized observations from the CRs; i.e.,

(71)

where is the normalized com-
biner weight vector with . Note that this is essen-
tially equivalent to forming a linear combination of the log-like-
lihood ratios of the quantized observations, since

(72)

where the constants and are expressed in terms
of the c.d.f.s in (55) as

(73)

(74)

Hence, the detection strategy of thresholding the test statistic
is equivalent to a threshold test based on the linear combi-

nation of log-likelihood ratios of the quantized observations.
To optimize the combiner weights, we again resort to max-

imizing the modified deflection coefficients, which can be de-
fined as in (66) with ’s replaced by ’s. The conditional
means and variances for are given by

(75)

(76)
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Fig. 1. Evolution of the collision probabilities (top) and the Lagrange multi-
pliers (bottom). Different curves in each panel correspond to different chan-
nels �.

The deflection-optimal combiner weight vector is deter-
mined by , where

(77)

Using (75)–(76) and invoking the central limit theorem once
more, the detection rule is ,
where . The decision thresholds

and the false alarm probabilities are given by (68) and (70),
respectively, with replaced by and all the tilded symbols by
their barred counterparts. The associated throughput is given by
[cf. (69)]

(78)

VII. NUMERICAL TESTS

To test the proposed sequential sensing algorithms, scenarios
with , and were considered.
Rates for were used, and the channel
gains were generated from the -distribution. The ob-
servation noise variance was set to . The prior proba-
bilities were set to for all , and the collision
probability target to .

A. Single-CR Case

1) Batch LS-Based Algorithm: To estimate the coeffi-
cient vector for the regression-based sub-optimal policy using
the batch LS method, sample paths were generated.

Fig. 1 shows the collision probabilities in the
bands as a function of the iteration index , along with the

corresponding Lagrange multipliers, for the regression-based
method at a mean SNR of 3 dB for all channels. The dual

Fig. 2. Throughput performance of the single CR case. (a) Average throughput
versus mean SNR. (b) Ratio of the average throughput achieved relative to the
genie-aided throughput.

update iteration (24) is seen to converge relatively fast and the
collision probability constraints are met in each band.

Fig. 2(a) plots the achieved average total rates of the pro-
posed regression-based scheme when the mean SNRs of the
PU-to-CR channels are varied. For comparison, the average
throughput of the one-step look-ahead scheme of Section IV-B
is shown. Also depicted is a genie-aided scheme, which
chooses the stopping time that maximizes over
all , assuming non-causal knowledge of

, and thus can be used to benchmark the achievable per-
formance. Averaging was performed over 20 000 Monte Carlo
realizations. It can be seen that the regression-based scheme
attains throughput close to the genie-aided upperbound over a
wide range of SNR values. The one-step look-ahead scheme
is clearly sub-optimal especially in the moderate-to-high SNR
range. Also, it can be seen that the proposed regression-based
sequential sensing scheme outperforms the optimized FSS
over all SNR levels tested.
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Fig. 3. Average throughput performance versus the parameter � . (a) Average
throughput. (b) Throughput normalized by the maximum throughput value at
each SNR in percent.

Fig. 2(b) plots the ratio of the average throughput of the var-
ious schemes over that of the genie-aided scheme. It is seen that
the regression-based policy achieves significant portion of the
genie-aided throughput, but the optimized FSS test degrades as
the SNR decreases. In fact, at SNR as low as 12 dB, even the
one-step look-ahead policy outperforms the optimized FSS test,
which corroborates the value of sequential CR sensing.

2) RLS-Based Algorithm: Performance of the RLS-based
on-line algorithm in Table I was tested with the forgetting factor

set to 0.999.
In order to first determine an appropriate value of the margin

, the algorithm in Table I was run for different values of at a
number of SNR conditions. It turns out that, as Fig. 3(a) shows,
the throughput performance is quite insensitive to the choice of

, although a slight increase in throughput is perceived espe-
cially at high SNR values when non-zero values are used. An
intuitive explanation is the following. As we initialized the value

Fig. 4. Evolution of the throughput, the collision probabilities and the Lagrange
multipliers for the on-line algorithm. (a) Throughput evolution. (b) Collision
probabilities (top) and Lagrange multipliers (bottom).

functions to zero (i.e., for all ), the algorithm natu-
rally explores all the way to the end of the horizon in the early
stages of iteration, even if . In fact, when the observations
are more noisy, which encourages exploratory behavior, smaller
values of tend to perform better. Fig. 3(b) plots the average
throughput, normalized by the maximum throughput value cor-
responding to the optimal . Again, it is seen that as the SNR
grows high, the throughput can be increased slightly by picking
non-zero values of . However, since the performance is quite
flat with respect to , the value will be used for the rest
of the numerical results.

Fig. 4 shows a sample path of the on-line algorithm at
3 dB. Fig. 4(a) depicts the evolution of the achieved

throughput of the CR, while Fig. 4(b) the evolution of the colli-
sion probabilities and the Lagrange multipliers. The algorithm
is seen to converge in about iterations with the collision
probability constraints enforced on the average.

To assess the average throughput performance, the readers
are again referred to Fig. 2(a), where it can be noticed that
the performance of the on-line algorithm, represented by the
dashed line with the ‘x’ marks, is virtually indistinguishable
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Fig. 5. Average throughput of the cooperative sensing scheme with raw obser-
vations.

from that of the batch version. This is because the on-line algo-
rithm learned the optimal Lagrange multipliers during the tran-
sient state. Thus, the more practical RLS-based algorithm incurs
virtually no performance penalty compared to its batch counter-
part in the steady state.

B. Cooperative Sensing Case

Fig. 5 depicts the average throughput performance of
the sequential cooperative sensing schemes when the FC
collects the raw observations corrupted by AWGN with vari-
ance for all and

. Networks with for and
cooperating CRs are considered. The value of was set to 3. It
can be seen again that the proposed regression-based algorithm
achieves a significant portion of the upper-bound set by the
genie-aided scheme. However, due to the low receiver SNR at
the FC, performance of the cooperative sensing with
is actually seen to be inferior to that of the single-CR case
that uses the regression-based policy. The cooperative sensing
performance can be improved by increasing the number of
cooperating radios, or, by increasing the power for transmitting
the observations to the FC.

Fig. 6 shows the throughput performance for the quantized
observations case. Even though only 1 bit is transmitted per
measurement taken at the individual CRs, the cooperative
sensing policy with already outperforms the single-CR
benchmark. For , significant performance improvement
is observed over the single-CR case.

Figs. 5 and 6 also verify that the sequential sensing algorithms
outperform the optimized FSS test over all SNRs. Interestingly,
however, it can be noted that the gain over the FSS test alterna-
tive is less than that of the single-CR case shown in Fig. 2. This
is intuitively reasonable because the sequential detection algo-
rithms yield performance advantage by exploiting the opportune
situations where the received samples happen to strongly favor
one of the two hypotheses. As the number of cooperating CRs
increases, one can expect that the diversity effect actually saps
the benefit of such opportunistic mechanisms.

VIII. CONCLUSION

Sequential sensing algorithms for multi-channel CR systems
have been developed. The trade-off between the sensing time

Fig. 6. Average throughput of the cooperative sensing scheme with quantized
observations.

and the chance of identifying more unoccupied channels was
captured in the effective rate achieved by the CR system. A con-
strained DP problem was formulated to maximize the effective
rate given past and current observations, under the constraints
of specified probability of collision with on-going PU transmis-
sions. The optimal access policy was derived in closed form
given the Lagrange multipliers that were used to relax the con-
strained DP to an unconstrained DP.

The optimal stopping policy, which determines the number of
samples required for sensing, was obtained from the solution of
an optimal stopping problem. A basis expansion-based reduced-
complexity solution was derived both in the batch and in the
on-line forms, whose performance was shown to be close to
the genie-aided upper-bounds, and hence close to that of the
optimal solution. Extensions to cooperative sensing cases were
also studied using the framework similar to the single-CR case.
It was illustrated through numerical simulations that using only
1-bit quantized samples collected from individual CRs, yields
significant performance gains in sequential CR sensing.

APPENDIX A
DERIVATION OF OPTIMAL POLICIES (27) AND (28)

By applying the standard backward induction to the DP
formulation in (23), the optimal control policies, call them

, can be obtained by solving the following maximiza-
tion recursively:

(79)

(80)

where the state definition has been used.
The optimal controls and after sensing is

stopped, i.e., when , do not affect the throughput
since they contribute zero summands in the reward; in fact, they
are never used for actual sensing. Thus, one only needs to verify
that when , the optimal policies
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(81)

(82)

maximizing (79)–(80) are identical to ,
which maximize (25)–(26).

It is clear that the statement holds for by comparing
(25) and (79). To verify the same for , consider re-writing
(80) as (81)–(82), shown at the top of the page. By comparing
(26) with (82), one can inductively deduce that

for , provided that
. Hence, the optimal control policies are also identical.

APPENDIX B
EXAMPLE BASIS FUNCTIONS

For the numerical results in Section VII, we
used the following basis functions:
b b b

b
b

b
and b b b

, where and
. The basis functions

b are defined as the inner products
of Legendre polynomials of order 0, 1, 2 and 3 with ;
see also [31] for additional issues on selecting b and the
expansion order .

APPENDIX C
DERIVATION OF (47)

First, note that

(83)

(84)

For the generic th term of (84), consider the case where
. Recalling the definition in (31) and (32), the th

summand in (84) can be re-written as

(85)

(86)

where

is monotone in .

Thus, with defined as in (48), the integral in (86) can be
expressed as

(87)

which verifies the th term of (87). It is also easily verified that
when the th term of (84) is equal to

, which is also equal to (87) with
and .
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