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Abstract—Optimal power flow (OPF) is a critical control task
for reliable and efficient operation of power grids. Significant
challenges are anticipated in the development of future power
systems, as a substantial amount of inherently uncertain re-
newable resources are incorporated, imposing volatile dynamics
to the grid. In this work, an online learning approach, which
does not require elaborate models for uncertainty, yet is capable
of providing a provable performance guarantee, is adopted to
tackle the OPF with renewables in an online fashion. A two-
stage procedure is considered, where the conventional generation
level is committed before the renewable output is revealed,
followed by spot market transactions to account for imbalance.
Simulated tests with a 30-bus case show that, under high
variability of renewables, the proposed hedging scheme beats
a static alternative, which solves two OPF problems per time
slot.

I. INTRODUCTION

Optimal power flow (OPF) is a critical control task for
efficient and reliable operation of power systems [1], [2]. The
goal of OPF is to determine economical operating parameters
for power systems, minimizing various costs, such as the
generation cost, line losses, and even consumer disutility, sub-
ject to algebraic network constraints capturing the relationship
between the power variables and the voltage variables. At
the same time, the physical operational constraints at buses
and lines, as well as the power balancing constraints between
generated and comsumed power, must be satisfied.

Due to the quadratic relation between the power-related
quantities and the voltage phasors, AC OPF constitutes a
challenging nonconvex problem. Thus, various nonlinear pro-
gramming and heuristic optimization approaches have been
developed [3], [4], [5]. (Non)linear programming approaches
such as the ones based on gradient descent, Newton-Raphson,
linear programming, and interior-point methods, essentially
seek points satisfying the Karush-Kuhn-Tucker (KKT) con-
dition for local optimality. Thus, the quality of these solutions
is often sensitive to initialization [2]. Heuristic alternatives,
such as the genetic algorithm, evolutionary programming, and
particle swarm optimization, can potentially achieve globally
optimal solutions, but at significantly higher computational
cost [5].
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Convex relaxation approaches for OPF have attracted much
attention recently as a viable technique to obtain globally op-
timal solutions with reasonable computational complexity [6],
[7], [8], [9]. In particular, a semidefinite programming (SDP)
relaxation of the OPF problem with a quadratic generation
cost is dual-to-dual of the original nonconvex OPF problem.
It has been shown that for many setups of practical interest,
the SDP relaxation possesses zero duality gap, although there
exist practical exceptions [10]. Implementation of the SDP-
based OPF for large-scale power systems was studied in [11].

Incorporation of renewable energy resources is becoming an
indispensible element of power system operation. Although
clean and economically attractive, the renewable energy re-
sources are not dispatchable at will. They are also difficult
and costly to forecast accurately. Therefore, it is imperative to
build robustness to power system operation against the uncer-
tainties of the renewables. Stochastic and robust optimization
techniques have been employed to cope with this uncertainty
and minimize operational costs [12], [13]. However, such
approaches typically require characterizing the uncertainty
bounds or the distribution of the renewable generation output.

An alternative is to take an online and adaptive approach
of adjusting the operational parameters in real time. Dy-
namic stochastic OPF with an actor/critic model was proposed
in [14]. Model predictive control approaches were advocated
in [15] and [16] under high penetration of renewables. OPF
with real-time closed-loop control was proposed in [17]. A
Markov decision process framework was adopted in [18].
However, these approaches either involve elaborate models
for system dynamics, or they incur significant computational
cost to take into account future system states. Thus, they may
be feasible only for small-scale systems, or for large-scale
systems with considerable sacrifice of optimality.

The online convex optimization (OCO) framework is widely
used in the machine learning community due to its strong
performance guarantees even without elaborate models on the
dynamics [19]. As the performance guarantees do not require
stochastic models or detailed assumptions on disturbances, the
algorithms are applicable even to adversarial setups, where
the disturbances are chosen strategically to beat the purpose
of the learner. This aspect highlights the robustness of the
approach. The OCO framework was adopted for economic
dispatch (ED) of microgrids in [20], where it was shown that
online ED was effective against the high volatility of wind



turbine generation. The approach was shown to be useful for
power system state estimation (PSSE) as well as for demand
response setups in [21], [22].

The contribution of this work is to develop an OCO ap-
proach for OPF with renewable generation. The setup for
online OPF involves discrepancy of the time when the decision
is made and the time when the necessary information is
revealed. That is, by the beginning of a time slot, the output
levels of conventional generators must be determined (and
fixed) without knowledge of actual realization of various
uncertain quantities such as renewable energy production,
loads, and spot market prices. At the end of the time slot,
these quantities are revealed so that the additional cost (or
profit if one could sell surplus energy to the spot market) due
to the purchase of deficit power from the spot market can be
assessed. Such a model reflects precisely the setup for OCO.
To properly accommodate the nonconvexity of AC OPF in
the OCO framework, a convex relaxation technique for OPF
is employed. The simulated tests show that the performance
of the online OPF, which solves a single OPF problem per
time slot, is superior to that of a two-stage static OPF, which
solves two OPF problems per slot, when the renewable outputs
fluctuate significantly.

The rest of the paper is organized as follows. In Section II,
the static OPF formulation and its convex relaxation are
introduced. Online OPF formulation and its solution method
are provided in Section III. The results of simulated tests
are discussed in Section IV. Conclusions and future research
directions are offered in Section V.

II. STATIC OPF

A. OPF Formulation

The aim of OPF is to optimize certain economic objec-
tives such as the generation cost and line losses, subject to
various bus and line operational constraints, while meeting
the demand [2]. Let N := {1, 2, . . . , N} denote the set of
buses (nodes) in a power grid consisting of N buses, and
E the lines (edges) between the buses. Let Nn := {n′ :
(n, n′) ∈ E} be the set of neighboring buses of n. Denote the
voltages {Vn}n∈N at all buses by v := [V1, V2, . . . , VN ]T ,
and the currents injected into individual buses {In}n∈N by
i := [I1, I2, . . . , IN ]T , where T stands for transposition. For
each line (n, n′) ∈ E , the admittance is denoted as ynn′ , and
the admittance matrix Y ∈ CN×N is formed with (n, n′)-
entry

Ynn′ =


∑

n′∈Nn

ynn′ , if n = n′

−ynn′ , if n 6= n′, (n, n′) ∈ E
0, otherwise.

(1)

Then, Kirchhoff’s and Ohm’s laws yield

In =
∑
n′∈Nn

(Vn − Vn′)ynn′ (2)

which can be written compactly as i = Yv. The complex
power injected to node n ∈ N is given by

Sn := Pn + jQn = VnI
∗
n =

∑
n′∈Nn

Vn(Vn − Vn′)∗y∗nn′ (3)

where j :=
√
−1, ∗ denotes complex conjugation, and Pn

(Qn) represents the real (reactive) power injected to bus n.
Let Ng be the set of buses with conventional generators,

and Pg,n and Qg,n the deterministic active and the reactive
powers, respectively, generated at bus n ∈ Ng . If n /∈ Ng ,
then Pg,n = Qg,n = 0 by convention. Likewise, Pl,n and
Ql,n denote the active and the reactive powers, respectively,
consumed by the load at bus n, with Pl,n = Ql,n = 0 if bus
n does not have any load. Finally, let Pr,n and Qr,n be the
inherently random active and the reactive powers, respectively,
produced by renewable generation at buses n ∈ Nr. Then, the
power balance condition can be written as

Pn = Pg,n − Pl,n + Pr,n, n ∈ N (4a)
Qn = Qg,n −Ql,n +Qr,n, n ∈ N . (4b)

The OPF problem can be formulated as minimizing a certain
cost incurred at each bus, while meeting the power flow
constraints (3) and the balacing conditions (4), as well as
various operational constraints. Specifically, OPF aims at

min
v,{Pg,n},{Qg,n}

∑
n∈N

fn(Pg,n) (5a)

subject to (3), (4), and

V n ≤ |Vn| ≤ V n, n ∈ N (5b)

P g,n ≤ Pg,n ≤ P g,n, n ∈ Ng (5c)

Q
g,n
≤ Qg,n ≤ Qg,n, n ∈ Ng (5d)

|Vn − Vn′ | ≤ V nn′ , (n, n′) ∈ E . (5e)

Here, V n and V n are the lower and upper limits, respectively,
on the voltage magnitude at bus n, and (5c) and (5d) specify
the acceptable ranges for the real and the reactive power
generation, respectively, at buses n ∈ Ng . Eq. (5e) captures
the line capacity, or the maximum phase difference over the
lines. The objective in (5a) can capture various costs such as
the generation cost, line losses, conservation voltage reduction
(CVR)-related cost, and even consumer disutility. For example,
the generation cost is often modeled by quadratic functions as

fn(Pg,n) := c2,nP
2
g,n + c1,nPg,n + c0,n, n ∈ Ng (6)

where c2,n ≥ 0. Problem (5) is nonconvex due to the quadratic
relation between the power variables and the voltage variables
as manifested in (3).

B. Convex Relaxation Approach to OPF

An approach that has received renewed attention recently is
to solve convex relaxations of (5) using SDP and second-order
cone programming (SOCP) relaxations [6], [8], [9]. The SDP
relaxation is obtained by noticing that the relevant quantities
in (5) can be represented as linear in a matrix variable X :=



vvH [7]. To see this, let en denote the n-th canonical vector
in RN . Then, it can be verified that

Sn = eTnv(eTnYv)H = tr{XYHene
T
n} (7)

|Vn|2 = Xnn (8)

|Vn − Vn′ |2 = Xnn +Xn′n′ −Xnn′ −Xn′n (9)

where Xnn′ is the (n, n′)-entry of X. Thus, upon defining

Yn := ene
T
nY (10a)

Ȳn :=
1

2

(
Yn + YH

n

)
(10b)

Ỹn :=
j

2

(
Yn −YH

n

)
(10c)

one can identify

Pn = tr{XȲn} (11a)

Qn = tr{XỸn}. (11b)

Therefore, (5) can be rewritten equivalently as

min
X�0

∑
n∈Ng

fn(tr{XȲn}+ Pl,n − Pr,n) (12a)

subject to:

V 2
n ≤ Xnn ≤ V

2

n, n ∈ N (12b)

Pn ≤ tr{XȲn} ≤ Pn, n ∈ N (12c)

Q
n
≤ tr{XỸn} ≤ Qn, n ∈ N (12d)

Xnn +Xn′n′ −Xnn′ −Xn′n ≤ V
2

nn′ , (n, n′) ∈ E (12e)
rank{X} = 1 (12f)

where Pn := P g,n−Pl,n+Pr,n and Pn := P g,n−Pl,n+Pr,n
(and likewise for Q

n
and Qn) for n ∈ Ng , while for n /∈ Ng ,

Pn = Pn := Pl,n − Pr,n and Qn = Q
n

:= Ql,n −Qr,n.
This problem would be convex if it were not for (12f). Ne-

glecting this nonconvex constraint yields a convex relaxation.
In fact, upon defining c̃2,n := c2,n, c̃1,n := 2c2,n(Pl,n −
Pr,n) + c1,n, and c̃0,n := c2,n(Pl,n − Pr,n)2 + c1,n(Pl,n −
Pr,n)+c0,n, and by resorting to Schur’s complement lemma to
rewrite the quadratic objective (12a) in terms of linear matrix
inequalities, one can obtain an SDP relaxation of (5) as [7]

min
X�0,{αn}

∑
n∈Ng

αn (13a)

subject to: (12b)–(12e); and (13b)[
c̃1,ntr{XȲn}+ c̃0,n − αn

√
c̃2,ntr{XȲn}√

c̃2,ntr{XȲn} −1

]
� 0, n ∈ Ng.

(13c)

III. ONLINE OPF WITH RENEWABLES

The renewable generation is not dispatchable, and its avail-
ability can be predicted only with significant uncertainty. Since
the power grid has to maintain the balance between power
supply and demand at all times, integration of a high volume
of renewables will markedly impact the stability of the grid.

One way to cope with the volatility of renewables is to rely
on the spot market to buy or sell power to make up for the

imbalance. Thus, a two-stage procedure is considered here,
where the conventional generators are committed to produce
power Pg,n at each bus n ∈ Ng in the first stage, followed
by real-time power transaction on the spot market in the
second stage [23]. When the operator determines the amount
of conventional generation in the first stage, it has to hedge
against the uncertainties in the renewable generation.1 Since
the OCO framework is suitable for this situation, we next brief
the OCO approach.

A. Online Convex Optimization

The OCO model considers a repeated game between a
player and an adversary [19]. (In the present setup, the
utility that solves the OPF problem assumes the role of the
player, while the renewable generation can be regarded as the
adversary.) At time t, the player chooses an action pt ∈ P ,
and subsequently the adversary reveals a convex function
ct : P → R. As will be specified in the next subsection,
pt will be the vector of conventional generator outputs, and
ct related to the OPF cost. Then, the player suffers the loss
of amount ct(pt). The goal of the player is to minimize the
so-called regret Rc(T ) over T time slots, defined as

Rc(T ) :=

T∑
t=1

ct(pt)−min
p∈P

T∑
t=1

ct(p) (14)

which corresponds to the cost incurred by the player rel-
ative to the cost due to a single best action p∗ :=
arg minp∈P

∑T
t=1 c

t(p), which is selected with the benefit of
knowing ct for all t = 1, 2, . . . , T in hindsight.

Under appropriate conditions, online iterative algorithms
can be constructed, which yield pt at time t, to achieve
the regret upper-bounds that grow sublinearly in T ; i.e.,
Rc(T )/T → 0 as T → ∞. This means that the online
algorithms can eventually perform as well as the fixed action
selected in hindsight in terms of the per-slot cost.

B. Online OPF Formulation

The online OPF problem can be stated as follows. At each
time slot t ∈ {1, 2, . . . , T}, based on the realizations observed
so far for the renewable generation, i.e., {P τr,n, Qτr,n}tτ=1, find
{P t+1

g,n } for n ∈ Ng to be used in the next time slot, so as to
achieve regret Rc(T ) that is sublinear in T .

To address this problem without explicitly modeling the
dynamics of renewable generation, the OCO approach is
taken. The relevant cost function ct must capture the cost
of conventional generation as well as the real-time energy
transaction cost. Let {Ps,n} and {Qs,n} be respectively the
active and the reactive powers, purchased from the spot market
through bus n ∈ Ns, where Ns is the set of buses connected
to the spot market. Select a convex function gtn(P ts,n) to model
the energy transaction cost at bus n ∈ Ns in time slot t. Upon

1The uncertainties in the load and the spot market prices can be accommo-
dated similarly in our proposed approach.



defining vector ptg := {P tg,n}n∈Ng
, the overall cost ct in (14)

to minimize the regret is

ct(ptg) :=
∑
n∈Ng

fn(P tg,n) + gt(ptg) (15)

where

gt(ptg) := min
Xt�0,{P t

s,n},{Qt
s,n},{Qt

g,n}

∑
n∈Ns

gtn(P ts,n) (16a)

subject to:

V 2
n ≤ Xt

nn ≤ V
2

n, n ∈ N (16b)

Xt
nn +Xt

n′n′ −Xt
nn′ −Xt

n′n ≤ V
2

nn′ , (n, n′) ∈ E (16c)
tr{XtȲn} − P tg,n + P tl,n − P tr,n − P ts,n = 0, n ∈ N (16d)

tr{XtỸn} −Qtg,n +Qtl,n −Qtr,n −Qts,n = 0, n ∈ N (16e)

Q
g,n
≤ Qtg,n ≤ Qg,n, n ∈ Ng (16f)

where (16d)–(16e) are the balancing conditions with the
energy to/from the spot market included; cf. (4).

Problem (16) is a static OPF problem with convex re-
laxation, aiming to minimize the spot market transaction
cost, given the conventional generation P tg,n fixed, and the
renewable generation P tr,n realized at time slot t. With strong
duality holding for (16), gt(ptg) is also convex [24]. Therefore,
ct is convex as well.

C. Online Mirror Descent-Based Algorithm

A widely used algorithm for OCO problems is the online
mirror descent (OMD) method [19]. Upon introducing the
Bregman diverence Dψ(p,p′) associated with a strongly con-
vex function ψ(p), as

Dψ(p,p′) := ψ(p)− ψ(p′)− 〈∇ψ(p′),p− p′〉 (17)

where 〈·, ·〉 denotes inner product, the OMD update is

pt+1
g = arg min

pg∈Pg

η〈(ct)′(ptg),pg〉+Dψ(pg,p
t
g) (18)

where η > 0 is a step size, (ct)′(ptg) is a subgradient of ct(pg)
at pg = ptg , and Pg is the feasible set for ptg , representing the
generator operational constraints such as (5c)–(5d). Note that
a choice for (ct)′(ptg) is [cf. (15)]

(ct)′(ptg) = ∇

 ∑
n∈Ng

fn(P tg,n)

− λt∗g (19)

where λt∗g stands for the Lagrange multiplier vector associated
with the balance constraints (16d) for n ∈ Ng [24].

For simplicity, we choose ψ(p) := 1
2‖p‖

2. Then,
Dψ(p,p′) = 1

2‖p− p′‖2, and (18) becomes

pt+1
g = arg min

pg∈Pg

1

2
‖pg − ptg + η(ct)′(ptg)‖2 (20)

yielding a projected subgradient method [25]. Under mild
regularity conditions, the OMD update can be shown to
achieve a regret on the order of O(

√
T ) [19].
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Fig. 1. A 30-bus test case

Time slot t
100 105 110 115 120 125 130 135 140 145 150

R
e

n
e

w
a

b
le

 g
e

n
e

ra
ti
o

n
 P

r,
n

t

0

0.2

0.4

0.6

0.8

1

1.2

1.4

1.6

1.8

2

bus 8
bus 30

Fig. 2. Simulated renewable generation

IV. NUMERICAL TESTS

To evaluate the proposed algorithm, simulated tests were
performed using a 30-bus IEEE test case adapted from [26],
whose topology is depicted in Fig. 1. Also shown in the
figure are one bus Ns = {1} connected to the spot market,
two buses Nr = {8, 30} with renewable generation, and five
buses Ng = {2, 13, 22, 23, 27} with conventional generation.
Quadratic functions were employed for the costs of conven-
tional generation {fn(·)}n∈Ng

as well as for the spot market
cost gt1(·). For simplicity, the loads and the spot market prices
are held fixed over time in the tests.

To facilitate the simulation of renewable generation with
variable degrees of volatility, the model for wind turbine
generation used in [20] was adopted. In this model, the power
production ramps from 0 to the maximum capacity in Tup time
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slots, stays at the maximum for Ton slots, ramps down to 0 in
Tdown slots, and stays at 0 for Toff slots, where Tup, Ton,
Tdown and Toff are sampled from exponential distribution
with mean µT . A realization of the outputs from two wind
turbine generators with µT = 1 is shown in Fig. 2.

In addition to the proposed online OPF algorithm, a bench-
mark static OPF algorithm was run for comparison. In the
static OPF, at the end of time slot (t−1), {P tg,n} is determined
by solving an OPF problem assuming that the production of
renewable generation in slot t will be the same as in slot (t−1)
(persistence forecast). Specifically, one solves

min
Xt�0,{P t

g,n},{Q
t
g,n},

{P t
s,n},{Q

t
s,n}

∑
n∈Ng

fn(P tg,n) +
∑
n∈Ns

gt−1n (P ts,n) (21a)

subject to: (16b)–(16c); and

P g,n ≤ P tg,n ≤ P g,n, n ∈ Ng (21b)

Q
g,n
≤ Qtg,n ≤ Qg,n, n ∈ Ng (21c)

tr{XtȲn} − P tg,n + P t−1l,n − P
t−1
r,n − P ts,n = 0, n ∈ N

(21d)

tr{XtỸn} −Qtg,n +Qt−1l,n −Q
t−1
r,n −Qts,n = 0, n ∈ N .

(21e)

In time slot t, after the actual realization of the renewable
generation is revealed, OPF (16) is solved again to determine
the spot market transaction. The total cost of the static OPF
is given by

∑
n∈Ng

fn(P tg,n) + gt(ptg). Note that this scheme
requires solving two OPF problems per time slot, while the
proposed online OPF solves OPF only once per time slot.

Fig. 3 shows the evolution of the total cost (in addition
to the costs for conventional generation and spot market
transaction components) for the online and static OPF schemes
when the renewable generation is as given in Fig. 2. The
value of η = 0.05 was used for online OPF. It can be
seen that online OPF achieves a cost lower than its static
counterpart when there is a sudden drop in the renewable
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generation. This is because the static OPF fully trusts the
forecast for renewable generation and decreases the committed
conventional generation significantly. Thus, when there is a
big drop in the renewable generation, the spot market cost
soars. Such a pattern is corroborated in Fig. 4, which depicts
the committed conventional generation at each time slot for
online and static OPF schemes.

Fig. 5 shows the average cost for online and static al-
ternatives when µT is varied. Recall that small µT yields
high volatility in the renewable generation. The figure shows
that the online OPF is advantageous when the renewable
generation fluctuates considerably. The static OPF is superior
when µT > 1.5. However, it is emphasized here that static
OPF solves two OPF problems per slot, whereas online OPF
solves only one; and that the learning parameter η was not
fully optimized in these test results.



V. CONCLUSION

The OPF problem for power systems with renewable gener-
ation was tackled. To cope with pronounced variability in the
renewable generation output, a hedging strategy was derived
using the OCO framework. The proposed online algorithm
updates the level of conventional generation for the next time
slot based on the shadow prices of the convex relaxation of an
OPF problem determining optimal spot market transactions in
the current time slot. Compared to a static alternative, which
solves one extra OPF based on the forecasted renewables
output, the proposed online scheme achieves lower average
cost under high volatility of renewables. In our future research,
tests based on real data will be performed, in addition to
rigorous regret analysis under ramping constraints.
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