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Abstract—Spatio-temporal spectrum prediction algorithms for
cognitive radios (CRs) are developed using the framework of
dictionary learning and compressive sensing. The interference
power levels at each CR node locations are predicted using
the measurements from a subset of CR nodes without a pri-
ori knowledge on the primary transmitters. Batch and online
alternatives are presented, where the online algorithm features
low complexity and memory requirements. Numerical tests verify
the performance of the proposed novel methods.

I. INTRODUCTION

The radio frequency (RF) spectrum is a precious resource

that must be utilized efficiently. Fixed spectrum allocation,

which confers exclusive access rights on spectrum license

holders, has resulted in significant under-utilization of the

valuable spectral resource, depending on time and loca-

tions [1]. The cognitive radio (CR) strategy aims at alleviating

this inefficiency by allowing unlicensed secondary users to

opportunistically transmit, provided that the transmissions do

not disturb the communication of licensed primary users

(PUs) [2].

To achieve the necessary protection of PU systems, essential

elements of CR systems are spectrum sensing and intelligent

resource allocation [3]. The goal of spectrum sensing is to

identify unused spectral resources in the frequency, time and

space domains. The “spectrum holes” can then be exploited

through agile resource allocation.

A simplifying assumption often made for spectrum sensing

is that the spectrum occupancy is more or less invariant over

the deployment region of the CR systems. Based on this,

spectrum sensing is often performed in a collaborative fashion,

where the band occupancy by a common set of PU transmitters

is detected using observations fused from multiple CRs [4].

This mitigates effectively fading and shadowing, which impede

reliable detection of PU presence.

However, the assumption might not hold when PU systems

employ a small RF footprint for significant spatial reuse, or

the CR network grows in size and gets deployed in a broader

geographical region. An instrumental concept in this case
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is the RF cartography, which provides a map of RF power

distribution over space and reveals the spatial variation of

spectrum occupancy [5], [6]. Such a construct is useful for

optimizing CR network operations, not only in the PHY/MAC,

but also in higher layers [3]. Different types of RF maps and

algorithms for obtaining them have been proposed [7].

The goal of this work is to acquire the interference power

present at each CR node in the network, and also to predict its

future levels. A key challenge is that CRs do not have prior in-

formation on the number of PU emitters and the corresponding

PU-CR channel gains, which are essential for combining the

measurements from different sensors. Moreover, CRs might

not be able to report their measurements every time, due to

energy-saving sleep modes or congested signaling channels.

Thus, the network controller must also account for missing

observations by performing appropriate interpolation. Finally,

the future spectrum state must be inferred based on past

measurements.

A multi-dimensional logistic regression model was applied

to binary spectrum occupancy observations to predict future

occupancy in [8]. Traffic patterns for voice calls were analyzed

using time series models so as to aid channel switching

decisions of CRs in [9]. Given the model parameters, optimal

channel sensing and access decisions were made in the frame-

work of partially observed Markov decision process in [10].

However, spatial selectivity of PU interference was seldom

taken into account in [8], [9], [10].

Here, contemporary tools from machine learning and com-

pressive sensing are employed to tackle these challenges. The

general dictionary learning framework [11], [12] is adapted

here to learn the spatial and temporal patterns of the RF power

distribution. To aid in spatial interpolation, the topology infor-

mation of the CR network is exploited in a semi-supervised

learning fashion. Both batch as well as on-line algorithms are

developed. The on-line alternative can track the slow variation

of the RF power distribution, and features low computational

complexity and lax memory requirement.

The rest of this paper is organized as follows. In Sec. II,

the system model and the problem statement are presented.

Sec. III describes a semi-supervised dictionary learning ap-

proach for the interpolation of missing observations in space.

Sec. IV extends the proposed algorithms for spatio-temporal



prediction. The results from numerical tests are reported in

Sec. V, and conclusions are provided in Sec. VI.

II. SYSTEM MODEL

Consider a CR network consisting of M nodes, deployed

in a geographical area, over which the interference due to the

incumbent PU systems vary, albeit smoothly. The CRs form

a mesh network by identifying their neighbors, and cooperate

for spectrum sensing. Our goal is to acquire the interference

level at each CR node location, based on the measurements

collected from a subset of the CR nodes per time. The missing

measurements are due to various practical limitations, such as

errors and congestion in the control channel, or the fact that

radios are in the sleep mode to save battery.

Suppose that there are K PU transmitters in the area with

the k-th PU transmitting at power pk(t). Let gmk(t) denote

the channel gain from the k-th PU to the m-th CR. Then, the

interference power level πm(t) perceived at the m-th CR can

be modeled as

πm(t) =

K
∑

k=1

gmk(t)pk(t), m ∈ M := {1, 2, . . . ,M} (1)

Upon defining vectors π(t) := [π1(t), . . . , πM (t)]T (·T de-

notes transposition) and p(t) := [p1(t), . . . , pK(t)]T as well as

matrix G(t) whose (m, k)-entry is gmk(t), the matrix-vector

counterpart of (1) can be expressed as

π(t) = G(t)p(t). (2)

At each time t, a subset Mobs(t) ⊂ M of CRs observe the

interference power levels. The measurements from these CRs

can be stacked in vector yobs(t) ∈ R
|Mobs(t)| given as

yobs(t) = O(t)π(t) + z(t) (3)

where z(t) ∈ R
|Mobs(t)| is the measurement noise vector, and

O(t) is a matrix consisting of the m-th row of an M × M

identity matrix, where m ∈ Mobs(t).
The problem of estimating G(t) and p(t), given the past and

the current measurements yobs(τ) for τ = 1, 2, . . . , t, when

there were no missing observations was tackled using dictio-

nary learning in [13]. Here, the goal is to predict the missing

interference levels πm(t) for m ∈ Mmiss(t) := M\Mobs(t),
given {yobs(τ)}tτ=1.

III. SPATIAL SPECTRUM PREDICTION USING

SEMI-SUPERVISED DICTIONARY LEARNING

Prompted by (2), suppose that π can be represented as a

linear combination of a small number of bases (atoms) taken

from a dictionary. Let D ∈ R
M×Q denote a dictionary with

Q atoms. Then, the preceding assumption amounts to

π = Ds (4)

where vector s ∈ R
Q is sparse. Fourier bases or the wavelet

bases are some of the dictionaries often used for a variety

of natural or man-made signals. Based on this model, the

present paper’s contribution is to leverage recent advances

in compressive sensing and machine learning to predict the

unobserved interference levels in space. In the following, a

two-stage approach is first considered, in which the dictionary

learned in the training phase is used for the desired prediction

task in the operational phase. An alternative algorithm capable

of performing the dictionary learning and spatial prediction

simultaneously will be presented subsequently.

A. Two-Phase Batch Algorithm

Instead of using off-the-shelf bases such as Fourier or the

wavelet bases, D can be directly learned from training data,

which can be collected through a sounding procedure. In the

presence of missing entries in the data, it is helpful to augment

this learning process with additional structural information.

In this work, the network topology information, which is

typically maintained for various network control tasks such

as routing, is leveraged in the framework of semi-supervised

learning; see also [12]. A similar approach was successfully

applied to network load prediction in [14].

Let A ∈ {1, 0}M×M denote the adjacency matrix of the

CR network topology. Thus, the (m,m′)-th entry am,m′ of

A for m,m′ ∈ M is 1 if nodes m and m′ are neighbors,

and 0 otherwise. Then, the Laplacian matrix L is defined as

L := diag(A1)−A, where 1 is the all-one vector, and diag(v)
is a diagonal matrix with the entries of vector v on its diagonal.

1) Training Phase: In the training phase, given a training

set {yobs
n }Nn=1, which may contain missing entries, the goal

is to form an estimate D̂ of D such that yobs
n ≈ OnD̂sn for

n = 1, 2, . . . , N , where coefficients sn are sparse, and matrix

On discards the missing entries. Specifically, the following

optimization problem is solved to obtain D̂.

D̂ := arg min
D∈D,{sn}

N
∑

n=1

fn(sn,D) (5)

where

fn(s,D) :=
1

2
||yobs

n −OnDs||22 +λs||s||1 +
1

2
λLs

T DT LDs

(6)

D := {[d1, . . . ,dQ] ∈ R
M×Q : ||dq||

2
2 ≤ 1, q = 1, . . . , Q}.

(7)

Here, the first term in (6) promotes fitness of the reconstruction

to the training datum in a least-squares (LS) sense, and the ℓ1-

norm-based regularization term encourages sparsity in s with

λs > 0 playing the role of a tuning parameter. The third term

in (6) can be re-written as

sT DT LDs =

M
∑

m=1

M
∑

m′=1

am,m′(πm − πm′)2 (8)



indicating that it encourages the interference levels experi-

enced at neighboring nodes to be similar, with λL > 0 being

a tuning parameter.

To appreciate the role of this Laplacian matrix-based reg-

ularization, suppose that a CR never reports an observation

during the entire training period. Then, without the last term,

the corresponding row in D̂ cannot be estimated, making it im-

possible to predict the interference level at this CR’s location.

The presence of the Laplacian term allows one to estimate the

missing entry relying on neighbors’ measurements.

2) Operational Phase: Once D̂ has been obtained as in (5),

the operational phase predicts the interference levels. First, a

sparse coding step is performed at each time t to estimate

the sparse coefficient s(t) corresponding to the measurement

yobs(t); that is,

ŝ(t) := argmin
s

1

2
||yobs(t)−O(t)D̂s||22 + λs||s||1

+
1

2
λLs

T D̂T LD̂s. (9)

Then, the desired interference levels in π(t) that include the

missing entries can be recovered by π̂(t) := D̂ŝ(t).

3) Implementation: Problem (9) is convex and there are

various specialized algorithms available for solving the prob-

lems of this sort extremely fast. On the other hand, (5)

is nonconvex, and it is difficult to obtain globally optimal

solutions. However, the problem is convex with respect to D

and {sn} individually. Thus, to find a locally optimal solution,

a block-coordinate descent (BCD) algorithm can be employed,

for which convergence is well established [14].

Specifically, at the k-th iteration, updates are done as

{ŝ(k)n } := argmin
{sn}

N
∑

n=1

fn(sn, D̂
(k−1)) (10)

D̂(k) := arg min
D∈D

N
∑

n=1

fn(ŝ
(k)
n ,D) (11)

where D̂(k) and {ŝ
(k)
n } are the k-th iterates. Note that (10)

can be solved separately per n = 1, 2, . . . , N using the same

solver as the one for (9). To solve (11), a BCD algorithm can

be once again employed over the columns of D. Define L̃n :=
OT

nOn+λLL, and let sn,q denote the q-th entry of vector sn.

Then, the overall dictionary training algorithm is presented

in Table I. A similar scheme for a different application was

devised in [14].

B. Online Algorithm

In order to track time-varying statistics of the interference

patterns, an online algorithm can be derived, in which the

dictionary training and spatial interference prediction are per-

formed jointly at the same time [15]. Compared to the batch

training discussed in Sec. III-A, the online algorithm can

Input: training set {yobs
n }Nn=1, {On}, initial dictionary D0,

λs, L and λL

Output: D̂ := [d̂1, d̂2, . . . , d̂Q]

1: Set D̂ = D0

2: Repeat

Perform sparse coding with fixed D̂.

3: For n = 1, 2, . . . , N

4: ŝn = argmins fn(s, D̂)
5: Next n

Perform dictionary update with fixed {ŝn}
6: Repeat
7: For q = 1, 2, . . . , Q

8: d̄q = d̂q +
(

∑N
n=1 L̃ns2n,q

)−1

·
[

∑N
n=1 sn,q

(

OT
n yobs

n − L̃nD̂sn

)]

9: d̂q = d̄q/max{||d̄q ||2, 1}
10: Next q
11: Until convergence
12: Until convergence

TABLE I
A BCD ALGORITHM FOR DICTIONARY TRAINING [14].

perform the computation recursively, resulting in significant

savings in complexity and memory.

Specifically, the following formulation is adopted, which

weights recent observations more heavily.

D̂(t), {ŝ(t)}

= arg min
D∈D,{s(t)}

t
∑

τ=1

βt−τ

(

1

2
||yobs(τ)−O(τ)Ds(τ)||22

+λs||s(τ)||1 +
1

2
λLs

T (τ)DT LDs(τ)

)

(12)

where β ∈ (0, 1] is a forgetting factor. Instead of solving

problem (12) in a batch fashion for the entire time horizon

τ = 1, 2, . . . , t whenever a new observation yobs(t) arrives

at each time t, an online approach updates only the “current”

coefficient vector ŝ(t), while the past ones ŝ(t− 1), . . . , ŝ(1)
are held fixed. Nevertheless, it can be shown under mild

conditions that D̂ so obtained converges as t → ∞ to the

same D̂ as would be obtained from a batch approach [15].

Although the dictionary update depends on the entire ob-

servation history, a recursive computation can avoid storing

the past observations and calculations. For this, it is useful to

maintain the following quantities:

A(t) :=

t
∑

τ=1

βt−τ ŝ(τ)ŝT (τ) = βA(t− 1) + ŝ(t)ŝT (t)

(13)

Am(t) :=

t
∑

τ=1

βt−τ
1{m∈Mobs(τ)}ŝ(τ)ŝ

T (τ)

= βAm(t− 1) + 1{m∈Mobs(t)}ŝ(t)ŝ
T (t), m ∈ M

(14)

B(t) :=

t
∑

τ=1

βt−τOT (τ)yobs(τ)ŝT (τ)

= βB(t− 1) +OT (t)yobs(t)ŝT (t) (15)



Input: online observations {yobs(t)}, {O(t)},
initial dictionary D0, λs, L, λL and β ∈ (0, 1]

Output: {π̂(t)}

1: Set D̂(0) = D0, A(0) = 0, Am(0) = 0 ∀m ∈ M,
and B(0) = 0.

2: for t = 1, 2, . . .
Perform sparse coding

3: ŝ(t) = argmins
1
2
||yobs(t)−O(t)D̂(t− 1)s||22

+λs||s||1 + 1
2
λLs

T D̂T (t− 1)LD̂(t− 1)s
Perform prediction

4: Output π̂(t) = D̂(t− 1)ŝ(t)
Perform dictionary update

5: A(t) = βA(t− 1) + ŝ(t)ŝT (t)
6: Am(t) = βAm(t− 1) + 1{m∈Mobs(t)}ŝ(t)ŝ

T (t)

for ∀m ∈ M
7: B(t) = βB(t− 1) +OT (t)yobs(t)ŝT (t)

8: Set [d̂1(t), . . . , d̂Q(t)] = D̂(t− 1)
9: Repeat

10: For q = 1, 2, . . . , Q

11: Update d̂q(t) as (18)–(19)
12: Next q
13: Until convergence

14: Set D̂(t) = [d̂1(t), . . . , d̂Q(t)]
15: Next t

TABLE II
AN ONLINE ALGORITHM FOR SPECTRUM PREDICTION.

where 1{·} is an indicator function equal to 1 if the condition

inside the braces are satisfied, and 0 otherwise.

Similar to the batch case in Sec. III-A, the dictionary update

amounts to solving (12) for D̂(t) with {ŝ(τ)}tτ=1 fixed. Let

ŝj(τ) denote the j-th entry of ŝ(τ), and Am,jq(t) and Ajq(t)
the (j, q)-th entry of matrices Am(t) and A(t), respectively.

Also, let bj(t) represent the j-th column of B(t). Then, upon

defining

Φj,q(t) :=

t
∑

τ=1

βt−τ ŝj(τ)ŝq(τ)(O
T (τ)O(τ) + λLL) (16)

= diag([A1,jq(t), A2,jq(t), . . . , AM,jq(t)]) + λLAjq(t)L
(17)

the column-wise BCD leads to the following update for the

j-th column of D̂(t)

d̄j := Φj,j(t)
−1



bj(t)−

Q
∑

q=1,q 6=j

Φj,q(t)d̂q(t)



 (18)

d̂j(t) =
d̄j

max{||d̄j ||2, 1}
. (19)

The overall algorithm for online spectrum prediction is given

in Table II.

IV. SPATIO-TEMPORAL SPECTRUM PREDICTION

The algorithms developed so far provide imputations for

missing measurements of spatial interference distributions,

given the (incomplete) measurements of the current and the

past time instants. However, in order to predict the future

interference status, for which not even partial measurements

Fig. 1. CR network topology and PU transmitter locations.

can be available, one has to incorporate temporal correlation

structures into the model, or learn such structures from the

data. Spatio-temporal prediction using a Kalman filtering

framework has been reported in the context of weather pre-

diction, CR sensing, and network monitoring [16], [7], [17].

In this work, we leverage the data-driven dictionary learning

framework to learn temporal dynamics from the data even in

an online fashion.

The idea is to simply concatenate into a super-vector the

observations over T consecutive intervals, and apply the

algorithms developed in Sec. III. That is, define

Yobs(t) := [yobsT (t), . . . ,yobsT (t− T + 1)]T (20)

O(t) := [OT (t), . . . ,OT (t− T + 1)]T (21)

L := IT ⊗ L (22)

where ⊗ denotes the Kronecker product, which are used in

place of yobs(t), O(t), and L, respectively, in the algorithm

of Table II.

To perform prediction for π(t+1), after executing line 14 in

Table II, compute sparse coefficient ŝf (t + 1) for a fictitious

observation Yobs,f (t + 1) := [yobsT (t), . . . ,yobsT (t − T +
2)]T , assuming that the entire yobs(t + 1) is missing; i.e.,

Of (t+ 1) := [OT (t), . . . ,OT (t− T + 2)]T . Then, π̂(t+ 1)
can be obtained as

π̂(t+ 1) = D̂(t)[1:M, :]ŝf (t+ 1) (23)

where D̂(t)[1:M, :] denotes the first M rows of D̂(t).
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Fig. 2. Interference power using the batch algorithm.

V. NUMERICAL TESTS

The performance of the proposed algorithms was evaluated

via numerical tests. A CR network consisting of M = 20
nodes with the topology depicted in Fig. 1 is considered,

where the circles denote the CR nodes and the lines represent

the connections established among neighbors. The interference

power distribution due to K = 3 PU transmitters is also

depicted in Fig. 1, where the emitter locations are clearly

revealed. The pathloss was computed as
(

d
d0

)α

, where d was

the distance, d0 = 0.01 and α = 2.5. The number of atoms

of the dictionary was set to Q = 50.

First, the two-phase algorithm was tested. Each of the

PUs turned on with a 30% chance, and transmitted at a

power level pk(t) chosen from a uniform distribution with

support [100, 200]. Each CR made a measurement with a 70%
chance. The measurements were corrupted by additive noise

generated from a zero-mean Gaussian distribution with vari-

ance 10−5, which was then clipped to ensure non-negativity.

The measurements were also normalized by the maximum

amplitude observed in the training set. No shadowing or small-

scale fading was considered, signifying a quasi-static scenario.

N = 300 samples were used to train the dictionary, and

then another 300 samples were supplied for the operational

phase. The values of λs and λL were set to 0.1 and 0.005,

respectively. To compensate for the bias inherent in Lasso-type

estimators, de-biasing was performed in the operational phase;

that is, after performing sparse coding in (9) to obtain ŝ(t),
(9) was re-solved without the ℓ1 regularization term only for

the non-zero entries in ŝ(t). Fig. 2 shows the true interference

level and the reconstructed one at CR m = 12 in the thick

blue and the thin red curves, respectively. The missing (true)

levels are denoted by the green circles, whose interpolations

are marked by the magenta crosses. It can be seen that the

missing entries are accurately recovered through the proposed

method.

To test the online algorithm, the Rayleigh fading coefficient
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Fig. 3. Interference power using the online algorithm.
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hmk(t) for the channel from PU k to CR m at time t was

generated using a first-order autoregressive model

hmk(t) = αhmk(t− 1) +
√

1− α2wmk(t) (24)

where α = 0.9995 was used, and wmk(t) was circularly

symmetric zero-mean complex Gaussian noise with variance 1.

The overall channel gain gmk(t) was formed by multiply-

ing the pathloss with |hmk(t)|
2. The forgetting factor was

β = 0.95, and λs = 0.25 and λL = 0.005 were used.

The transmit-power of all PUs was fixed to 150 so that the

tracking performance could be clearly visible. Fig. 3 shows the

interference level for CR 7, where it is evident that the online

algorithm tracks the slow variation of interference levels due

to channel fading. Also, it is noted that the initial transient for

the online learning is quite short.

The normalized root mean square error (RMSE) for the

missing observations, averaged over 20 CRs, is depicted in
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Fig. 5. One-time slot prediction.

Fig. 4 for various values of λs and λL. The online algorithm

was again used. Two sets of curves are presented, correspond-

ing to the chance of missing observations Pmiss equal to 0.3
and 0.5. The curves reveal that optimal values for λs and λL

exist. It can be deduced that the Laplacian-based regularization

becomes more important when a larger fraction of observations

are unavailable.

In order to test the temporal prediction, certain traffic

patterns were assumed. That is, at each time interval t, PU 1

tossed a coin and transmitted with probability 0.1. If PU 1

did transmit, PU 2 transmitted in the next time slot, followed

by PU 3’s transmission in the third time slot. Likewise, at

each time t, PU 3 started transmission with probability 0.15,

followed by PU 2 in the second time slot, and PU 1 in the third.

Fig. 5 shows the result of the one-time slot-ahead prediction

of the interference power at CR 6 using the online algorithm

with T = 4. No missing measurements were assumed. It can

be seen that the traffic patterns are successfully acquired by

dictionary learning to predict future interference levels.

VI. CONCLUSIONS

Spectrum prediction algorithms for CR networks have been

developed. Using a dictionary learning framework, the algo-

rithms can predict the interference power experienced at each

CR node based on the current and the past measurements

collected from a subset of nodes in the network. Exploiting

the fact that the spatial variation of interference is smooth, a

regularization term based on the CR network topology was

also incorporated. Batch and online algorithms were derived,

where the online alternative possessed a tracking capability

at lower complexity and memory requirements. Temporal

prediction was also discussed. Numerical tests verified the

efficacy of our novel schemes. Experiments with real datasets

will be considered in a future work.
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