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Cooperative Spectrum Sensing for Cognitive Radios
Using Kriged Kalman Filtering
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Abstract—A cooperative cognitive radio (CR) sensing problem
is considered, where a number of CRs collaboratively detect the
presence of primary users (PUs) by exploiting the novel notion of
channel gain (CG) maps. The CG maps capture the propagation
medium per frequency from any point in space and time to each CR
user. They are updated in real-time using Kriged Kalman filtering
(KKF), a tool with well-appreciated merits in geostatistics. In ad-
dition, the CG maps enable tracking the transmit-power and loca-
tion of an unknown number of PUs, via a sparse regression tech-
nique. The latter exploits the sparsity inherent to the PU activities
in a geographical area, using an �-norm regularized, sparsity-pro-
moting weighted least-squares formulation. The resulting sparsity-
cognizant tracker is developed in both centralized and distributed
formats, to reduce computational complexity and memory require-
ments of a batch alternative. Numerical tests demonstrate consid-
erable performance gains achieved by the proposed algorithms.

Index Terms—Channel estimation, cognitive radio, compressed
sampling, distributed algorithms, Kalman filters.

I. INTRODUCTION

I N SPITE of the perceived scarcity of spectral resources
for new wireless services, the licensed spectrum is grossly

under-utilized in its space and time dimensions [1]. This has
stimulated interest in the concept of cognitive radios (CRs),
which aim to make opportunistic use of the unused bands, by
identifying the “white spaces” in frequency, time, and/or space
domains. In a hierarchical access model, the CR secondary users
are allowed to transmit only when their transmissions do not
interfere with the ongoing communication of the licensed pri-
mary users (PUs). Especially for this context, reliable spectrum
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sensing to detect the presence of PU signals is of paramount im-
portance [2].

At the expense of increased communication overhead among
CRs, cooperative sensing schemes can achieve significantly
improved performance relative to single-CR sensing [3]–[5].
Through fusion of local measurements, cooperative sensing can
collect the spatial diversity provided by different propagation
distances and fading experienced by the PU-to-CR channels.
In [6], a weighted sum of the power measurements was used
as a test statistic at the fusion center (FC) in order to maxi-
mize the probability of detecting available bands. However,
PU-to-CR channel gains were assumed independent, and thus
correlation of observations across CR nodes was not accounted
for. In [7], the sensing decisions made by individual CRs
were combined at the FC using a linear-quadratic fusion rule,
which takes into account correlated observations. However, the
signal-to-noise-ratios (SNRs) of all channels were assumed to
have identical means, which may not be realistic.

Recently, interest has grown in spatial re-use techniques for
CR networks, where CR transmissions are permitted as long as
the signal-to-interference-plus-noise-ratio (SINR) requirements
of the PU receivers are satisfied thanks to attenuation in the
propagation paths [2], [8]. Toward this direction, initial efforts
have been made to construct power spectral density (PSD)
maps, which capture the ambient RF power distribution in
space, time, and frequency. The PSD maps provide vivid de-
scription of which region in the area of interest is “crowded” in
terms of RF interference, and must hence be avoided by the CR
transceivers. A spatial interpolation technique called Kriging
[9] was employed by [10] and [11] to obtain the PSD maps, al-
beit the map estimation was performed offline. In [12], a smooth
PSD map was computed using the method of splines. However,
these works cannot cope with time-varying channel gains.

In this paper, a cooperative CR sensing scheme is developed,
in which PU positions and transmit powers are tracked by ex-
ploiting a descriptive model of the propagation environment in
the area where the CR network is operated. The novel concept of
channel gain (CG) maps is introduced to capture per frequency
the up-to-date channel gains from an arbitrary point in space to
the individual CR receivers. Although beyond the scope of this
paper, assuming reciprocity, the CG maps can even provide the
range of power levels that can be used by the CR transmitters to
prevent disruption to the existing PU links. In addition to coping
with time-varying environments, the latter constitutes the major
complementary information provided by CG maps that is not
available with PSD maps, especially when dealing with shad-
owing propagation channels.
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A key contribution of this work is a pragmatic model of the
spatio-temporal channel correlation structure, so as to obtain an
estimate of the entire map from a finite set of spatio-temporal
samples. Kriged Kalman filtering (KKF) [13] (a.k.a. space–time
Kalman filtering [14]) is a tool with well-appreciated merits
in geostatistics and environmental science. Its novel adaption
in the present context enables efficient tracking of the channel
gains in space and time.

Once the CG map estimates are obtained, the spectrum
sensing task is accomplished by solving a sparse regression
problem. Sparsity emerges because in a given time instant and
frequency band, only a few PU transmitters can be actively
transmitting due to mutual interference. Motivated by recent
advances in compressive sampling [15], this inherent sparsity
was exploited in [16] to estimate transmission powers and
the positions of an unknown number of active PUs using a
least-squares (LS) criterion regularized with the -norm of the
unknown vector, which promotes sparsity in the estimand.

Here, this approach is considerably broadened to track time-
varying PU activities with the aid of a pragmatic fading model.
To obtain an efficient tracker that can solve a sparse regression
problem based on sequentially acquired observations, the re-
cently developed online coordinate descent (OCD) Lasso algo-
rithm [17] is adapted here to the time-varying spectrum sensing
problem at hand. Moreover, a distributed version is developed,
which converges to the solution of its centralized counterpart
based only on local message-passing among neighboring nodes
in the CR network.

The rest of the paper is organized as follows. In Section II,
the problem statement is presented. In Section III, a KKF-based
algorithm is developed for tracking CG maps. Section IV deals
with estimation of the model parameters that are necessary for
the operation of KKF. The centralized and distributed algo-
rithms to track PU activities are the subjects of Section V. Sim-
ulations are presented in Section VI, followed by concluding
remarks in Section VII.

II. PROBLEM STATEMENT

Consider an incumbent PU system, the activity of which is to
be monitored in a geographical area via cooperation of

CRs that are also located in . The CR locations, denoted
by position vectors relative to a given reference
coordinate system, are assumed known to the CR network. In
lieu of prior information on the PU signal characteristics, and
motivated by low-complexity considerations, the CRs employ
non-coherent energy detectors to detect the presence of PU sig-
nals [18].

Suppose that PU transmitters (sources) are located at
. Neither the number of PU transmitters nor their

positions are known to the CRs. Let denote the channel
gain from an arbitrary position to CR at time .
Assuming that the PU signals are statistically independent, the

receive-power in the band of interest measured by CR at time
is given by

(1)

where is the transmit-power of the PU located at at time
, and the receiver noise at CR at time with mean zero

and variance .
The channel gain can be decomposed into path loss,

shadowing, and small-scale fading factors. By averaging out the
effect of small-scale fading, the (averaged) channel gain of the
link at time , expressed in dB, can be written as

(2)

where , is the path gain at the
unit distance, the path loss exponent, and the shadow
fading in dB. Note that frequency selectivity can be accounted
for by dividing the spectrum into frequency-flat subbands, and
processing them individually.1

In order to track the slowly time-varying , training
signals transmitted by the CRs will be exploited. The training
signals are generally present in the CR packets to aid syn-
chronization and channel estimation of the intended re-
ceivers. For simplicity, it is assumed that the CRs transmit
unit-power training packets in a time-division multiple access
(TDMA)-fashion when the PUs are detected to be silent. Thus,
with CR transmitting the
training signal in a given TDMA slot at time and the PUs
being silent, CR can acquire an estimate of (and
thus of by translation to a dB-scale) simply by
measuring the received power . Subsequently, given that
CR locations are known, it is possible to obtain an estimate

of the shadow fading component by sub-
tracting the known path loss from the estimate of ;
i.e., .

The noisy measurement can be expressed as

(3)

where denotes the measurement error modeled
as Gaussian distributed with zero mean and variance .
Consider the vector containing the mea-

surements collected by CR at time ; that is
,

where denotes transposition.
The CR sensing scheme proposed in this paper proceeds in

two steps:
S1) Based on acquired during the training phase

for the CR positions, maintain an up-to-date estimate of
the CG map at each CR for arbitrary posi-
tions ;

1Henceforth, the analysis applies on a per frequency � basis; but � is dropped
for notational brevity.
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S2) Based on the estimates of formed at
all CRs in S1), and the received powers
measured at CRs during the operational phase, coopera-
tively track the PU locations as well as the PU
transmit-powers .

Under reciprocity, knowledge of in S1) and
transmit-power per CR enables cartography of the interference
profile at any point in space and time.

III. TRACKING OF CG MAPS VIA KKF

Given the cumulative measurements available at
the corresponding CR locations , the goal of KKF in
the present application context is to estimate, that is, interpo-
late, at any arbitrary point , and track it across
time . The critical step to this spatio-temporal interpolation and
tracking task, is an appropriate state-space model for shadow
fading—the subject dealt with in the next subsection.

A. State-Space Model

Shadow fading in linear scale is distributed according to a log-
normal distribution [19, p. 104]; hence, in dB follows a
Gaussian distribution. Similar to [13] and [14], the spatio-tem-
poral evolution of for , is modeled here as

(4)

(5)

where is a spatio-temporally colored component with
the function capturing the interaction between at
position at time and at position at time ; and

and are spatially colored yet temporally white
zero-mean Gaussian stationary random fields with separable co-
variance structure

(6)

(7)

where denotes the Dirac delta function.
Process in (4) represents the small-scale fluctuations

of the shadow fading observed at CR , which is uncorrelated
with in (3) for all and ; while in (5) captures
the system noise that is uncorrelated with or ,

. Moreover,
, for all , and . For stability, it must further hold

that .
Remark 1: A recent measurement campaign in the 2.4-GHz

band for nomadic as well as mobile distributed channels con-
firmed that shadow fading can be accurately modeled by a
log-normal-distributed first-order spatio-temporal autoregres-
sive process [20]. One can draw analogy between the shadow
fading model used here, and the model set forth in [20] as fol-
lows: captures the static shadowing component (both
the obstruction-based as well as the multipath-based static
shadowing), and the temporally correlated dynamic shadowing
component; while represents the dynamic shadowing
component that has spatial structure, but no temporal correla-
tion (e.g., due to a large inter-measurement spacing, compared

to the time scale of the small-scale movements in the environ-
ment, which cause dynamic shadowing.) The spatial correlation
model of the latter term is generic in the present framework,
and the model parameters are estimated from training; see
Section IV.

The state-space model in (4) and (5) is infinite-dimensional.
A common approach to reduce its dimensionality is to employ
a basis-expansion representation [14], [21]. Let de-
note a set of complete pre-specified orthonormal bases defined
on . Then and can be expressed as

(8)

(9)

where and are the basis-expansion coeffi-
cients for and , respectively.

By retaining only the dominant components of the
expansion, and introducing the vectors

, , and

, the state evolution in (5) can be
rewritten as

(10)

Upon defining

and sampling (10) at positions ,
the evolution of the state per CR can be expressed as

(11)

Consequently, assuming that and is non-
singular, the state equation

(12)

can be obtained, where is the pseudo-

inverse of and .
Substituting (11) into (4), the measurement equation in (3)

can be expressed in vector-matrix form as

(13)

where and are the appropriate vectorizations of
and , respectively.

From (12) and (13), a space–time Kalman filter can be derived
as explained next to estimate , and thus , ,
and hence for any arbitrary position at time .

B. Spatio-Temporal KKF

Given the state (12) and the measurement (13), the minimum
mean-square error (MMSE) estimate of the state vector at
time can be obtained via ordinary Kalman filtering. Let
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and denote the covariances of and , respectively,
and define . Also, let matrix denote the
cumulative observations . Then, the Kalman
filtering equations are given by (see, e.g., [22, Ch. 3])

(14)

(15)

(16)

(17)

where the Kalman gain at time is given by

(18)

The Kalman filter-estimate can thus be used to track
the temporally dynamic component of in (4)
through . To capture the
component corresponding to , which is temporally white
yet spatially colored, one needs to augment the Kalman filter-
based estimator with a linear spatial interpolator. The overall
KKF estimator is described in the following proposition; see
also [21, Lemma 4.2].

Proposition 1: Conditioned on the measurements , the
shadow fading process is Gaussian distributed with
mean and variance given, respectively, by

(19)

(20)

where and .
Proof: See Appendix A.

Note that (19) provides the MMSE estimate of the
shadow fading process at any and , using only the preselected
bases in and the estimates , acquired at the CRs
during the training phase.

Given the KKF estimate , the CG map estimate
for an arbitrary can be readily constructed by

adding back the path loss component as [cf. (2)]

(21)

C. KKF With Measurement Losses

As mentioned in Section II, the shadow fading measurements
can be obtained using training signals exchanged with

the other CRs in the network. Since the training signals also need
to respect the PU-CR hierarchy, such measurements cannot be
acquired if the PUs are continuously active over an extended pe-
riod of time. Measurement misses may also occur when the con-
trol channel is congested. In such cases, the KKF update must be
performed open-loop without any measurements. Specifically,
if the measurement is missing at time , the prediction step of
Kalman filtering is the same as in (14) and (15), but the correc-
tion step in (16) and (17) is replaced by

(22)

(23)

The KKF estimate at time then becomes

(24)

(25)

It should be noted that under proper stability conditions, the
measurement losses over an extended period will eventually
bring the KKF estimate down to 0. In this case, the
KKF-based model falls back to the path loss-only model [cf.
(2)]. This is a nice safety feature ensuring that the proposed al-
gorithms perform no worse than the alternatives which account
only for path-loss effects. Note also that it is natural to initialize
the CG map estimates with the path-loss-only map.

Remark 2: It should be noted that in the usual deployment
scenarios for CRs, the probability of PU presence is very low.
Moreover, shadowing typically varies very slowly compared to
the coherence time of the PU activities. These considerations
indicate that a prolonged outage of measurements should be a
rare event.

IV. ESTIMATION OF MODEL PARAMETERS

The KKF presented in Section III-B is optimal only when
exact knowledge of the model covariances

, and the state transition matrix in (12) and (13) are
all available. For the interpolation step, one also needs the cross-
covariance for arbitrary

and [cf. (19) and (20)].
In this paper, an empirical Bayesian approach is pursued to

estimate the required parameters in (12) and (13) from the data,
and use them in the KKF recursions. A fully Bayesian hierar-
chical method was advocated in [23], where the priors on the
model parameters were estimated through a Gibbs sampler. In
[14], the standard method of moments was employed to obtain
the necessary estimates. This latter approach is adopted here
for simplicity. To estimate , however, a model-based ap-
proach is pursued to account for the fact that measurements are
made at random positions in space.
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A. Estimation of Model Covariances

Supposing that the measurement noise is white in
space and time, it follows that , where can be
obtained during the calibration process of the measurement de-
vice. The estimate is readily found using the sample covari-
ance of the data . Then, the estimate of is obtained as

. Since belongs to the subspace spanned
by the columns of , it is possible to estimate by a pro-
jection operation as

(26)

Similarly, can be obtained as

(27)

The covariance can be estimated for an arbitrary
and , using the exponential class of

covariance functions, see also [24, p. 56]

(28)

where and are the variance and the coherence distance
of , respectively. These parameters can be obtained in closed
form by LS fitting the estimated , as detailed in Appendix B.

Alternatively, the approach of [25] can be used, which can fit
the covariances with negative values better. Specifically, a class
of covariance functions with the form

(29)

is considered, where and are the parameters
to be chosen. Stack the entries in the diagonal and the lower-
triangular part of into a vector with

dimension . Similarly, the diagonal and
the lower-triangular part of a matrix whose th entry is

, is collected into a vector . Given
a choice of , the values of are obtained by solving
the constrained LS fitting problem

(30)

subject to (31)

where . The constraint in (31) ensures that the fitted
covariance function is smooth by imposing a bound on its first
derivative. For simplicity, for , will
be used in the numerical tests with .

Before estimating , observe that the KKF recursion (15)
requires only an estimate of the product , and not an

estimate of in isolation. Define and

. Then, note that ,

and that is given by [cf. (13)]

(32)

(33)

Thus, and hold; hence,
[cf. (12)]

(34)

(35)

Matrix can now be estimated by plugging into (35)
the expression for found as in (26), and the estimate
obtained via sample averaging.

B. Estimation of the State Transition Matrix

To estimate , note first that [cf. (11) and (13)]

(36)

where the relation is again used. Thus, an
estimate of is obtained as

(37)

and .
Recall that (and hence ) is formed using preselected

basis functions. One such basis can be constructed easily for a
rectangular area using the set of Legendre polynomials in two
variables [26, Ch. 2].

Table I summarizes the overall algorithm implementing the
step S1) for tracking the CG map at each CR across
time , for any arbitrary point of interest in the geographical
area .

V. SPARSITY-AWARE COOPERATIVE SPECTRUM SENSING

Based on the map estimates obtained via
KKF, this section shows how to estimate locations and
transmit-powers of the PUs in the geographical area . This
task can be accomplished by solving a linear regression problem
collaboratively among all the CRs, while exploiting the inherent
sparsity present.

Consider a set of candidate PU source locations
. Without prior knowledge of the potential PU po-

sitions, can be formed simply by discretizing the area into
a set of grid points. Let ,
where implies presence of an active PU transmitter at
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TABLE I
SUMMARY OF THE MAP TRACKING ALGORITHM

location at time , while the absence of the same.
With , the power measure-
ment (1) can be compactly rewritten as

(38)

Since the number of active transmitters over the same spectral
band in a given geographical area is limited due to mutual inter-
ference, the number of nonzero entries of at a given time

is far smaller than for large ; that is, the vector is
sparse. Motivated by the recent advances in compressive sam-
pling [15], the spectrum sensing problem has been formulated as
a sparse regression problem with an -norm-based regulariza-
tion term in [16]. Here, this formulation is considerably broad-
ened to account not only for time-varying PU activities but also
for spatio-temporal shadow fading propagation effects.

In order to track the time-varying PU activities, the following
time-weighted non-negative Lasso formulation is considered:

(39)

where denotes the forgetting factor,
, and is a tuning parameter that controls the

sparsity of the solution. Albeit non-differentiable, the problem
in (39) is convex; thus, it can be solved efficiently using standard
quadratic programming iterations (e.g., the Sedumi solver [27]).
However, solving it in a batch fashion would incur considerable
overhead in terms of computational complexity and memory
requirement. In the ensuing subsections, recursive algorithms
are developed, both in centralized and distributed formats.

A. Centralized Algorithm for PU Tracking

In a centralized setup, the power measurements and the CG
estimates from all cooperating CRs are collected at a central
unit [a.k.a. fusion center (FC)], which may be either one of the
CR nodes, or a separate control node. To track PU activities
centrally at the FC, one can employ the adaptive Lasso algo-
rithm of [17] that is termed online coordinate descent (OCD)-
Lasso. OCD performs cyclic iterative minimization of the time-
weighted Lasso cost, with respect to one entry of per iter-
ation. We employ the OCD-Lasso by properly adapting it to
the vector observation case, and by imposing the non-negativity
constraints on the PU transmission powers.

For notational convenience, let us express the time index as
, with corresponding to the entry

of updated at time , and representing
the number of times that the th entry of has been
updated. With denoting the objective function of the opti-
mization problem in (39), the cyclic coordinate descent update
can be expressed as

(40)

(41)

Now define

(42)

(43)

Then, the update in (40) is equivalent to

(44)

where and denote the th entry of , and
the th entry of , respectively, and

(45)

The solution of (44) is obtained in closed form as

(46)

where .

B. Distributed Algorithm for PU Tracking

In certain cases, a distributed algorithm may be more de-
sirable than a centralized implementation, due to scalability
and robustness issues. A distributed algorithm does not require
all the measurements to be collected at a single processor,
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but rather performs consensus-based in-network processing,
which requires only local message-passing among single-hop
neighboring nodes in the CR network [28].

Let denote the set of
one-hop neighbors of CR . It is assumed that the links in the
CR network are bidirectional; i.e., implies . The

idea is to define local copies ,
, of the global and solve a constrained opti-

mization problem where local copies in the one-hop neighbor-
hood are enforced to be coherent; i.e., constant. Under the as-
sumption that the network is connected, i.e., that there are paths
from any node in the network to any other nodes, the localized
problem is equivalent to the original centralized problem.

Specifically, consider the coordinate descent update at time
for the th coordinate of given in (40). Define the per CR
(i.e., local) cost function as [cf. (39)]

(47)

Then, the following formulation, which is equivalent to (40), is
amenable to distributed implementation:

subject to (48)

Using the provably convergent alternating direction method
of multipliers (ADMoM) [29, p. 253], we will develop a solver
of (48), which converges to using only local mes-
sage-passing. To this end, and similar to the centralized algo-
rithm, define

(49)

(50)

(51)

where and denote the th element of
and the th entry of , respectively. Note that the

computation of , and is performed locally, and
does not require any message passing between nodes. Then, at
time , each CR performs the following updates iteratively:

(52)

TABLE II
SUMMARY OF THE SPECTRUM SENSING ALGORITHMS

(53)

where is the iteration index, is a given constant, and
denotes the cardinality of the set . To compute , CR

must collect from its one-hop neighbors, the power estimates
, , of the previous iteration. These messages are

exchanged over a dedicated control channel.
The following proposition states the convergence property of

the distributed algorithm.
Proposition 2: By performing the updates in (52) and (53) at

each CR per iteration , the local
copies for all converge and coincide
with of (40) as , for any positive and any initial-
ization for , provided that the network is connected,
and the links in the network are bidirectional.

Proof: See Appendix C.
The overall spectrum sensing algorithms that address step S2)

in Section II are tabulated in Table II.

VI. NUMERICAL TESTS

Numerical tests were performed to verify the performance of
the proposed algorithms. A CR network of nodes was
considered. The CR nodes, indicated by the circles in Fig. 1,
are uniformly distributed over an area of 200 m 200 m. Two
PUs are involved at positions marked by the triangles in Fig. 1.
The square dots represent grid points. It is assumed
that the active PUs transmit at a constant power of 1 W. The
path loss parameters were set to dB and . The
measurement noise variance was set to 0.1, and
orthonormal polynomials were used in .

To generate the space-time shadow fading field for each
CR, the model proposed in [30] was adopted. Specifically, a
time-varying zero-mean Gaussian “spatial loss” field
with a stationary, isotropic, and exponentially decaying co-
variance structure was generated first. The time-variance was
insinuated by an AR(1) perturbation model. Then, the shadow
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Fig. 1. Simulation setup. The CRs are indicated by the circles, and the PUs by
the triangles. The squares represent the grid points.

fading experienced in the link at time was generated
by means of a line integral

(54)

The effect of a building depicted by a dashed box in the
upper right part of Fig. 1 was also simulated by setting

dB in the region. The generated shadow fading
has standard deviation dB, coherence distance 78.6
m, and coherence time corresponding to 99.5 KKF iterations.
It should be emphasized that we do not generate the simulated
shadow fading map from the model set forth in Section II, but
through an unrelated mechanism tested experimentally in [30].

The CG map and the PU state tracking are performed in
two different time scales, since the shadow fading evolves very
slowly with the coherence time on the order of seconds to
minutes [19], while agility is desired in detecting the changes in
spectrum occupancy. In the experiments, Lasso iterations
were performed between consecutive map updates; i.e., the
Lasso iteration index , where is the KKF iter-
ation index. However, if the spectrum is sensed to be occupied,
the training signals cannot be transmitted; in this case, the map
was updated open-loop, as described in Section III-C.

Remark 3: Actual design of the PU detection strategies goes
beyond the scope this work, and all the numerical tests assume
that the detection is practically error-free. There are a couple
of justifications for such an idealization. In CR systems, the
miss detection, which is the event of not identifying active PU
transmissions, must be strictly regulated to protect the licensed
PU systems. In other words, no matter which detector is se-
lected, it has to be designed to yield very low probability of
miss detection. Therefore, the implication of miss detection to
the map tracking performance would be negligible. On the other
hand, false alarms, which are the cases where the detector erro-
neously reports the presence of active PUs, may affect the map
tracking performance through missed measurements. However,
as was discussed in Section III-C, the performance degradation
is lower-bounded by the schemes based on the path-loss-only

Fig. 2. Model fitting of covariance function � ���. The crosses represent the
estimated covariance samples from �� , and the diamond dots the bin averages
over a bin width of 20 m.

map. In fact, the PU tracking performance is hardly affected
even if the path-loss-only map is used, when there are no ac-
tive PUs; see also Fig. 5.

A. Performance of CG Map Tracking

Consider the particular CR located at (60, 60). In order to
perform the map tracking, the model parameters for KKF must
be estimated from the data as explained in Section IV. In par-
ticular, the covariance function must be identified
from a model fitting procedure. Fig. 2 shows the fitted covari-
ance functions using the models in (28) and (29). The values
of are plotted with “x” markers, and the bin averages of
the estimated covariance samples with a bin width of 20 m are
also shown in diamond dots. To fit the data to the model in
(29), various values of , , and were experimented. The
curve in small dots in Fig. 2 represents the fitted covariance with

, and . The curve with “ ” markers
corresponds to the covariance fitted to the exponential class in
(28). Since the model in (29) obviously characterizes the data
better than the exponential model, the numerical tests presented
subsequently will be based on fitted to this model.

Fig. 3 shows the true and the estimated CG and shadow fading
maps for CR . Fig. 3(a) depicts the true CG map at

. Clearly, the channel gain peaks at the location of CR
due to the path loss effect. However, the spatially inhomoge-

neous shadowing component depicted in Fig. 3(b) ren-
ders the overall CG map non-isotropic. Fig. 3(c) and 3(d) show
the estimated CG and shadow fading maps, respectively. It can
be seen that the spatial interpolation can effectively predict the
values of the shadow fading even in the locations where mea-
surements were not made. The standard deviation of the esti-
mation error of the shadow fading map averaged over all the
grid points and over 100 independent realizations of shadowing
was found to be 3.72 dB.

B. Performance of PU State Tracking

Centralized Algorithm: To track the PU state centrally at the
FC, the forgetting factor was used, and weighting factor

for the -penalty term was set as suggested in [17] to

(55)
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Fig. 3. CG maps and shadow fading maps at � � ���. (a) True CG map. (b) True shadow fading map. (c) Estimated CG map. (d) Estimated shadow fading map.

where is the iteration index for the OCD-Lasso algorithm,
and was used.

In Fig. 4, the trajectories of PU state estimates are shown for
three different cases: 1) perfect knowledge of CG maps, i.e.,

, ; 2) using the CG maps estimated
via KKF; and 3) by resorting to the path loss-only model, which
sets , . The top panel of Fig. 4 corresponds to
the power emitted from the position of “PU 1,” and the bottom
panel to “PU 2.” It is seen that the KKF-based algorithm cor-
rectly identifies the presence of both PU transmitters, while the
path loss-based scheme essentially misses “PU 2.” Moreover,
the transmission power of “PU 1” is clearly overestimated in the
path loss-based scheme. By exploiting the estimated CG maps,
the estimation performance of the PU power levels is signifi-
cantly improved and approaches that achieved through perfect
channel knowledge. Failing to accurately estimate the PU power
levels will have negative impact on spatial reuse techniques.

In Fig. 5, the average performance of the centralized algo-
rithm is shown. The mean-square error (MSE) curves plotted
in Fig. 5(a) were computed by averaging over 20 independent
shadow fading realizations. The true PU state evolution is the
same as in Fig. 4. To highlight the merits of the sparsity-ex-
ploiting technique, the MSE curves corresponding to the plain
recursive least-squares (RLS) are also shown in Fig. 5(a). The

Fig. 4. Power levels at PU 1’s location (top) and at PU 2’s location (bottom)
estimated by the centralized algorithm.

plain RLS, which does not exploit sparsity of the estimand is
seen to yield much higher MSE. The error is more pronounced
when both PUs are silent. In this case, the RLS algorithm es-
sentially reports the presence of low-power PUs, which may
cause false alarms. Fig. 5(b) plots the estimated power averaged
only at those grid points where PUs are absent, and thus rep-
resents the spurious power that should ideally be zero. Again,
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Fig. 5. Average performance of the centralized algorithm (top panels) and the
plain RLS algorithm (bottom panels). (a) MSE summed over all grid points.
(b) Spurious estimated power at the grid points where the PU is absent.

the KKF-based method exhibits performance close to that of
the perfect channel knowledge case, while the path loss-based
method yields large spurious power, indicating the positions of
the RF emitters are not correctly identified.

The last point is more evident in Fig. 6, where the MSEs at
the individual grid points at time instant are plotted,
when both PUs are active. For the path loss-based scheme, con-
siderable MSE is observed at three more grid points besides the
actual positions of the PUs. This is in contrast to the KKF-based
scheme, which is reliable at identifying the correct positions of
the PUs, although the power estimates themselves at the correct
PU positions are seen to contain some errors.

Fig. 7 shows the average MSE and mean spurious power per-
formance of PU state tracking using the perfect, KKF-based,
and pathloss-based CG maps, when the number of simultane-
ously active PUs is varied. The random positions of the
CRs and the PUs are uniformly distributed. It is seen that the
KKF-based map tracking offers a clear advantage in terms of
PU tracking performance, although the performance degrades
as the number of PUs increases.

Distributed Algorithm: In Fig. 8, a sample path of the PU
power estimate using the distributed algorithm is presented. The
parameter and the number of iterations to reach con-
sensus on the power estimates was set to . Com-

Fig. 6. MSE at each grid location at time � � �����.

Fig. 7. MSE and mean spurious power versus number of PUs.

Fig. 8. Power levels at PU 1’s location (top) and at PU 2’s location (bottom)
estimated by the centralized algorithm.

paring Fig. 8 with Fig. 4, it is clear that the distributed algorithm
achieves tracking performance very close to that of its central-
ized counterpart.

Fig. 9 shows the MSE curves for the distributed algorithm
when: 1) the channel is perfectly known; 2) the path loss-only
model is adopted; and 3) the KKF-based CG map estimates
are utilized. The MSE is seen to be a bit larger than that of
the centralized case. This is because the number of consensus
iterations is sometimes insufficient to bring the local esti-
mates to convergence. In other words, there is a tradeoff between
message-passing overhead and tracking performance in the dis-
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Fig. 9. MSE curves of the power estimates obtained using the distributed al-
gorithm, summed over all grid points (top) and over the grid points unoccupied
by the PUs (bottom).

tributed algorithm. It is also observed that after , there
is difference in the convergence speed of the three cases. For
example, it is seen that it takes longer for the path loss-based
scheme than for the KKF-based scheme, to detect the channel
availability, for the same number of iterations .

VII. CONCLUDING REMARKS

Novel spectrum sensing algorithms were developed in this
paper for cooperative CR networks. In order to improve the
sensing performance, a descriptive spatio-temporal shadow
fading model was employed. Based on the model, the optimal
filtering technique known as KKF was introduced to track the
temporal variation of the shadow fading, as well as to spatially
interpolate the channel gains from arbitrary points in the area of
interest to the individual CR positions. Analysis and simulated
tests confirmed that the KKF can accurately construct the
CG maps of the entire area using measurements acquired via
training signals exchanged among CRs. Exploiting the CG map
information, a sparsity-exploiting linear regression was formu-
lated to estimate the PU locations and transmit-power levels
in real-time. Both centralized and distributed implementations
of recursive sparse regression algorithms were developed.
Compared to the crude path loss-only model-based scheme, the
CG map-assisted PU tracking schemes exhibited considerable
improvement in estimating not only the positions of the PUs
but also their power levels. Such estimates are potentially very
useful for spatial reuse in CR networks—a challenging subject
with high priority in our future research agenda.

APPENDIX A
PROOF OF PROPOSITION 1

It can be easily verified from the modeling assumptions
that and are jointly
Gaussian. Thus, conditioned on , the process is
Gaussian distributed.

To derive the conditional mean, note that

(56)

where the outer expectation is with respect to . The
inner expectation is easily evaluated as

(57)

from the fact that is temporally white, and jointly
Gaussian with . Plugging (57) into (56), and using the
definition , the desired equation in
(19) is obtained.

To verify the conditional variance in (20), recall first the vari-
ance decomposition formula

(58)

The first term on the right-hand side of (58) can be rewritten as

(59)

(60)

(61)

(62)

where (61) follows from the fact that is jointly Gaussian
with , and uncorrelated with . The second term on the
right-hand side of (58) is found to be

(63)

(64)

(65)

Plugging (62) and (65) into (58) yields (20), and completes the
proof of the proposition.

APPENDIX B
LS FITTING OF EXPONENTIAL COVARIANCES

Stack the entries in the diagonal and the lower-triangular por-
tion of into a vector with dimension .
Likewise, collect in a vector the diagonal and the lower-trian-
gular part of a matrix whose th entry is . To fit
the estimated covariance of to the model in (28) in the
least-squares sense, solve the following optimization problem:

(66)
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where denotes the vector with all entries equal to 1, and
is a vector with its th entry equal to the log of the th entry of
. Solving the optimization problem in (66) using the Lagrange

multiplier method yields

(67)

(68)

APPENDIX C
PROOF OF PROPOSITION 2

It is clear that the solution to the optimization
problem (48) will coincide with the solution to the opti-
mization problem (40) when the network is connected. Thus, it
suffices to show that the proposed distributed algorithm yields
the sequences of , , that converge to the
solution of (48).

Consider the following equivalent reformulation of (48):

subject to

(69)

where
, and are

auxiliary optimization variables. Problem (69) is in the form
to which the alternating direction method of multipliers
(ADMoM) can be applied [29, p. 253].

Specifically, consider the augmented (partial) Lagrangian
given by

(70)

where are the Lagrange multipliers, and is a positive
constant. The ADMoM procedure updates the primal variables

and the dual variables , alternately, as

(71)

(72)

(73)

Proposition 4.2 in [29] implies that the sequence ,
, generated by (71)–(73) converges to the optimal so-

lution of (69), for each , for an arbitrary initial and
any positive constant .

It is now shown that the procedure (71)–(73) can be simplified
to (52), (53). First, it is noted that (72) can be rewritten as

(74)

(75)

where in the last step the conditions and the as-
sumption that the links are bidirectional are used. It is clear from
(75) that can be obtained as

(76)

By substituting (76) into (73), one obtains

(77)

Thus, it can be verified that

(78)

From (78) and (76), (77), it follows readily that

(79)

(80)

Now, consider (71), which can be rewritten as

(81)

(82)

Clearly, can be obtained in closed-form as

(83)
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Upon defining , and substituting (79)to (83),

(52) is obtained. Finally, (53) follows from the definition of
and (80).
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