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Abstract

Ef cient andinformative visualizationof surfaceswith uncertain-
ties is an importanttopic with mary applicationsin scienceand
engineering Examplesncludeenvironmentalpollution borderline
identi cation, identi cation of thelimits of anoil basin,or discrim-
ination betweercontaminate@ndhealtly tissuein medicine.This
paperpresentsan approachfor suchvisualizationusing points as
displayprimitives.Ourapproachs to rendereachpolygonasacol-
lection of pointsandto displaceeachpoint from the surfacein the
directionof the surfacenormalby anamountproportionalto some
randomnumbermultiplied by the uncertaintylevel at that point.
This approachcan be usedin combinationwith othertechniques
suchas pseudo-coloringand shadingto give rise to efcient and
revealingvisualizations. The methodis usedto visualizereal and
simulatedtumorformationswith uncertaintyof tumorboundaries.

CR Categories: 1.3.7[ComputationalGeometryandObjectMod-
eling]: Object Representations—]|.3.8 [Applications]: Tumor
Growth Models—;

Keywords: uncertaintyvisualizingsurfaceuncertainty pointsas
displayprimitives

1 INTRODUCTION

Everything we measureand hencemost everything that we deal
with in technical elds can have uncertaintyassociatedwith it.
Whenthe measuredor predicted)datais visualizedit is impor-
tantto communicateénformationaboutthe uncertaintyalongwith
thedataitself, especiallyif thevisualizatiorwill beusedn decision
making. For somesimplesituationgherearestandardnethodsor
dealingwith this problem. For example, representingincertain-
tiesin pointsof a 2D graphasvertical bars,graphingprobability
density curves and surfaces,displayinguncertaintyand dataside
by side. All of thesemethodsareaimedat conveying information
aboutuncertaintyor error. However, whendatasetsareeithervery
large and complicatedor multi-dimensionakhe problembecomes
morechallenging.

We have chosento concentrateon the problem of visualizing
surfaceswith uncertainties.This is a very importantsubproblem
becausef the greathumberof applicationst has.Sincewe livein
a 3D world, ary objectwe considerhasa surlace— whetherthat
is the surfaceof theterrain,the surfaceof the body of anairplane,
or thesurfaceof aninternalorgan. In addition,we frequentlygraph
surfacesto representhe interrelationof threevariables. In all of
theseandothercasesye mayneedto visualizeuncertaintie®f the
surfaces.It may bethatwe needto senda spaceshifpo the Moon
andthisrequiresusto nd aplacefor it to land. Thus,whenrender
ing the surfaceof the Moon, we would like to know how precisely
locationor altitudeis known in eacharea.We would certainlynot
pick alandingspotin anareawhereuncertaintyis high. Or perhaps
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whenvisualizinglooking at a visualizationof onesbrain obtained
from MagneticResonancédata,thesuigeonwould like to know the
locationof the boundariedbetweerhealtty andcancerousgissuein

orderto planasugery However, in orderto know how reliablethis

planmaybe,shehasto know how certaintheboundaryinformation
is. In the casewhenwe usesurfacesto interrelatethreevariables
in mathematic®r engineeringwe may needto know how certain
the apparentorrelationis in orderto know whetherto give it ary

credibility or not.

An ideal techniquesuitablefor displayingsurfaceswith uncer
taintiesshouldmeetcertainrequirements First, the methodmust
give informationaboutthe geometryof the surfaceandthe uncer
tainty in every region. The methodhasto be intuitive in that just
by looking at a visualizationthe information corveyed shouldbe
apparent.Sinceit is dif cult to corvey all the information about
a 3D surfacein a still 2D picture, the methodshouldbe interac-
tive to allow real time viewing from different positions. Finally,
whatever meanf visualizinguncertaintyis used,t hasto benon-
distracting.And ideally, onehasto be ableto visualizeothervari-
ablesalongwith uncertainty

In this papemwe presentinapproacho visualizingsurfaceswith
uncertaintiesvhich meetsall of the above requirementsOur tech-
nigueis basedn usingpointsasdisplayprimitivesto rendera sur
face.Themainideabehinddealingwith uncertaintyis to follow the
logical consequencef having an uncertaintyat a point. If we are
not very certainabouthow the surfacebehaesin a particularre-
gion, thenwe arenotvery certainaboutexactly whereto put points
representinghe surfacein thatregion. Hence we shouldput them
in away thatincorporates certainamountof randomnessyhich
shouldbeproportionalto theuncertaintyin theregion. Thisis done
onaperpointbasis.

We apply our approachto the visualizationof growing tumors.
It is well known that nding strict bordersof a growing tumoris
extremelyimportantwhenit comesto makingdecisionson how to
treatthe tumor, but alsovery hardbecauseareasof low tumor cell
density(which do notshav up very well on examinationwith CAT
scansareusuallythe oneswith the highestgrowth rates.

2 RELATED WORK

Thereis a rich and active body of researchaddressinghe chal-
lengeof shaving datavaluesin thecontext of their certaintiesn an
organic and effective manner Mane approachesvhich have been
effective canberoughlybrokendown into thesebasiccategories.
Samplingapproachesely on shaving uncertaintyinformation
only as discretepoints of the space. Examplesare uncertainty
glyphs[12, 16], soni cation [7, 11, 9], procedurabnnotationg2],
anddiscreteprobability distributions[14]. Thesemethodsareuse-
ful assamplingdevices, however, the factthat uncertaintyis only
shawn in discretepointslimits their utility in continuousdomains.
Another group of approacheselies on simply treating uncer
tainty as an extra variable, increasingthe numberof dimensions
of the datasetby one. This extra variableis thendisplayedusing
ary of the standardmethodsfor displayingmultidimensionaldata
sets.In particular pseudo-coloringl17] canbe easilyusedfor this
task. Theseapproachesre usefulin the sensehatthey generally



corvey informationaboutthe uncertaintycontinuously However,
uncertaintyis not a variablejust like all the othersin thatit is as-
sociatedwith somemeasure.Whenwe say uncertaintywe refer
to uncertaintyin somevariable. If this variableis alsoshavn in
the visualization thenideally the visual display mechanisnof the
uncertaintyshouldcorrespondo that of the variable. If we visu-
alize uncertaintyas just anotherindependenvariable, we fail to
male this connectionwhich partly defeatshe purposeof measur
ing uncertainty For example jif we consideuncertaintyin location,
thenit is associatedvith coordinates.If whenrenderingwe use
pseudo-colofor uncertaintywe loosethe connectiorbetweernthe
uncertaintyandthe geometry In a sensewe only displayrelative
uncertainty

Thethird widely usedtype of methodfor visualizinguncertain-
tieson surfacesmodi es the geometryof the surfacebasedon the
uncertaintyin eachregion. Approachedrom this collectionarefat
surfaceq12, 1], displacementandotherperturbation®f geometry
[12, 10], animation[4], andISF fractalinterpolation18]. In thefat
surfacesapproactseveral surfacesarerenderedo showv the range
of possiblelocationsof the datapoints. This techniqueis well-
suitedfor situationswhenthe uncertaintyis givenin the form of
minimum/maximumvalue pairs. Animation approachesarebased
on oscillating regions of the surfacewith amplitudesproportional
to uncertainty This way, areaswhich jump aroundextensvely are
known to be uncertainty while thosewhich are still, are certain.
Theseapproachesre corvenientbut have the disadwantagethat
they cannot be printedor viewed on staticmedia. Also, with the
surfaceoscillating, it may be hardto display variablesotherthan
uncertainty Thedirectrenderingof surfacesproducedoy IFS frac-
tal interpolationmay producelarge perturbationsn the geometry
of thesurface,draving muchattentionto areasof high uncertainty

3 TUMOR GROWTH MODEL APPLICA-
TION

Approachedor visualizinguncertaintyof surfacesare particularly
useful for studyingthe generalproblemof understandindorder
informationfrom a volume dataset. For example,ervironmental
scientistscollect soil samplesrom differentregionsanddepthsin
orderto detectpossibleareasof pollution. Whensuchareasare
identi ed, and cleanupefforts needto be started,it is important
to be aware of the bordersof the contaminatedareagiven the set
of collectedsamples.In the oil mining industry whena new oil
basinis explored, it is necessaryo identify the edgesof the basin
alongwith how certainthey areknown in orderto optimally po-
sition wells. Similar problemsexist in medicine,wherethe task
is to determinethe boundarybetweentwo differenttypesof tissue
(healtty andsick or contaminatecand non-contaminated$o that
sugeryor radiationtherafy maybeplanned.

We apply our techniguego visualizingtumor formationssimu-
latedby a tumor gronth model. A greatdealof researcthasbeen
donein developing modelsfor describingtumor growth [15, 6].
Oneof the bestknowvn modelsof this typeis the Gompertzmodel
[15]. It proposeghatif V(t) is the volumeof thetumorattimet,
then:

V()= V(O)em(5(1 exp( B)) @)

whereV(0) is the volume of the tumor at time 0, and A and B
are gronvth parametergl5]. The growth describedby this equa-
tion is initially exponential,then slows down and asymptotically
approacheaplateawfV(0) exp(g) ast! ¥. Thustheratio § de-
terminesthe nal sizeof thetumorandB alonede neshow sharp
theinitial growth is. We apply the Gompertzmodelto build a tu-
mor out of mary smalltumorsinitially dispersedn space Eachof
thesesmall tumorsis modeledusingthe samegrowth formula but

with differentgrowth parametersorrespondingo differentcondi-
tionsof growth. After acertainperiodof growing time theoutputof
the programis the 3-dimensionalnion of all of the smallertumor
formations. This algorithmparallelswell with the developmentof
anactualtumor Indeed,if tumorswereto grow out of onecell and
equallyin eachdirection,we would only obsere strictly spherical
tumors. Instead,it is known thatthe growth rateof a tumorat dif-
ferentpointscanbe quite different,determinedy suchparameters
asnutrientavailability, densityof tumorcells,andothers.

Another essentiapart of the programis the assessmerdf the
uncertaintyrangein determiningthe borderof the tumor. In our
model, we tie this uncertaintyto the tumor growth rate. First, we
obsene thatno matterwhatthe diagnostiodetectiontechniquethe
uncertaintywill behighin theareasvheretumorcell densityis low.
This is olbviousbecausealiagnostidechniquegargettumorcellsin
detectiorproceduresndwheretherearefew of themthey will have
troubledetectingsignalover the noiselevel. The otherobsenation
is thathigh cell densitymeandimited nutrientsupplyhencea low
growth rate. Whereadow cell densitymeanghe opposite.There-
fore, combiningthesetwo agumentsandthe fact that the growth
rateis simply thederiative of volumewith respecto time, we can
saythatthe uncertaintyassociateavith alocationon the surfaceof
eachof thesmalltumorsconsideredn our modelis givenby:
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In otherwords, at ary given pointin time, uncertainty(or growth
rate)is proportionalto the currentvolumeof thetumorandan ex-
ponentiallydecayingterm. Ast! ¥ uncertaintyandgrowth rate
approaclo, thatis thetumorreaches constantolume.

As amodi cation of our computationamodel,we developeda
methodin which we incorporatednetastasisMetastasiss a well-
known phenomenoin canceidevelopmentvherecellsdetachfrom
atumorformation travel alongbloodvesselssettlein anothemplace
in the organismandstarta new tumorthere. This behaior is mod-
eledasfollows. At eachgrowing time interval dt the sizesof all
thetumorswereincreaseaccordingto Formulal. At this point, if
the sizeof a tumor exceedssomethreshold(usuallyspeci ed asa
multiple of averageinitial volume)it is forcedto metastasizeThis
meansthata new tumor centeris createda randomdistanceaway
from the old onealongthe prede nedblood vesseldirection. This
introduceda new parameteinto our model— age,which we out-
put alongwith uncertainty In reallife the ageof a tumorregion
would be hardto assesslirectly, however the parameteis still very
meaningfulin understandinghe growth of tumorformations.

Using a computationalmodelto testour visualizationmethod
has several advantages. First of all, one can get more accurate
certaintyinformationfrom a computationamodel. Eventually of
course,one hasto comeup with a way of estimatinguncertainty
usingmedicalimagesput with adevelopedvisualizationtechnique
this becomes separatg@roblem. One adwantageof the approach
proposedn this papetis theability to addadditionalvariablego the
visualizationalreadycontaininguncertaintydata. A computational
modelallows usto developmeaningfulsupplementaryariableson
which to testthevisualizationapproach.

A visualizationof a datasetgeneratedisingthis modelis pre-
sentedn Figurel. Figure2 shaws the samemodelwith pseudo-
colorindicatinguncertainty Thisrepresentatiooonveysinforma-
tion aboutbhothsurfaceshapeaswell asuncertainty However, there
are limitations to this type of a visualizationapproach. Pseudo-
color only gives us information aboutrelative uncertaintyvalues
throughoutthe surface. Eventhoughonecanintroducea colorbar
into the visualization(asis donein Figure2), we still do not have
a clear spatialconceptof how bad a particularuncertaintyvalue
is. Given a certainuncertaintyvalue for a point, we still do not



Figurel: Polygonal model only. Excellent surface geometryin-
formation, however no uncertainty information.

Low Uncertainty High Uncertainty

Figure 2: Polygonal model with pseudocolor. Both, surface
geometry as well as relative uncertainty information are con-
veyed.

know how con dent we are of the coordinatesof that point. In
otherwords,thereis no directconnectiorbetweernuncertaintyand
geometry Suchaconnectiorcanbeestablishedby makingtheuser
aware of the relationshipbetweenuncertaintyvaluesand uncer
tainty in the coordinates.However, implies an additionalpieceof
informationto for the userconsiderandstill requiresan explicitly
labeledcoordinatesystemin orderto be awareof pointcoordinates
aswell asuncertainties.

4 APPROACH

Our approachto visualizingsurfaceswith uncertaintiess a direct
consequencef how wethink of theseuncertaintiesWe saythatfor
asurfaceto have aparticularnonzerauncertaintyalueataparticu-
lar pointmeanghatwe arenotexactly sureasto preciselywherethe
pointis. In otherwords,in thereal objectthe point may be some-
whereaway from whereit is ontherenderingHow faris dependent
on how uncertainwe areof its locationor how big the uncertainty
valueassociatewvith thispointis. Hence theheartof ourapproach
is to displaceeachpoint on the surfacealongthe surfacenormalat
thepoint, wherethe displacemenis proportionalto the uncertainty
valueat the point. Becausen uncertaintyvalueat eachpoint does
not tell us exactly how big this displacemenshouldbe but rather
givesus anideaof how big it may possiblybe, our displacements
arealsoproportionato arandomnumber Onaveragethiswill have
an effect of producingthe expecteddisplacementlistribution in a
region giventhe uncertaintyvaluein thatregion.

Trianglesandotherpolygonshave beenhistorically usedasdis-
play primitivesfor 3D becausef theavailability of hardwareaccel-
erationfor polygonrendering.But asscenegrov morecomple,
polygonsshrinkto sizesapproachinghatof apixel. Thepossibility
of usingpointsasdisplayprimitiveswasintroducedby Marc Levoy
andTurnerWhitted[8]. It wasshowvn thatasthe compleity of the
scendncreasesghoosingpointsasrenderingprimitivespresenta
greatnumberof adwantagesn termsof makingalgorithmssimple.
Hence atsomepointit becomesppropriate¢o usepointsinsteadf
polygong5]. Theadwentof hardwaresupporfor pointrenderingas
well aswork donein the areaof optimizing point-basedendering
[13] makesthis representatioeven moreattractive. Our approach
for visualizing uncertaintieson surfacesbuilds upon point-based
representatioof thesurface.In this situationst is convenient,nat-
ural, andef cient to renderthe scenepoint-by-point. Givenanun-
certaintyvalueat a point we arefree to do whatever we wantwith
thatpointwithoutexplicitly consideringvhathappengo therestof
thesurface.Renderinghereis unafectedby thespeci ¢ uncertainty
values.

One enhancemento our techniquewas to incorporatetrans-
pareng in thecontext of thedisplacedcoints. Themainideawasas
follows: whena particularregion of asurfacehasratherhighuncer
tainty valueswe wantit to behardto tell theexactshapeof thesur
faceasopposedo the casewhenwe arequite certainof thesurface
points and hencethe silhouetteof the surfaceshouldbe quite ap-
parent.This canbe achiezed by controllingthetransparengof the
individual points. A point with a higheruncertaintyvalue should
be assignedo bemoretransparenthana pointwith aloweruncer
tainty value. This way, theregionshaving anaggreation of points
with high uncertaintyvalues(regionswith high uncertaintyof the
surface)will beacollectionof highly displacedblurredpointsand
hencethe shapeof the surfacein theseregionswill notbeapparent.

5 BASIC IMPLEMENT ATION

Ourvisualizationprogramis implementedisingthe OpenGraphics
Library (OpenGL).Themainalgorithmis outlinedbelow:



Figure3: Point-basedmodel. Surfacegeometryaswell asabso-
lute uncertainty information (asit relatesto coordinate uncer-
tainty) are corveyed.

1: Readin surface and uncertaintyinformation (polygon mesh
with uncertaintydataat vertices— uncertaintyvaluesbetween
0andl).

2: CreateN randompointsinside eachtriangle (useris able to
controlthedensityof points).

3: Interpolateuncertaintyvaluesandnormalsfrom the verticesof
thetriangleontoeachpointin eachtriangle.

4: for each point P do

5: calculatethedisplacement:

disp=rand() (uncetaintyat P)2 (scale faaor),
whererand() is arandomnumberbetween0 and1, anda
andscalkefacor arecontrolledby theuser

6: DisplaceP in thedirectionof thenormalat P.

7.  Calculatethetranspareng(alphavalue):

alpha= 1 (uncetainty at P)®,
whereb againis controlledby theuser

8: In thecasewerepseudo-colois used,assignthe color of P

by mappingthe uncertaintyat P throughthe currentcolor
map. Otherwiseassigrthe default color.

9: endfor

10: Displayall the points.

11: if underlyingpolygonalmodelis usedthen
12: Displayall thepolygons.

13: endif

The simplestversionof our methodis onein which the surface
is representedsa collectionof displacedpoints. An exampleof
suchavisualizationis presentedhn Figure3. Severaladvantageof
this modelare immediatelyapparent.First of all, it is very clear
by looking at the visualizationwhich regions of the surfacehave
high uncertaintiesndwhich have low. Secondlythe spatialextent
of the uncertaintyis clearbecauseone can seethe region around
the the surfacewherepointsarelikely to be found. Soif the size
of this region is on the order of surfacedetail we know that the
uncertaintyin thatregion is ratherhigh andwe have practicallyno
ideaaboutthe location of the surfacein thatregion. However, if
this sizeis rathersmall comparedwith surfacedetail, we canbe

Figure 4: Point-based model with an underlying polygonal
mesh.

fairly certainabouthow the surfacebehaesin theregion. Looking
at Figure 3 we canseethat the region indicatedby the red arrov
is ratheruncertain,asopposedo the region indicatedby the blue
arrow, werethe surfacebehaior is clear

Sinceour modeldisplays3D informationon a 2D mediumiit is
essentiafor modelto be fastenoughto be interactive. Our im-
plementationof the model is real-timeinteractve and allows to
rotate, move, zoomin and out in addition to allowing to regu-
late model parameterdik e point density uncertaintyscalefactor
transpareng pseudo-colgrand presenceor absencef the point-
basedandpolygonalmodels. An illustration of aninteractive ses-
sionof our programcanbe foundat http://www.gl.umbc.edu/
~ggrigol/session.mpeg .

6 ENHANCEMENTS

Onedisadantageof a visualizationlike theonein Figure3 is that
thereclearly are someatrtifactspresentdueto point-basedender
ing. Sincepointsarechoseratrandom(with a uniform distribution
throughoutthe area),it is hardto make the pointsdenseenoughto
guarantesmoothnes theregionswith low uncertainty Speci -
cally onehasto overshootwith thedensityin ordernotto missary
pointsin low uncertaintyareasThis translatesnto wastedcompu-
tationaltime. We offer analternatve methodwhich combinegpoint
basedandpolygonbasedenderingo addresshis problem.Sucha
hybrid approachasbeenpreviously usedn thecontext of optimiz-
ing the renderingof large scenedy combiningthe speedof point
renderingfor distantobjects(low level of details)andthe quality
of polygonalrenderingfor closerobject(high level of details)[3].
Here,we usea similar systembut for a differentpurpose.Along
with our point-basedmodel we renderan underlying polygonal
model. In the regionswherethe uncertaintylevels arelow, we see
a smoothsurfaceirregardlessof the point density While in there-
gionswith high uncertaintylevels,we seebothwherethesurfaceis
hypothesizedo be (the polygonalmodel)aswell aswhereit may
actuallybe (the point-basednodel). An exampleof suchanillus-
trationis presentedn Figure4. The adwantageof the dual-model



Figure 5: Hybrid of point-based and polygonal models with
transparency Representationof uncertainty is more intuiti ve
since uncertain regionsare simply the oneswhich look uncer-
tain the eye.

approachis immediatelyapparent.Unlike with the simple point-
basedmodel,in this casethe regionswith low uncertaintyvalues
arevery well de ned. To seethis comparethe region marked by
blue arravs in Figures3 and4. The secondmodelgivesa smooth
surfacedespitethe factthat Figure 3 wascreatedwith a density5
timeslargerthanFigure4. Thisis visually moreappealingaswell
asmorecomputationallyef cient. Theregionindicatedtheredar
row in Figure4 is also more informative thanthe corresponding
region in Figure3. Herewe seeboth the hypotheticalsurfaceas
well asthelevel of uncertaintyaroundthatsurface.

As mentionedearlier an appropriatetechniquefor visualizing
surfaceswith uncertaintiesshould be informative, intuitive, non-
distracting, and interactve. We have already met the rst two
criteria — the illustration in Figure 4 is informative and already
ratherintuitive. However, we canmale it even more intuitive by
varyingtransparencdependingon the uncertaintylevel. Theidea
hereis thatwe wantto seeblurrinessin the areasof low certainty
anddistinctfeaturesin areasof high certainty Hence,areaswith
highuncertaintyaregivenlow alphavalues(hightranspareng and
vice versa. An exampleof sucha visualizationis in Figure5. In
this case,the transpareng of the underlyingpolygonalmodel is
dependenbn uncertaintyvalueswith the following relationship:
a= 1.0 err® whereerr isthescaleduncertaintyvalue(from 0 to
1) andc is a constantwhich controlshow quickly the transparenc
increasesvith increasinguncertainty The utility of this approach
is apparenfrom Figure5. Theregion markedwith aredarron on
the gure is blurredandhenceis of low certainty As opposedo
theregion markedwith a blue arrow, wherefeaturesof the surface
arewell-de ned andhencetheregionis ratheruncertaintyfree.

Thethird importantcriteriafor a methodof representingincer
taintyis thatit shouldbenon-distractingldeally, it shouldallow for
additionalinformationto bedisplayedalongwith surfacegeometry
anduncertainty Our modelmeetsthis criteriaaswell. An exam-
ple including a supplementaryariable,in this casetumor age,is
shavn in Figure6. We canseefrom this gure thattheinformation

Figure6: The samevisualization model asin Figure 4 but dif-
ferent data with color representingtumor age.

aboutuncertaintyis cornveyed rathernaturally causinglittle or no

interferencewith the tumor ageinformation. It is easyto seethe
distribution of tumoragethroughouthetumormassaswell asit is

easyto seethe correlation(or its absencepetweentumor ageand
uncertainty(i.e. growth rate). For example,we canseethatin the
region pointedto by the red arrow, thereis a youngtumor forma-
tion having a large uncertainty This makessensesinceyoungtu-

morsgenerallyhave high growth ratesandour modeltreatsthatas
anindicationof borderuncertainty However, in theregion pointed
by to the blue arrav thereis a youngtumor region with a much
lower uncertainty This also doesnot contradictour modelsince
it meansthat parameteB in Equations2 is high. In realtumors
this correspondso the casewherethe growth conditions(suchas
nutrientsupply) are not favorable. Also, in the region marked by

the greenarraw, tumor ageis high aswell asgrowth rate (uncer

tainty). In Equation2 this correspondso the casewhenA is large
andB is small. In arealtumor, it meansfavorablegrowing condi-
tionsandsufcient nutrientsupplythroughouthetumor. Hence it

is easyto seethatthe agesof two tumorsdo not strictly determine
therelationshipbetweertheir growth rates.

7 RESULTS ON DIAGNOSTIC DATA

As furthertestof our method,we useda real CAT scandatasetof
humankidneys with tumorformations.The datasetwasin thefor-
matof a3D volumewith densityinformationin eachpoint. In order
to nd the areaswith tumor formations,we calculatedthe isosur
faceof the volumewith anisovaluethatwasknown to correspond
to thetumordensity This providedthe surfacegeometryinforma-
tion. For the certaintymeasurewe usedinversedensitygradient
atthe surfaceof thetumors. Indeed,wherethe densitygradientat
the surfaceis high, we canseea sharpandolvious border hence
theuncertaintylevel is low. Onthecontrary if the densitygradient
is low, a de nite boundaryis hardto detect,thereforeuncertainty
is high. Thevisualizationof the datais shavn in Figure7. Again,
areasof high andlow certaintyare apparentndthis information
doesnot interferewith the surfacegeometryinformation. We can



Figure7: Realtumor data.

clearly seethat areaspointedto by red arrowns are of particularly
high uncertaintywhile thosepointedto by blue arrows arerather
certainandstrictly shaped Figure8 visualizesa larger subvolume
of the samedataset. Uncertaintydistribution is just asintuitive as
it isin Figure3.

8 PERFORMANCE

Oneof the notableadvantage®f our methodis the ability to useit

interactvely. In orderto prove this, we conducteca seriesof per

formancetests.Thedatafor thetestsandthe parametersvherethe
sameasthe onesusedto generatehe gures for this paper Ta-
ble 1 summarizesheresults.It shavs thedatacompleity for each
of the casesn termsof the numberof polygonsin the polygonal
modelandthe numberof pointsin the point-basednodelaswell as
therunningtime compleity in termsof the time requiredfor gen-
eratingall the primitives and the time requiredfor displayingthe
model. The testswere performedon a computerrunning RedHat
Linux 6.1, with anintel 1 GHz processqr256 Mb of memory and
NVIDIA GeForce3graphicscard.

Figure3 correspond$o our basicmethod— whereonly a point-
basedmodelis used. From Table 1 we can seethatin orderto
guarantesmoothnesm theregionsof low uncertainty(like we see
in Figure3), we haveto usel00pointsperpolygon,whichmeansa
total of 1,853,200pintsin the scene Wheninsteadwe employ the
point-basedandpolygonalhybrid model,we obtainbettersmooth-
nessin low uncertaintyareaqseeFigure4) usingfewer pointsper
polygon— only 20 (seeTable 1), which translatesnto ve times
fewer pointsin total — 370,640. An additionaladwantageof the
hybrid modelis thatwe seebothwherethe surfaceis thoughto be
aswell asanideaof how certainthatis. Comparingthe running
timesfor thetwo modelsfrom Tablel we seethatthe hybrid model
is about ve timesfasterin both displayingaswell asbuilding the
primitives. Both modelsareinteractve with time to redisplaybe-
low 1 secondhowever the hybrid modelhasa framerate of 6.25
framespersecondwhile the basicmodelonly 1.64framespersec-
ond(framerateis calculatedasl1 overtime to redisplay).

From Table 1 we seethat adding transpareng to the hybrid
modelhaspractically no effect on the runningtime (compareen-
tries for Figure4 and5). The datasetusedfor visualizingtumor

Figure8: Sameasin Figure 7 but larger volume.

Fig | Polygons| Density Points Display | Build
1 18,532 N/A N/A 0.034 | 0.034
2 18,532 N/A N/A 0.034 | 0.033
3 18,532 100 1,853,200 0.61 5.9
4 18,532 20 370,640 0.16 1.33
5 18,532 20 370,640 0.16 1.33
6 28,088 20 561,176 0.25 2.02
7 26,486 20 529,720 0.32 2.78
8 75,248 30 2,257,440] 0.89 7.2

Table 1: Running time performance for the visualization
method. The performance was measured with the data les
usedto construct the corresponding gur eson a computer with
Intel 1 GHz processor256 Mb of memory, NVIDIA GeForce3
graphics card, running RedHat Linux 6.1. Column Polygons
refersto the number of polygonsin the visualization. Column
Density shaws the number of points per polygonin the point-
basedmodel (N/A when point-based model absent). Column
Points contains the total number of points in the point-based
model (N/A when point-basedmodel absent). Column Display
is the is number of secondsit takesto display the entire visu-
alization (after all the calculations have beenmade). Column
Build refersto the time in secondsit takesto build the entire
visualization - i.e. to allocate the necessaryspace,run the re-
quired calculations and generateall the necessaryprimiti ves
(without displaying them).



ageasan extra variable (Figure 6) is slightly more complex hav-
ing about1.5 morepointsin total thanthe datasefor the previous
gures. Hence,we seea 1.5 fold increasein runningtime both
for displayingaswell asbuilding the model. However, hereagain
the modelis still interactve having a framerate of 4.0 framesper
second.

As we move to the two more complex datasetscorresponding
to the real kidney tumor data(Figures7 and8), we getincreased
runningtime proportionalto the increasen numberof points(see
Tablel). Thelast,mostcomplex model,having atotal of 2,257,440
pointsis barelyinteractize with a frameratejust over 1 frameper
second.

9 CONCLUSIONS AND FUTURE WORK

In this paperwe have proposeda techniqueto visualize surfaces
alongwith uncertaintiegssociateavith regionsonthem. Thebasic
methodis basedon point representatioandrenderingof surfaces
anddisplacingindividual pointsaccordingto uncertaintyvaluesat
the points. Severalenhancement® the methodarepresentedThe
introduction of an underlying polygonal meshincreasesunning
time ef ciency by guaranteeingmoothnes# low uncertaintyar
easwithout the needto usea large densityof points. Addition of
transparenc asoneof the parametergontrolledin accordanceo
uncertaintyvalues,illustrationsaremademoreintuitive by making
areaf low andhigh uncertaintymoreapparent.

Among the advantagef our approachs thatit representsin-
certaintyin anon-distractingnanner It wasshowvn thatuncertainty
doesnot interferewith surfacegeometryinformation, and, more-
over, it is also possibleto effectively visualize at leastone addi-
tional variable. This makesfor a 4-dimensionatlatasetywhich can
be effectively displayedusingour visualizationtechnique.

Anotherhighlight of our methodis the fact uncertaintyis rep-
resentedn anintuitive way. Thereis no guessingasto whethera
certainregionis of high certaintyor not. Additionally, unlike other
possibleapproachespursexplicitly connectauncertaintywith the
variablewith which the uncertaintyis associatedIn the datapre-
sentedhere uncertaintywas associatedvith location, however it
canpotentiallybe associatedavith ary variablein the visualization
aslongasthisvariableis mappedntothecoordinate®f thepoints.

An additionalstrengthof our methodis thatit is fastenoughto
beinteractie. Thisis importantfor ary techniquewhich displays
with morethantwo dimensionna 2D medium.

In the future, we would like to experimentby addingmore pa-
rametersunderthe control of uncertaintysuchas specularcoef-
cientor refractive index to seeif this givesa moreintuitive look to
theareasf high andlow uncertainty
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