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Abstract

In thispartof thecoursewewill review someexamples
of shadingalgorithmsthatwemightwantto implement
in a real-timeor interactive system.This will help us
to identify commonapproachesfor real-timeshading
systemsandto acquireinformationaboutfeaturesets
requiredfor this kind of system.

Theshadingalgorithmswewill look at fall into three
categories: realisticmaterialsfor local andglobal illu-
mination,shadow mapping,and�nally bumpmapping
algorithms.

1 Realistic Materials

In this sectionwe describetechniquesfor a variety of
differentre�ection modelsto thecomputationof local
illumination in hardware-basedrendering.Ratherthan
replacingthestandardPhongmodelby anothersingle,
�x ed model, we seeka methodthat allows us to uti-
lize a wide varietyof differentmodelssothat themost
appropriatemodelcanbechosenfor eachapplication.

1.1 Arbitrar y BRDFs for Local Illumina-
tion

We will �rst considerthe caseof local illumination,
i.e. light that arrivesat objectsdirectly from the light
sources. The more complicatedcaseof indirect illu-
mination (i.e. light that bouncesaroundin the envi-
ronmentbeforehitting theobject)will bedescribedin
Section1.3.

The fundamentalapproachfor renderingarbitrary
materialsworks asfollows. A re�ection model in re-
�ection modelin computergraphicsis typically given
in the form of a bidirectional re�ectancedistribution
function(BRDF), which describestheamountof light
re�ected for eachpair of incoming(i.e. light) andout-
going(i.e. viewing) direction.This functioncaneither

berepresentedanalytically, in which caseit is calleda
re�ection model),or it canberepresentedin atabularor
sampledform asa four-dimensionalarray(two dimen-
sionseachfor theincomingandoutgoingdirection).

The problemwith both representationsis that they
cannot directly be used in hardware rendering: the
interestinganalytical modelsare mathematicallytoo
complex for hardwareimplementations,andthetabular
form consumestoo muchmemory(a four-dimensional
table can easily consumedozensof MB). A differ-
ent approachhasbeenproposedby Heidrich andSei-
del [9]. It turnsout thatmostlighting modelsin com-
putergraphicscanbe factoredinto independentcom-
ponentsthatonly dependon oneor two angles.These
canthenbeindependentlysampledandstoredaslower-
dimensionaltablesthat consumemuch lessmemory.
KautzandMcCool [12] describeda methodfor factor-
izing BRDFsgiven in tabular form into lower dimen-
sionalpartsthatcanberenderedin asimilar fashion.

Asanexamplefor thetreatmentof analyticalmodels,
considertheoneby TorranceandSparrow [29]:

f r (~l ! ~v) =
F � G � D

� � cos� � cos�
; (1)

wheref r is theBRDF, � is theanglebetweenthesur-
facenormal~n andthevector~l pointingtowardsthelight
source,while � is theanglebetween~n andtheviewing
direction~v. Thegeometryis depictedin Figure1.

For a �x ed index of refraction,the Fresnelterm F
in Equation1 only dependson theangle� betweenthe
light direction~l andthemicro facetnormal~h, which is
thehalfway vectorbetween~l and~v. Thus,theFresnel
termcanbeseenasaunivariatefunctionF (cos� ).

The micro facetdistribution function D , which de-
�nes the percentageof facetsorientedin direction~h,
dependson theangle� between~h andthesurfacenor-
mal ~n, aswell asa roughnessparameter. This is true
for all widely usedchoicesof distributionfunctions,in-
cluding a Gaussiandistribution of � or of the surface
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Figure1: The local geometryof re�ection at a rough
surface.

height, as well as the distribution by Beckmann[3].
Sincetheroughnessis generallyassumedto beconstant
for a given surface,this is again a univariatefunction
D(cos� ).

Finally, whenusingthe geometryterm G proposed
by Smith [27], which describesthe shadowing and
masking of light for surfaceswith a Gaussianmi-
cro facetdistribution, this term is a bivariatefunction
G(cos� ; cos� ).

Thecontributionof asinglepoint-or directionallight
sourcewith intensityI i to theintensityof thesurfaceis
givenasI o = f r (~l ! ~v) cos� � I i . Thetermf r (x ;~l !
~v) cos� canbesplit into two bivariatepartsF (cos� ) �
D (cos� ) and G(cos� ; cos� )=(� � cos� ), which are
thenstoredin two independent2-dimensionallookup
tables.

Regular 2D texture mappingcanbe usedto imple-
mentthelookupprocess.If all vectorsarenormalized,
thetexturecoordinatesaresimpledotproductsbetween
the surfacenormal, the viewing and light directions,
and the micro facetnormal. Thesevectorsand their
dotproductscanbecomputedin softwareandassigned
astexturecoordinatesto eachvertex of theobject.

Theinterpolationof thesetexturecoordinatesacross
a polygoncorrespondsto a linear interpolationof the
vectorswithout renormalization. Sincethe re�ection
modelitself is highly nonlinear, this is muchbetterthan
simpleGouraudshading,but not asgoodasevaluating
theilluminationin everypixel (Phongshading).Thein-
terpolationof normalswithout renormalizationis com-
monlyknown asfastPhongshading.

This methodfor looking up the illumination in two
separate2-dimensionaltexturesrequireseithera single

renderingpasswith two simultaneoustextures,or two
separaterenderingpasseswith onetexture eachin or-
der to renderspecularre�ections on an object. If two
passesareused,their resultsaremultipliedusingalpha
blending.A third renderingpasswith hardwarelighting
(or a third simultaneoustexture)is appliedfor addinga
diffuseterm.

If the light and viewing directionsare assumedto
be constant,that is, if a directional light and an or-
thographiccameraareassumed,thecomputationof the
texture coordinatescaneven be donein hardware. To
this end, light and viewing direction as well as the
halfway vectorbetweenthemareusedasrow vectors
in thetexturematrix for thetwo textures:
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Figure2 shows a torusrenderedwith two different
roughnesssettingsusingthis technique.

Wewouldliketo notethattheuseof texturesfor rep-
resentingthe lighting modelintroducesanapproxima-
tion error:while thetermF � D is boundedby theinter-
val [0; 1], thesecondtermG=(� �cos� ) exhibitsasingu-
larity for grazingviewingdirections(cos� ! 0). Since
graphicshardwaretypicallyusesa�x ed-pointrepresen-
tationof textures,thetexturevaluesareclampedto the
range[0; 1]. Whentheseclampedvaluesareusedfor
the illumination process,areasaroundthe grazingan-
glescanberenderedtoo dark,especiallyif thesurface
is very shiny. This artifactcanbereducedby dividing
the valuesstoredin the texture by a constantwhich is
later multiplied backonto the �nal result. In practice,
however, theseartifactsarehardlynoticeable.

The samemethodscan be applied to all kinds of
variationsof theTorrance-Sparrow model,usingdiffer-
ent distribution functionsand geometryterms,or the
approximationsproposedin [24]. With varying num-
bersof termsandrenderingpasses,it is alsopossible
to comeup with similar factorizationsfor all kinds of
other models. For example the Phong,Blinn-Phong

11– 2



            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

Figure2: A torusrenderedwith the proposedhardwaremulti-passmethodusingthe Torrance-Sparrow re�ection
model(Gaussianheightdistributionandgeometrytermby [27]) anddifferentsettingsfor thesurfaceroughness.For
theseimages,thetoruswastessellatedinto 200� 200polygons.

andCosineLobe modelscanall be renderedin a sin-
gle passwith a singletexture,which caneven already
accountfor anambientandadiffusetermin additionto
thespecularone.

1.1.1 Anisotr opy

Although the treatment of anisotropic materials is
somewhat harder, similar factorizationtechniquescan
be applied here. For anisotropicmodels, the micro
facetdistribution function andthe geometricalattenu-
ation factor also dependon the angle � betweenthe
facetnormal and a referencedirection in the tangent
plane.This referencedirectionis givenin theform of a
tangentvector~t.

For example,the elliptical Gaussianmodel [31] in-
troducesananisotropicfacetdistributionfunctionspec-
i�ed astheproductof two independentGaussianfunc-
tions,onein thedirectionof ~t, andonein thedirection
of thebinormal~n� ~t. ThismakesD abivariatefunction
in theangles� and� . Consequently, the texturecoor-

dinatescanbecomputedin softwarein muchthesame
way as describedabove for isotropic materials. This
alsoholdsfor theotheranisotropicmodelsin computer
graphicsliterature.

Sinceanisotropicmodelsdependon both a normal
anda tangentpervertex, thetexturecoordinatescannot
begeneratedwith thehelpof a texturematrix, even if
light andviewing directionsareassumedto beconstant.
This is dueto thefactthattheanisotropictermcanusu-
ally not be factoredinto a term that only dependson
the surfacenormal,andonethat only dependson the
tangent.

Oneexceptionto this rule is themodelby Banks[2],
which is mentionedheredespitethe fact that it is an
ad-hocmodelwhich is not basedon physicalconsider-
ations. Banksde�nes the re�ection off an anisotropic
surfaceas

I o = cos� � (kdh~n0j~l i + ksh~n0j~hi 1=r ) � I i ; (4)

where~n0is theprojectionof thelight vector~l into the
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planeperpendicularto the tangentvector~t. This vec-
tor is thenusedasa shadingnormalfor a Blinn-Phong
lighting modelwith diffuseandspecularcoef�cients kd

andks, andsurfaceroughnessr . In [28], it hasbeen
pointedout that this Phongterm is really only a func-
tion of thetwo anglesbetweenthetangentandthelight
direction,aswell asthetangentandtheviewing direc-
tion. This fact wasusedfor the illumination of lines
in [28].

Applied to anisotropicre�ection models,this means
that this Phong term can be looked up from a 2-
dimensionaltexture, if the tangent~t is speci�ed as a
texturecoordinate,andthetexturematrix is setupasin
Equation3. Theadditionaltermcos� in Equation4 is
computedby hardwarelighting with a directionallight
sourceanda purelydiffusematerial,so that theBanks
modelcanbe renderedwith onetexture andonepass
per light source.Figure3 shows imagesrenderedwith
this re�ection model.
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Figure 3: Disk and sphereilluminated with isotropic
re�ection (left), anisotropicre�ection with circularfea-
tures(center),andradialfeatures(right).

1.1.2 Measured or Simulated Data

As mentionedabove, the idea of factorizingBRDFs
into low-dimensionalparts that can be sampledand
storedastexturesnot only appliesto analyticalre�ec-
tion models,but alsoto BRDFsgivenin atabular form.
Different numericalmethodshave beenpresentedfor
factorizingthesetabular BRDFs[12, 18]. The discu-
sion of theseis beyond the scopeof this course,how-
ever.

The advantageof the analyticalfactorizationis that
it is very ef�cient to adjustparametersof there�ection

model,so this canbe doneinteractively. The numeri-
cal methodstake too long for that. On theotherhand,
thebig advantageof thenumericalmethodsis thatarbi-
trary BRDFsresultingfrom measurementsor physical
simulationscanbeused.Figure4, for example,shows
ateapotwith aBRDFthatlooksbluefrom onesideand
redfrom another. ThisBRDFhasbeengeneratedusing
asimulationof micrgeometry[8].

Figure4: A teapotwith asimulatedBRDF.

1.2 Global Illumination using Envir on-
ment Maps

The presentedtechniquesfor applying alternative re-
�ection modelsto local illumination computationscan
signi�cantly increasethe realismof syntheticimages.
However, true photorealismis only possibleif global
effectsarealsoconsidered.Sincetexturemappingtech-
niquesfor diffuse illumination arewidely known and
applied,we concentrateon non-diffuse global illumi-
nation,in particularmirror- andglossyre�ection.

Wedescribehereanapproachbasedonenvironment
maps, as presentedby Heidrich and Seidel [9], be-
causethey offer a good compromisebetweenrender-
ing quality and storagerequirements.With environ-
mentmaps,2-dimensionaltexturesinsteadof the full
4-dimensionalradiance�eld [19] canbe usedto store
theillumination.

1.3 View-independent Envir onment Maps

Thetechniquesdescribedin the following assumethat
environmentmapscanbe reusedfor differentviewing
positionsin differentframes,oncethey have beengen-
erated.It is thereforenecessaryto choosea representa-
tion for environmentmapswhich is valid for arbitrary
viewing positions. This includesboth cubemaps[6]
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andparabolicmaps[9], bothof whicharesupportedon
all modernplatforms.

1.4 Mirr or and Diffuse Terms with Envi-
ronment Maps

Once an environment map is given in a view-
independentparameterization,it canbe usedto adda
mirror re�ection term to an object. Using multi-pass
renderingandeitheralphablendingor anaccumulation
buffer [7], it is possibleto adda diffuseglobal illumi-
nationterm throughthe useof a precomputedtexture.
Two methodsexist for thegenerationof sucha texture.
Oneway is, that a global illumination algorithmsuch
asRadiosityis usedto computethediffuseglobal illu-
minationin everysurfacepoint.

Thesecondapproachis purelyimage-based,andwas
proposedby Greene[6]. Theenvironmentmapusedfor
themirror termcontainsinformationaboutthe incom-
ing radianceL i (x ;~l), wherex is thepointfor whichthe
environmentmapis valid, and~l thedirectionof thein-
cominglight. This informationcanbeusedto pre�lter
theenvironmentmapto representthediffusere�ection
of anobjectfor all possiblesurfacenormals.Likeregu-
lar environmentmaps,this textureis only valid for one
point in space,but canbeusedasanapproximationfor
nearbypoints.

1.5 Fresnel Term

A regular environment map without pre�ltering de-
scribesthe incoming illumination in a point in space.
If this information is directly usedas the outgoingil-
lumination,aswith regularenvironmentmapping,only
metallic surfacescanbe modeled.This is becausefor
metallicsurfaces(surfaceswith a high index of refrac-
tion) theFresneltermis almostone,independentof the
anglebetweenlight directionandsurfacenormal.Thus,
for a perfectlysmooth(i.e. mirroring) surface,incom-
ing light is re�ected in themirror directionwith a con-
stantre�ectance.

For non-metallicmaterials(materialswith asmallin-
dex of refraction),however, there�ectancestronglyde-
pendson the angleof the incoming light. Mirror re-
�ections on thesematerialsshouldbeweightedby the
Fresneltermfor theanglebetweenthenormalandthe
viewing direction~v.

Similar to the techniquesfor local illumination pre-
sentedin Section1, the Fresnelterm F (cos� ) for the

mirrordirection~r v canbestoredin atexturemap.Since
hereonly theFresneltermis required,a 1-dimensional
texturemapsuf�ces for thispurpose.ThisFresnelterm
is renderedto theframebuffer's alphachannelin a sep-
araterenderingpass.Themirror partis thenmultiplied
with this termin asecondpass,anda third passis used
to addthediffusepart.Thisyieldsanoutgoingradiance
of L o = F � L m + L d, whereL m is thecontributionof
themirror term,while L d is thecontributiondueto dif-
fusere�ections.

In addition to simply addingthe diffusepart to the
Fresnel-weightedmirror re�ection, wecanalsousethe
Fresneltermfor blendingbetweendiffuseandspecular:
L o = F � L m + (1 � F )L d. This allows usto simulate
diffusesurfaceswith a transparentcoating: the mirror
termdescribesthere�ection off thecoating.Only light
not re�ectedby thecoatinghits theunderlyingsurface
andis therere�ecteddiffusely.

Figure5 showsimagesgeneratedusingthesetwo ap-
proaches. In the top row, the diffuse term is simply
addedto the Fresnel-weightedmirror term (the glossy
re�ection is zero). For a refractive index of 1.5 (left),
which approximatelycorrespondsto glass,the object
is only specularfor grazingviewing angles,while for
a high index of refraction(200, right image),which is
typical for metals,thewholeobjectis highly specular.

Thebottomrow of Figure5 shows two imagesgen-
eratedwith the secondapproach.For a low index of
refraction,thespeculartermis againhighonly for graz-
ing angles,but in contrastto the imageabove, thedif-
fusepart fadesout for theseangles. For a high index
of refraction,which,aspointedout above,corresponds
to metal,thediffusepartis practicallyzeroeverywhere,
sothattheobjectis aperfectmirror for all directions.

1.6 Precomputed Glossy Re�ection and
Transmission

We would now like to extendthe conceptof environ-
ment mapsto glossyre�ections. The idea is similar
to the diffusepre�ltering proposedby Greene[6] and
the approachby VoorhiesandForan[30] to useenvi-
ronmentmapsto generatePhonghighlights from di-
rectionallight sources.Thesetwo ideascanbe com-
bined to precomputean environmentmap containing
theglossyre�ection of anobjectwith aPhongmaterial.
With this concept,effectssimilar to theonespresented
by Debevec[5] arepossiblein realtime.
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Figure5: Top row: Fresnelweightedmirror term.Secondrow: Fresnelweightedmirror termplusdiffuseillumina-
tion. Third row: Fresnelblendingbetweenmirror anddiffuseterm.Theindicesof refractionare(from left to right)
1.5,5, and200. Bottomrow: a pre�ltered versionof themapwith a roughnessof 0.01,andapplicationof this map
to a re�ectivesphereandtorus.
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As shown in [15], thePhongBRDF is givenby

f r (~l ! ~v) = ks �
h~r l j~vi 1=r

cos�
= ks �

h~r v j~l i 1=r

cos�
; (5)

where~r l , and~r v are the re�ected light- and viewing
directions,respectively.

Thus, the specularglobal illumination using the
Phongmodelis

L o(~r v) = ks �
Z


( ~n)
h~r v j~l i 1=r L i (~l) d! (~l); (6)

which is only a functionof there�ection vector~r v and
theenvironmentmapcontainingtheincomingradiance
L i (~l). Therefore,it is possibleto takeamapcontaining
L i (~l), andgeneratea�ltered mapcontainingtheoutgo-
ing radiancefor aglossyPhongmaterial.Sincethis �l-
tering is relatively expensive, it canon mostplatforms
notberedonefor every framein aninteractiveapplica-
tion. On specialgraphicshardwarethat supportscon-
volution operations,however, it can be performedon
the�y , asdescribedby Kautzetal. [13].

Thebottomrow of Figure5 shows sucha pre�ltered
mapaswell asapplicationsof this mapfor re�ection
and transmision. If the original environmentmap is
given in a high-dynamicrangeformat, then this pre-
�ltering techniqueallows for effectssimilar to theones
describedby Debevec[5].

2 Shado w Mapping

After discussingmodelsfor local illumination in the
previouschapter, we now turn to globaleffects. In this
chapterwedealwith algorithmsfor generatingshadows
in hardware-basedrenderings.

Shadows are probably the visually most important
global effect. This fact has resultedin a lot of re-
searchon how to generatethem in hardware-based
systems. Thus, interactive shadows are in principle
a solved problem. However, current graphicshard-
ware rarely directly supportsshadows, and,asa con-
sequence,fewerapplicationsthanonemightexpectac-
tually usethedevelopedmethods.

In contrastto theanalyticapproachshadow volumes,
shadow maps[33] area sampling-basedmethod.First,
the sceneis renderedfrom the position of the light
source,usinga virtual imageplane(seeFigure6). The
depthimagestoredin the z-buffer is thenusedto test
whetherapoint is in shadow or not.

point
light source

occluder

receiver

virtual
image plane
with
depth image

Figure6: Shadow mapsusethez-buffer of animageof
thescenerenderedfrom thelight source.

To this end, eachfragmentas seenfrom the cam-
eraneedsto be projectedonto the depthimageof the
light source.If thedistanceof thefragmentto thelight
sourceis equal to the depthstoredfor the respective
pixel, thenthefragmentis lit. If thefragmentis further
away, is is in shadow.

A hardwaremulti-passimplementationof this prin-
ciple hasbeenproposedin [25]. The �rst stepis the
acquisitionof the shadow mapby renderingthe scene
from thelight sourceposition.For walkthroughs,thisis
a preprocessingstep,for dynamicscenesit needsto be
performedeachframe.Then,for eachframe,thescene
is renderedwithout the illumination contribution from
thelight source.In asecondrenderingpass,theshadow
mapis speci�ed asa projective texture,anda speci�c
hardwareextensionis usedto mapeachpixel into the
local coordinatespaceof the light sourceandperform
thedepthcomparison.Pixelspassingthisdepthtestare
marked in the stencilbuffer. Finally, the illumination
contribution of the light sourceis addedto the lit re-
gionsby a third renderingpass.

The advantageof the shadow mapalgorithmis that
it is a generalmethodfor computingall shadows in the
scene,andthat it is very fast,sincethe representation
of the shadows is independentof the scenecomplex-
ity. On thedown side,thereareartifactsdueto thedis-
cretesamplingandthequantizationof thedepth. One
bene�t of the shadow map algorithm is that the ren-
deringquality scaleswith theavailablehardware. The
methodcould be implementedon fairly low end sys-
tems,but for high endsystemsa higher resolutionor
deeperz-buffer couldbechosen,sothatthequality in-
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creaseswith the available texture memory. Unfortu-
nately, the necessaryhardware extensionsto perform
thedepthcomparisonon a per-fragmentbasisarecur-
rentlyonly availablehaveuntil recentlyonly beenavail-
able on two high-endsystems,the RealityEngine[1]
andtheIn�niteReality [20].

2.1 Shado w Maps Using the Alpha Test

Insteadof relying on a dedicatedshadow map exten-
sion, it is alsopossibleto useprojective texturesand
the alphatest. Basically, this methodis similar to the
methoddescribedin [25], but it ef�ciently takesadvan-
tageof automatictexturecoordinategenerationandthe
alphatestto generateshadow maskson a per-pixel ba-
sis. This methodtakesonerenderingpassmore than
requiredwith theappropriatehardwareextension.

In contrastto traditionalshadow maps,whichusethe
contentsof az-buffer for thedepthcomparison,weuse
a depthmapwith a linear mappingof the z valuesin
light sourcecoordinates. This allows us to compute
thedepthvaluesvia automatictexturecoordinategen-
erationinsteadof a per-pixel division. Moreover, this
choiceimproves the quality of the depthcomparison,
becausethedepthrangeis sampleduniformly, while a
z-buffer representsclosepoints with higher accuracy
thanfarpoints.

As before,theentiresceneis renderedfrom thelight
sourcepositionin a �rst pass.Automatictexturecoor-
dinategenerationis usedto setthetexturecoordinateof
eachvertex to thedepthasseenfrom the light source,
anda 1-dimensionaltexture is usedto de�ne a linear
mappingof this depthto alphavalues. Sincethe al-
phavaluesarerestrictedto therange[0: : : 1], nearand
far planeshave to be selected,whosedepthsare then
mappedto alphavalues0 and1, respectively. The re-
sult of this is an imagein which the red, green,and
bluechannelshavearbitraryvalues,but thealphachan-
nel storesthe depthinformation of the sceneas seen
from thelight source.This imagecanlaterbeusedasa
texture.

For all object points visible from the camera,the
shadow mapalgorithmnow requiresa comparisonof
the point's depthwith respectto the light sourcewith
the correspondingdepthvalue from the shadow map.
The�rst of thesetwo valuescanbeobtainedby apply-
ing the same1-dimensionaltexture that was usedfor
generatingthe shadow map. The secondvalue is ob-
tainedsimply by usingtheshadow mapasa projective

texture. In order to comparethe two values,we can
subtractthemfrom eachother, andcomparethe result
to zero.

With multi-texturing, this comparisoncan be im-
plementedin a single renderingpass. Both the 1-
dimensionaltextureandtheshadow maparespeci�ed
assimultaneoustextures,andthetextureblendingfunc-
tion is usedto implementthe difference. The result-
ing � valueis 0 at eachfragmentthat is lit by thelight
source,and> 0 for fragmentsthatareshadowed.Then,
analphatestis employedto comparetheresultsto zero.
Pixels passingthe alphatestaremarked in the stencil
buffer, so that the lit regionscanthenberenderedin a
�nal renderingpass.

Without supportfor multi-texturing, the samealgo-
rithm is much more expensive. First, two separate
passesarerequiredfor applyingthe texturemaps,and
alpha blending is usedfor the difference. Now, the
framebuffer containsan� valueof 0 at eachpixel that
is lit by thelight source,and> 0 for shadowedpixels.
In the next stepit is then necessaryto set � to 1 for
all the shadowed pixels. This will allow us to render
thelit geometry, andsimplymultiply eachfragmentby
1� � of thecorrespondingpixel in theframebuffer (the
valueof 1 � � would be 0 for shadowed and1 for lit
regions).In orderto dothis,wehaveto copy theframe-
buffer onto itself, therebyscaling� by 2n , wheren is
thenumberof bits in the � channel.This ensuresthat
1=2n , thesmallestvalue> 0, will bemappedto 1. Due
to the automaticclampingto the interval [0 : : : 1], all
largervalueswill alsobemappedto 1, while zeroval-
uesremainzero. In additionto requiringanexpensive
framebuffer copy, this algorithm also needsan alpha
channelin theframebuffer (“destinationalpha”),which
mightnotbeavailableonsomesystems.

Figure7 showsanengineblockwheretheshadow re-
gionshave beendeterminedusingthis approach.Since
thesceneis renderedatleastthreetimesfor everyframe
(four times if the light sourceor any of the objects
move),therenderingtimesfor thismethodstronglyde-
pendonthecomplexity of thevisiblegeometryin every
frame,but not at all on thecomplexity of thegeometry
castingthe shadows. Scenesof moderatecomplexity
can be renderedat high frame rateseven on low end
systems.Theimagesin Figure7 areactuallytheresults
of texture-basedvolumerenderingusing3D texturing
hardware (see[32] for the detailsof the illumination
process).
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Figure 7: An engineblock generatedfrom a volume
datasetwith andwithout shadows. Theshadows have
been computedwith our algorithm for alpha-coded
shadow maps.ThePhongre�ection modelis usedfor
theunshadowedparts.

3 Bump Mapping Algorithms

Bump maps have become a popular approachfor
addingvisual complexity to a scene,without increas-
ing the geometriccomplexity. They have beenused
in software renderingsystemsfor quite a while [4],
but hardwareimplementationshaveonly occurredrela-
tively recently, andseveral differentmethodsarepos-
sible, dependingon the level of hardware support
(e.g.[23, 22,9, 14]).

Theoriginal approachto bumpmapping[4] de�nes
surface detail as a height value at every point on a
smoothbasesurface.Fromthis texture-mappedheight
value, one can computea per-pixel normal by taking
the partial derivativesof the heightvalues. Sincethis
is a fairly expensive operation,most recenthardware
implementations[22, 9, 14] precomputethenormalfor
every surfacepoint in an of�ine process,and storeit
directly in a texturemap.

The bump mappingschemethat hasbecomemost
popular for interactive applications recently is de-
scribedin detail in a technicalreportby Kilgard [14].
First, the light andthe viewing vectorat every vertex
of the geometryis computedandtransformedinto the
local coordinateframeat that vertex (“tangentspace”,
see[22]). In theoriginalversion,this is asoftwarestep,
which cannow, however alsobedonedirectly in hard-
ware [16]. Then, theselocal vectorsare interpolated
acrossthesurfaceusingGouraudshadingandtheper-
pixel bumpmapnormalsarelookedup from a texture

map. A simple re�ection model containinga diffuse
anda Phongcomponentcanthenbeimplementedasa
numberof dot productsfollowed by successive squar-
ing (for the Phongexponent). Theseoperationsmap
easilyto theregistercombinerfacility presentin mod-
ernhardware[21].

3.1 Shado ws for Bump Maps

Thebasicapproachto bumpmappingasoutlinedabove
can be extendedto approximatethe shadows that the
bumpscastontoeachother. Note thatapproacheslike
shadow mapsdonotwork for bumpmapsbecausedur-
ing the renderingphasethe geometryis not available;
only per-pixel normalsare. Shadowing algorithmsfor
bumpmapsthereforeencodethevisibility of everysur-
facepoint for every possiblelight direction. This is
simpli�ed by thefactthatbumpmapsarederivedfrom
height�elds (i.e. terrains),which allows us to usethe
notionof a horizon. In a terrain,a distantlight source
locatedin acertaindirectionis visiblefrom agivensur-
facepoint if andonly if it is locatedabove thehorizon
for thatsurfacepoint. Thus,it is suf�cient to encodethe
horizonfor all height�eld pointsanddirections.This
approachis calledhorizonmapping, �rst presentedby
Max [17].

Thequestionis, how thishorizoninformationcanbe
representedsuchthat it consumeslittle memory, and
suchthat the testof whethera given light directionis
above or below the horizonfor any point in the bump
mapcanbedoneef�ciently in hardware. We describe
hereamethodproposedby Heidrichetal. [8].

We start with a bump map given as a height �eld,
as in the original formulation by Blinn [4]. We then
selecta numberof randomdirectionsD = f di g, and
shootraysfrom all height�eld pointsp into eachof the
directionsdi . For theshadowing algorithmwewill only
recorda booleanvaluefor eachof theserays,namely
whethertherayhitsanotherpoint in theheight�eld, or
not. In Section3.2wewill describehow to useasimilar
preprocessingstepfor computingindirect illumination
in bumpmaps.

Now let us considerall the raysshot from a single
surface point p. We project all the unit vectorsfor
thesamplingdirections~di 2 D into thetangentplane,
i.e. we drop thez coordinateof ~di in the local coordi-
nateframe. Thenwe �t anellipsecontainingasmany
of those2D pointsthat correspondto unshadowed di-
rectionsaspossible,withoutcontainingtoomany shad-
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oweddirections.Thisellipseis uniquelydeterminedby
its (2D) centerpointc, adirection(ax ; ay)T describing
the directionof the major axis (the minor axis is then
simply (� ay ; ax )T ), and two radii r 1 andr 2, one for
theextentalongeachaxis.

a
c

r2

r1

Figure8: For the shadow testwe precompute2D el-
lipsesat eachpoint of the height�eld, by �tting them
to the projectionsof the scatteringdirectionsinto the
tangentplane.

For the�tting process,webegin with theellipserep-
resentedby the eigenvectorsof the covariancematrix
of all pointscorrespondingto unshadowed directions.
We then optimize the radii with a local optimization
method. As an optimizationcriterion we try to max-
imize the numberof light directionsinsidethe ellipse
while at thesametimeminimizing thenumberof shad-
oweddirectionsinsideit.

Oncewe have computedthis ellipse for eachgrid
point in theheight�eld, theshadow testis simple.The
light direction~l is alsoprojectedinto thetangentplane,
andit is checkedwhetherthe resulting2D point is in-
sidetheellipse(correspondingto alit point)or not(cor-
respondingto ashadowedpoint).

Both theprojectionandthe in-ellipsetestcanmath-
ematicallybeexpressedveryeasily. First, the2D coor-
dinateslx andly have to betransformedinto thecoor-
dinatesystemde�ned by theaxesof theellipse:

l0x := h
�

ax

ay

�
j
�

lx � cx

ly � cy

�
i ; (7)

l0y := h
�

� ay

ax

�
j
�

lx � cx

ly � cy

�
i (8)

Afterwards,thetest

1 �
(l0x )2

r 2
1

�
(l0y)2

r 2
2

� 0 (9)

hasto beperformed.
To mapthesecomputationsto graphicshardware,we

representthesix degreesof freedomfor theellipsesas

2 RGB textures. Then the requiredoperationsto im-
plementEquations7 through9 aresimpledot products
aswell asadditionsandmultiplications.This is possi-
bleusingtheOpenGLimagingsubset[26], availableon
mostcontemporaryworkstations,but alsousingsome
vendorspeci�c extensions,suchas the register com-
biner extensionfrom NVIDIA [21]. Dependingon the
exactgraphicshardwareavailable,the implementation
detailswill have to vary slightly. Thesedetailsfor dif-
ferentplatformsaredescribedin atechnicalreport[11].

Figure9 shows someresultsof this shadowing algo-
rithm.

Figure9: A simplebumpmapwith andwithout shad-
ows

3.2 Indirect Illumination in Bump Maps

Finally, we would like to discussa methodfor com-
putingtheindirectlight in bumpmaps[8], i.e. thelight
thatbouncesaroundmultipletimesin thebumpsbefore
hitting thecamera.

As in the caseof bump map shadows, we start by
choosingasetof randomdirectionsdi 2 D, andshoot-
ing rays from al points p on the height �eld into all
directionsdi . This time,however, we do not only store
a booleanvaluefor every ray, but ratherthe2D coordi-
natesof theintersectionof thatraywith theheight�eld
(if any). That is, for every directiondi , we storea 2D
mapSi that,for everypointp, holdsthe2D coordinates
of thepointq visible from p in directiondi .

Using this precomputedvisiblity information, we
can then integrateover the light arriving from all di-
rections.For every point p in theheight�eld, we sum
uptheindirectilluminationarriving from any of thedi-
rectionsdi , asdepictedin Figure10.

If we assumethatboth the light andtheviewing di-
rectionvary slowly acrossthe height �eld (this corre-
spondsto theassumptionthat thebumpsarerelatively
small comparedto the distancefrom both the viewer
andthelight source),thentheonly stronglyvaryingpa-
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Figure10: With theprecomputedvisibility, thediffer-
ent pathsfor the illumination in all surfacepointsare
composedof pieceswith identicaldirections.

rametersarethesurfacenormals.Morespeci�cally, for
the radianceleaving a grid point p in direction~v, the
importantvarying parametersare the normal ~np, the
point q := Si [p] visible from p in direction ~di , and
thenormal~nq in thatpoint.

In particular, the radiancein direction~v causedby
light arriving from direction~l andscatteredoncein di-
rection� ~di is givenby thefollowing formula.

L o(p;~v) = f r (~np; ~di ;~v)h~npj ~di i�
�

f r (~nq;~l ; � ~di )h~nqj~l i � L i (q;~l)
�

: (10)

Usually, theBRDFis writtenasa4D functionof thein-
comingandtheoutgoingdirection,bothgivenrelative
to a localcoordinateframewherethelocalsurfacenor-
mal coincideswith thez-axis. In a height�eld setting,
however, the viewing andlight directionsaregiven in
someglobalcoordinatesystemthat is not alignedwith
the local coordinateframe,so that it is �rst necessary
to perform a transformationbetweenthe two frames.
To emphasizethis fact,wehavedenotedtheBRDFasa
functionof theincomingandoutgoingdirectionaswell
asthesurfacenormal. If we planto useananisotropic
BRDFonthemicrogeometrylevel,wewouldalsohave
to includea referencetangentvector.

Note that the term in parenthesisis simply the di-
rect illumination of a height �eld with viewing direc-
tion � ~di , with light arriving from ~l. If we precompute
this term for all grid pointsin the height�eld, we ob-
tain a textureL d containingthedirect illumination for
eachsurfacepoint. This texture canbe generatedus-
ing a bumpmappingstepwhereanorthographiccam-
erapointsdown onto the height�eld, but � ~di is used
astheviewing directionfor shadingpurposes.

Oncewe have L d, the secondre�ection is just an-
otherbumpmappingstepwith ~v astheviewing direc-
tion and~di asthelight direction.This time, theincom-
ing radianceis not determinedby the intensityof the
light source,but ratherby thecontentof theL d texture.

For eachsurfacepoint p we look up thecorresponding
visible point q = Si [p]. The outgoingradianceat q,
which is storedin the texture asL d[q], is at the same
time theincomingradianceatp.

Thus,wehavereducedcomputingtheonce-scattered
light in eachpoint of the height �eld to two succes-
sive bump mappingoperations,wherethe secondone
requiresanadditionalindirectionto look up theillumi-
nation. We caneasilyextendthis techniqueto longer
paths,andalsoaddin thedirecttermat eachscattering
point. This is illustratedin theFigure11.
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+
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Indirect Illum.
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Direct Illum.

 l
Û ,� dÛ2

Direct Illum.

 l
Û
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Direct Illum.

 l
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+

+

Figure11: Extendingthe dependenttestscatteringal-
gorithm to multiple scattering. Eachbox indicatesa
texturethatis generatedwith regularbumpmapping.

For the total illumination in a height �eld, we sum
up the contributions for several suchpaths(some40-
100in mostof our scenes).This way, we computethe
illumination in thecompleteheight�eld at once,using
two SIMD-style operationson the whole height �eld
texture: bump mappingfor direct illumination, using
two given directionsfor incomingandoutgoinglight,
aswell asa lookupof theindirectillumination in a tex-
turemapusingtheprecomputedvisibility datain form
of thetexturesSi .

3.2.1 Use of Graphics Hardware

In recentgraphicshardware, both on the workstation
andon the consumerlevel, several new featureshave
been introducedthat we can make use of. In par-
ticular, we assumea standardOpenGL-like graphics
pipeline[26] with someextensionsasdescribedin the
following.

Firstly, we assumethe hardware hassomeway of
renderingbump maps. This can either be supported
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throughspeci�c extensions(e.g. [21]), or throughthe
OpenGLimagingsubset[26], asdescribedby Heidrich
andSeidel[9]. Any kind of bumpmappingschemewill
besuf�cient for ourpurposes,but thekind of re�ection
modelavailablein this bump mappingstepwill deter-
mine what re�ection model we can useto illuminate
ourhight �eld.

Secondly, we will needa way of interpretingthe
componentsstoredin one texture or imageas texture
coordinatespointing into anothertexture. One way
of supportingthis is the so-calledpixel texture ex-
tension[10, 9], which performsthis operationduring
transferof imagesinto theframebuffer, andis currently
only availableon somehigh-endSGI machines.Alter-
natively, we canusedependenttexture lookups, a vari-
ant of multi-texturing, that hasrecentlybecomeavail-
ableon somenewer PCgraphicsboards.With depen-
denttexturing,wecanmaptwo or moretexturessimul-
taneouslyontoanobject,wherethetexturecoordinates
of thesecondtextureareobtainedfrom thecomponents
of the �rst texture. This is exactly the featurewe are
looking for. In casewe have hardware that supports
neitherof thetwo, it is quitesimple,althoughnot very
fast, to implementthe pixel texture extensionin soft-
ware: theframebuffer is readout to mainmemory, and
eachpixel is replacedby a valuelookedup from a tex-
ture,usingthepreviouscontentsof thepixel astexture
coordinates.

Using thesetwo features,dependenttexturing and
bump mapping,the implementationof the dependent
testmethodasdescribedabove is simple. As depicted
in Figure 10, the scatteringof light via two points p
and q in the height �eld �rst requiresus to compute
the direct illumination in q. If we do this for all grid
pointswe obtaina texture L d containingthe re�ected
light causedby the direct illumination in eachpoint.
This texture L d is generatedusingthe bump mapping
mechanismthehardwareprovides.Typically, thehard-
ware will supportonly diffuse and Phongre�ections,
but if it supportsmoregeneralmodels,thenthesecan
alsobeusedfor ourscatteringimplementation.

The secondre�ection in p is alsoa bump mapping
step(althoughwith differentviewing- andlight direc-
tions), but this time the direct illumination from the
light sourcehas to be replacedby a per-pixel radi-
ancevalue correspondingto the re�ected radianceof
the point q visible from p in the scatteringdirection.
We achieve this by bump mappingthe surfacewith a
light intensityof 1, andby afterwardsapplyingapixel-

wisemultiplicationof thevaluelookedupfrom L d with
thehelpof dependenttexturing. Figure12 shows how
to conceptuallysetupamulti-texturingsystemwith de-
pendenttexturesto achieve this result.

Si
p

q

Li
Ld

Figure 12: For computingthe indirect light with the
help of graphicshardware,we conceptuallyrequirea
multi-texturingsystemwith dependenttexturelookups.
This �gure illustrateshow this systemhasto besetup.
Boxes indicateoneof the two textures,while incom-
ing arrowssignaltexturecoordinatesandoutgoingones
meantheresultingcolor values.

The�rst textureis theSi thatcorrespondsto thescat-
tering direction di . For eachpoint p it yields q, the
point visible from p in directiondi . The secondtex-
tureL d containsthere�ecteddirectlight in eachpoint,
which actsas an incoming radianceat p. Figure 13
showssomeresultsof themethod.

Figure13: A bumpmapwith andwithout indirectillu-
mination

By usingthishardwareapproach,wetreatthegraph-
ics boardasa SIMD-like machinewhich performsthe
desiredoperations,and computesone light path for
eachof the grid pointsat once. This useof hardware
dramaticallyincreasesthe performanceover the soft-
wareversionto analmostinteractive rate.

4 Conc lusion

In this part,we have reviewedsomeof themorecom-
plex shadingalgorithmsthatutilize graphicshardware.
While theindividualmethodsarecertainlyquitediffer-
ent,therearesomefeaturesthatoccurin all examples:
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� The most expensive operations(i.e. visibility
computations,�ltering of environmentmapsetc.)
arenotperformedonthe�y , but aredonein apre-
computingstep.

� Theresultsof theprecomputationarerepresented
in a sampled(tabular) form that allows us to use
texture mappingto apply the information in the
actualshaders.

� The shadersthemselves are often relatively sim-
ple due to the amountof precomputation.They
mostlyhavethejobof combiningtheprecomputed
texturesin various�e xible ways.

� The texturesneedto be parameterizedin sucha
way that thetexturecoordinatesareeasyandef�-
cientto generate,ideallydirectly in hardware.
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