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1 Intr oduction

In this part of the tutorial we aregoing to discussen-
vironmentmaps[1] and their applicationsto interac-
tive rendering. Environmentmapsare particulartex-
tures that describefor all directionsthe incoming or
outgoinglight at onepoint in space.The main useof
thesemapsis to simulatere�ections in curvedobjects,
but they cando muchmorethanthat. In particularin
hardware-acceleratedrenderers,environmentmapsare
oftenusedto storeprecomputeddirectionalinformation
thatis tooexpensive to computeon the�y .

The basicideaof environmentmapsis that, if a re-
�ecting object is small comparedto its distancefrom
theenvironment,theincomingilluminationon thesur-
facereallyonlydependsonthedirectionof there�ected
ray. Its origin, thatis theactualpositionon thesurface,
can be neglected. Therefore,the incoming illumina-
tion at the objectcanbe precomputedandstoredin a
2-dimensionaltexturemap.

If the parameterizationfor this texture mapis clev-
erly chosen,theillumination for re�ectionsoff thesur-
facecanbe looked up very ef�ciently. Of course,the
assumptionof a smallobjectcomparedto theenviron-
ment often doesnot hold, but environmentmapsare
a goodcompromisebetweenrenderingquality andthe
needto storethe full 4-dimensionalradiance�eld on
thesurface.

Bothof�ine [8] andinteractive, hardware-basedren-
derers[17] have usedthis approachto simulatemirror
re�ections,oftenwith amazingresults.

In this part, we �rst discussthe issueof parame-
terizations(or representations)for environment map-
ping. In particular, we describesphericalmaps,cube
maps,andparabolicmaps,all of which aresupported
in themostrecenthardware.Following thisdiscussion,
we discussandcomparetechniquesfor usingenviron-
mentmapsfor mattere�ectionsanddifferentre�ection
models. Finally, we will show someother examples

for environmentmapsincluding applicationsfor non-
photorealisticrendering.

2 Parameterizations for
Envir onment Maps

Sinceenvironmentmapsrepresentdirectionalinforma-
tion asa2D texture,it is necessaryto decidefor amap-
ping from directionsto texture coordinatesin orderto
de�ne a concreterepresentation.This mapping,which
is alsocalledthe parameterizationof theenvironment
map,shouldful�ll a coupleof propertiesin orderto be
usefulfor hardware-acceleratedrendering:

� themethodfor computingthetexturecoordinates
shouldbe simple and ef�cient, and it shouldbe
easyto implementin hardware. This meansthat
complicatedand expensive mathematicalfunc-
tions line trigonometricfunctionsshouldnot be
necessary.

� for walkthroughsof staticenvironments,it should
notbenecessaryto createanew environmentmap
every frame.This meansthat

– thecomputationof thetexturecoordinatesis
possiblefor all viewing directions.

– all light directionsneed to be represented
equally well in the environmentmap. Al-
thoughsomelight directionsare more im-
portantthanothersfor a certainviewing di-
rection,all directionsareequally important
for a walkthrough,wheretheviewing direc-
tion is not previously known. This property
is calledtheuniformityof theparameteriza-
tion.

� for interaction with dynamic environments, it
shouldbe easyand inexpensive to createa new
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Figure1: Left: A sphericalenvironmentmapfrom thecenterof a coloredcube.Notethebadsamplingof thecube
facedirectly in front of theobserver (black).Right: asphericalmapof a realscene.

environmentmapfrom perspective imagesof the
scene(becausethis is whatthehardwarecangen-
erate).

In thefollowing, wewill discussthethreeparameter-
izationsfor environmentmapsthat have gainedsome
importancein hardwarerendering.

2.1 Spherical Maps

The parameterizationtraditionally used in com-
puter graphicshardware is the sphericalenvironment
map[7]. It is basedon theanalogyof asmall,perfectly
mirroring metalball centeredaroundthe object. The
imagethat an orthographiccameraseeswhenlooking
at sucha ball from a certainviewing direction is the
environmentmap.An exampleenvironmentmapfrom
thecenterof acoloredcubeis shown on theleft of Fig-
ure1, amapof a realsceneis shown on theright.

The major reasonwhy sphericalmapsare usedis
that the lookup canbe computedef�ciently with sim-
ple operationsin hardware(seeFigure2 for thegeom-
etry): for eachvertex computethe re�ection vector~r
of theper-vertex viewing direction~v. A sphericalenvi-
ronmentmapwhich hasbeengeneratedfor an ortho-
graphiccamerapointing into direction ~vo, storesthe
correspondingradianceinformation for this direction
at thepoint wherethere�ective spherehasthenormal
~h := (~vo + ~r )=jj~vo + ~r jj . If ~vo is the negative z-axis
in viewing coordinates,thenthe2D texturecoordinates

aresimply the x andy componentsof the normalized
halfway vector~h. For environmentmappingon a per-
vertex basisanda referenceviewing directionvo iden-
tical to the negative z-axis in eye space,thesetexture
coordinatesareautomaticallycomputedby the texture
coordinategenerationmechanismof OpenGL.

rÞ
nÞ

vo
Þ

vÞ

hÞ

Figure2: The lookup processin a sphericalenviron-
mentmap.

Thesamplingrateof sphericalmapsreachesits max-
imum for directions opposingthe viewing direction
(that is, objectsbehindthe viewer), andgoestowards
zero for directionscloseto the viewing direction,be-
causethesecorrespondto the tangentialareasof the
virtual metalball usedto generatethe map. Because
of this singularity in the viewing direction, it is clear
that this parameterizationis not suitablefor viewing
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directionsotherthanthe original one,especiallysince
theautomatictexturecoordinatemodedoesnotsupport
this case.Thus,mapsusingthis parameterizationhave
to be regeneratedfor eachchangeof the view point,
even if the environment is otherwisestatic. The cre-
ationof asphericalmaprequiresatexturemappingstep
in whichperspective imagesarewarpedinto thespher-
ical form.

Despite thesedisadvantages,the sphericalmap is
very usefulif theonly interactionwith thesceneis ro-
tatinganobjectin front of thescreen.This is thecase,
for example,in designandCAD applications,andalso
for somenon-photorealisticrenderingapplications(see
Section4).

2.2 Cube Maps

The second parameterization,cubical environment
mapsor cubemaps[6, 18] consistof six independent
perspective imagesfrom the centerof a cubethrough
eachof its faces.From this descriptionit is clearthat
the generationof sucha map simply consistsof ren-
dering the six perspective images. A warpingstepas
requiredfor sphericalmapsis not necessary. Thesam-
pling of thesemapsis fairly good.It canbeshown that
thesamplingratesfor all directionsdiffer by afactorof
3
p

3 � 5:2.
The calculationof the texture coordinatesproceeds

asfollows:

� computeeye-spacere�ection vector~r e.

� transform~r e to object space,yielding ~r o (cube
facesarealignedwith mainaxesin objectspace).

� the componentof ~r o with the largest absolute
value and the sign of this componentdetermine
thecubeface.Theothertwo componentsdivided
by thelargestonearethetexturecoordinates.For
example,if y = � :7 is the largestabsolutevalue,
thenthecubefaceaty = � 1 is used,ands := x=y
and t := z=y are the texture coordinateswithin
thatface.

Obviously, this parameterizationis suitablefor arbi-
trary viewing directions,andseveralcurrentPCgraph-
ics boardssupportit via a speci�c OpenGLextension.
Oneproblemhereis theuseof six independenttextures,
which requiressomespecialmechanismsin thetexture
speci�cation.Also, theseparationinto six texturesmay

produceseamsbetweenthe cubefaces. In particular,
this is the caseif mip-mappingis used,becausethen
eachface is downsampledindividually. It would be
possibleto overcometheseproblemsby addinga bor-
derof severalpixelstoeachof thefaces,andto replicate
someinformationfrom neighboringfacesthere.

2.3 Parabolic Maps

Parabolic maps [9, 10], sometimesalso called dual
paraboloid maps, are basedon an analogysimilar to
the oneusedto describesphericalenvironmentmaps.
Assumethatthere�ecting objectlies at theorigin, and
that theviewing directionis alongthenegative z axis.
Theimageseenby anorthographiccamerawhenlook-
ing atametallic,re�ecting paraboloid

f (x; y) =
1
2

�
1
2

(x2 + y2); x2 + y2 � 1; (1)

contains the information about the hemispherefac-
ing towardsthe viewer. The completeenvironmentis
storedin two separatetextures,eachcontainingthein-
formationof onehemisphere.Thegeometryis depicted
in Figure3.

Figure3: Theraysof anorthographiccamerare�ected
off a paraboloidsamplea completehemisphereof di-
rections.

This parameterizationhasrecentlybeenintroduced
in [15] in a different context. Nayar actually built a
lensandcamerasystemthatis capableof capturingthis
sortof imagefrom therealworld. Besidesray-tracing
andwarpingof cubicalenvironmentmaps,this is ac-
tually oneway of acquiringmapsin theproposedfor-
mat. Sincetwo of thesecamerascanbeattachedback
to back,it is possibleto createfull 360� imagesof real
world scenes.

Thegeometrydescribedabove hassomeinteresting
properties.Firstly, there�ectedraysin eachpointof the
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paraboloidall originatefrom a singlepoint, the focal
point of theparaboloid,which is alsotheorigin of the
coordinatesystem(seedashedlines in Figure3). This
meansthattheresultingimagecanindeedbeusedasan
environmentmapfor anobjectin theorigin. Spherical
environmentmapsdo not have this property;themetal
spheresusedtherehave to beassumedsmall.

Secondly, thesamplingrateof aparabolicmapvaries
by a factor of 4 over the completeimage. This can
be shown easilythroughthe following considerations.
Firstly, a point on the paraboloidis given as ~f =
(x; y; 1

2 � 1
2(x2 + y2))T . This is alsothe vectorfrom

theorigin to thepointontheparaboloid,andthere�ec-
tion vector~r for a ray arriving in this point from the
viewing direction(seeFigure3). If thecrosssectionof
theviewing rayhasadifferentialareadA (whichcorre-
spondsto thepixel area),thenthere�ectedrayalsohas
this area.The solid anglecoveredby thepixel is thus
theprojectionof dA ontotheunit sphere:

! (x; y) =
dA

jj ~f (x; y)jj2
� sr: (2)

Sinceall pixelshavethesameareadA, and ~f (0; 0) =
1=2, the samplingrate for x = 0 andy = 0, that is,
for re�ection rays~r = (0; 0; 1)T pointingbackinto the
directionof the viewer, is ! r = 4sr=m2 � dA. Thus,
thechangein samplingrateover thehemispherecanbe
expressedas

! (x; y)
! r

=
1

4jj ~f (x; y)jj2
(3)

=
1

4(x2 + y2 + ( 1
2 � 1

2(x2 + y2))2)

Pixels in the outer regions of the map (i.e. with
x2 + y2 = 1) cover only 1=4 of the solid anglecov-
eredby centerpixels. This meansthat directionsper-
pendicularto the viewing direction are sampledat a
higher rate than directionsparallel to the viewing di-
rection. Dependingon how we selectmip-maplevels,
the factorof 4 in thesamplingratecorrespondsto one
or two levels difference,which is quiteacceptable.In
particularthis is somewhatbetterthanthesamplingof
cubicalenvironmentmaps.Thesamplingratesfor dif-
ferentparameterizationsarecomparedin Figure4.

Figure 5 shows the two images comprising a
parabolicenvironmentmap for the simplesceneused

in Figure1. The left imagerepresentsthehemisphere
facingtowardsthecamera,while theright imagerepre-
sentsthehemispherefacingaway from it.

2.3.1 Lookups from Arbitrar y
Viewing Positions

In the following, we describethe math behind the
lookup processof a re�ection value for an arbitrary
viewing position and -direction. We assumethat en-
vironmentmapsare speci�ed relative to a coordinate
systemin which the re�ecting object lies at the ori-
gin, and the mapis generatedfor a viewing direction
(i.e. vector from the objectpoint to the eye point) of
~do = (0; 0; 1)T . It is not necessarythat this coordi-
natesystemrepresentstheobjectspaceof there�ecting
object,althoughthiswouldbeanobviouschoice.How-
ever, it is importantthatthetransformationbetweenthis
spaceandeye spaceis a rigid body transformation,as
thismeansthatvectorsdonothaveto benormalizedaf-
ter transformation.To simplify thenotation,we will in
thefollowing usetheterm“objectspace”for thisspace.

In the following, ~ve denotesthe normalizedvector
from the point on the surfaceto the eye point in eye
space,while the vector~ne = (ne;x; ne;y; ne;z)T is the
normalof thesurfacepoint in eye space.Furthermore,
the (af�ne) model/view matrix is given as M . This
means,that the normal in eye space~ne is really the
transformationM � T � ~no of somenormalvectorin ob-
ject space.If M is a rigid bodytransformation,and~no

is normalized,thenso is ~ne. The re�ection vector in
eyespaceis thengivenas

~re =2 < ~ne;~ve > ~ne � ~ve: (4)

Transformingthis vectorwith the inverseof M yields
there�ection vectorin objectspace:

~ro = M � 1 � ~re: (5)

The illumination for this vector in object spaceis
storedsomewhere in one of the two images. More
speci�cally, if the z componentof this vector is pos-
itive, thevectoris facingtowardstheviewer, andthus
thevalueis in the�rst textureimage,otherwiseit canbe
found in thesecond.Let us, for themoment,consider
the�rst case.

~ro is the re�ection of the constantvector ~do =
(0; 0; 1)T at somepoint (x; y; z) on theparaboloid:
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Figure5: Thetwo texturescomprisinganenvironmentmapfor anobjectin thecenterof acoloredcube.

~ro = 2 < ~n; ~do > ~n � ~do; (6)

where~n is thenormalat thatpointof theparaboloid.
Dueto theformulaof theparaboloidfrom Equation1,
thisnormalhappensto be

~n =
1

p
x2 + y2 + 1

0

@
x
y
1

1

A : (7)

Thesimplicity of this formula is themajor reasonthat
the parabolic parameterizationcan be easily imple-
mentedin hardware. It meansthat an unambiguous
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representative for thenormaldirectioncanbecomputed
by dividing a (not necessarilynormalized)normalvec-
tor by its z component,which canbe implementedas
a perspective division. Another way to disambiguate
the normal direction would be to normalizethe vec-
tor, which involvesthemoreexpensive computationof
an inversesquareroot. This is the approachtaken by
sphericalmaps.Thecombinationof Equations6 and7
yields

~do + ~ro = 2 < ~n; ~v > ~n =

0

@
k � x
k � y

k

1

A : (8)

for somevaluek.
In summary, this meansthat x andy, which canbe

directly mappedto texture coordinates,can be com-
putedby calculatingthe re�ection vectorin eye space
(Equation4), transformingit back into object space
(Equation 5), adding it to the (constant)vector ~do

(Equation8), and�nally dividing by thez component
of theresultingvector.

The secondcase,wherethe z componentof the re-
�ection vectorin objectspaceis negative, canbehan-
dled similarly, exceptthat � ~d hasto be usedin Equa-
tion 8, andthattheresultingvaluesare� x and� y.

2.3.2 Implementation Using
Graphics Hardware

An interestingobservationin theaboveequationsis that
almostall therequiredoperationsarelinear. Thereare
two exceptions.The�rst is thecalculationof there�ec-
tionvectorin eyespace(Equation4),whichisquadratic
in thecomponentsof thenormalvector~ne. Thesecond
exceptionis the division at the end,which can,how-
ever, beimplementedasaperspective divide.

Giventhere�ection vector~r e in eyecoordinates,the
transformationsfor thefrontfacingpartof theenviron-
mentcanbewrittenin homogeneouscoordinatesasfol-
lows:

2

6
6
4

x
y
1
1

3

7
7
5 = P � S � (M l )

� 1 �

2

6
6
4

re;x

re;y

re;z

1

3

7
7
5 ; (9)

where

P =

2

6
6
4

1 0 0 0
0 1 0 0
0 0 1 0
0 0 1 0

3

7
7
5 (10)

is aprojective transformationthatdividesby thez com-
ponent,

S =

2

6
6
4

� 1 0 0 do;x

0 � 1 0 do;y

0 0 � 1 do;z

0 0 0 1

3

7
7
5 (11)

computes~do � ~ro, andM l is thelinearpartof theaf�ne
transformationM . Anothermatrix is requiredfor map-
pingx andy into theinterval [0; 1] for theuseastexture
coordinates:

2

6
6
4

s
t
1
1

3

7
7
5 =

2

6
6
4

1
2 0 0 1

2
0 1

2 0 1
2

0 0 1 0
0 0 0 1

3

7
7
5 �

2

6
6
4

x
y
1
1

3

7
7
5 (12)

Similar transformationscanbederivedfor theback-
facingpartsof theenvironment.Thesematricescanbe
usedastexturematrices,if ~r e is speci�edasthe initial
texturecoordinatefor thevertex. Notethat~r e changes
from vertex to vertex, while the matricesremaincon-
stant.

Due to non-linearity, the re�ection vector~r e either
hasto becomputedin software,or usingaspecialmode
for automatictexturecoordinategeneration.Thismode
is currently available on almostall contemporaryPC
boards.

What remainsto be doneis to combinefrontfacing
andbackfacingregionsof theenvironmentinto asingle
image. Using multiple textures,this canbe achieved
in a single renderingpass. To this end, the backfac-
ing partof theenvironmentmapis speci�edasanRGB
texture with the appropriatematrix for the backfacing
hemisphere.Then,the frontfacingpart is speci�ed as
a secondtexture in RGBA format. The alphais used
to mark pixels inside the circle x2 + y2 � 1 with an
alphavalueof 1, pixelsoutsidethecirclewith analpha
valueof 0. Theblendingbetweenthe two mapsis set
up in sucha way thatthecolorsof thetwo texturesare
blendedtogetherusingthe alphachannelof the front-
facingmap.
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The importantpoint hereis that backfacingvectors
~ro will resultin texturecoordinatesx2 + y2 > 1 while
the matrix for the frontfacing part is active. These
regions fall outsidethe circular region marked in the
frontfacingmap,andarethuscoveredby thebackfac-
ing environmentmap.

Alpha valuesbetween0 and1 canbe usedto blend
betweenthe two mapsif seamsarevisible due to in-
consistentdatafor thetwo hemispheres(e.g. if thetwo
hemispheresare recovered from photographs). This
would requirethepixelsoutsidethecirclex2 + y2 � 1
to bevalid asin Figure6. Thesemapshavebeengener-
atedby extendingthedomainof theparaboloid(Equa-
tion 1) to [� 1; 1]2.

If thehardwaredoesnotsupportmultiplesimultane-
ous textures,the parameterizationcanstill be applied
usingamulti-passmethodandalphatesting.As above,
thepixelsof thefrontfacingmaparemarked in theal-
phachannel.In pseudo-code,thealgorithmthenworks
asfollows:

glAlphaFunc( GL_EQUAL, 1.0 );
glEnable( GL_ALPHA_TEST);
glMatrixMode( GL_TEXTURE);

glBindTexture( GL_TEXTURE_2D,
frontFacingMap );

glLoadMatrix( frontFacingMat ri x );
draw object with ~r o

as texture coordinate

glBindTexture( GL_TEXTURE_2D,
backFacingMap );

glLoadMatrix( backFacingMatr ix );
draw object with ~r o

as texture coordinate

Figure7 shows a re�ective sphereandtorusviewed
from differentangleswith theenvironmentmapsfrom
Figure6.

2.4 Mip-map Level Generation

Anti-aliasing is of particular importancefor environ-
mentmaps,since,dependingon thesurfacegeometry,
re�ectionscanoccurbothmagni�ed andmini�ed, and
thereforehave a largerangeof possiblescales.

In hardware, anti-aliasingof textures is donewith
mip-mapping[19], or, morerecently, with anisotropic
�ltering methodslike footprint assembly[16]. If avail-

ablewith thespeci�c hardwarein use,anisotropic�lter -
ing is highly recommendable,becausemostof thetime
somepartsof objectswill beseenat grazingangles.

Both for mip-mappingandfootprint assembly, it is
necessaryto computeahierarchyof texturemapsatdif-
ferentresolutions.For normal texture mapping,these
aremostoften generatedby simply averaginga 2 � 2
block of pixels to obtainone pixel value for the next
level. For environment maps, however, this is not
the right way. Ratherthanthat, eachpixel shouldbe
weightedby thesolidangleit coversto accountfor the
non-uniformityof the usedenvironmentmapparame-
terization(e.g.Equation2 for parabolicmaps).

Furthermore,in orderto avoid seamsfor representa-
tionsthatusemultiple2D texturesfor oneenvironment
map,thereshouldbeaborderthatis severalpixelswide
for eachof the textures. This bordershouldreplicate
informationfrom theothertexturesin theenvironment
map,sothat themip-mappingusescross-texture infor-
mation.

3 Comple x Re�ection Models and
Envir onment Map Pre�ltering

Oncean environmentmapis available, it canbe used
to add a mirror re�ection term to an object. Using
multi-passrenderingandalphablending,thismirror re-
�ection term canbe addedto local illumination terms
that are generatedusing hardware lighting. In order
to incorporateglobal illumination with otherre�ection
modelsthana perfectmetallicmirror, we needto per-
form someprecomputations,since real-timecalcula-
tionsaretypically not possibledueto thehigh compu-
tationalcost.Thetwo fundamentaltechniquesfor using
environmentmapswith moregeneralre�ection models
are

� Decomposition.The re�ection model is decom-
posedinto simpler contributions, which can be
treatedseparately. Forexample,are�ection model
may be separatedinto a diffuse and a specular
term,wherethespeculartermis additionallymul-
tiplied with an angulardependentterm (Fresnel
term).

� Pre�ltering. For certainre�ection models,the re-
�ection of anenvironmentmapcanbeanalytically
precomputedandstoredinto anew map.Thelatter

7



            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������            ��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

Figure6: Left/Center:two texturescomprisingtheenvironmentmapfor anobjectin thecenterof anof�ce scene.
Right: A resampledimagefrom [7]. Theoriginal imagewastakenwith a180� �sheyelensshowing onehemisphere.
Thena cubicalmapwasgeneratedby replicatingtheimagefor thesecondhemisphere.Fromthis cubicalmap,we
resampledthemapfor ourparameterization.Themapfor thesecondhemispherewouldbeidenticalto thisone.

is calledpre�lteredenvironmentmapor re�ection
map.

In the following we will describethesetwo tech-
niquesanddemonstratesomeapplicationsfor them.

3.1 Decomposition

As statedabove, decompositionof a re�ection model
meansseparatingits termsinto simplerexpressionsthat
canbehandledindividually. Themostfundamentalex-
ampleis aseparationinto diffuseandspecularcontribu-
tions.Wewill show in Section3.2thatthediffuseterm
aswell ascertainspeculartermscanbetreatedwith pre-
�ltering. Anothertermcouldbe if we hada re�ection
modelwith a term for retro-re�ection(light that is re-
�ected backinto thedirectionof incominglight). Also
a very interestingexample is the factorizationof the
specularcomponentinto a standardenvironmentmap
andan angulardependentterm (Fresnelterm), asde-
scribedin thefollowing.

3.1.1 Generaliz ed Mirror Re�ections using a
Fresnel Term

The Fresnelterm is a physicalterm describingthe re-
�ecti vity of a materialdependingon its optical den-
sity n (“index of refraction”)andtheangleof incoming
light. It is givenas

F =
(g � c)2

2(g + c)2

�
1 +

(c(g + c) � 1)2

(c(g � c) + 1)2

�
; (13)

with c = < ~n; ~v > andg2 = n2 + c2 � 1.

A regular environmentmapwithout pre�ltering de-
scribesthe incoming illumination at a point in space.
If this information is directly usedasthe outgoingil-
lumination,asis describedabove, andasit is stateof
the art for interactive applications,only metallic sur-
facescanbemodeled.This is becausefor metallicsur-
faces(surfaceswith a high opticaldensity)theFresnel
term is almostconstantone, independentof the angle
betweenlight directionandsurfacenormal. Thus,for
a perfectlysmooth(i.e. mirroring) surface, incoming
light is re�ected in themirror directionwith a constant
re�ectance.

For non-metallicmaterials(materialswith a small
optical density),however, the re�ectancestronglyde-
pendson the angleof the incoming light. Mirror re-
�ections on thesematerialsshouldbeweightedby the
Fresneltermfor theanglebetweenthenormalandthe
re�ectedviewing direction~r v, which is, of course,the
sameasthe anglebetweennormalandviewing direc-
tion ~v.

For any givenmaterial,theFresneltermF (cos� ) for
themirror direction~r v canbestoredin a1-dimensional
texture map, and renderedto the framebuffer's alpha
channelin a separaterenderingpass. The mirror part
is then multiplied with this Fresnelterm in a second
pass,anda third passis usedto addthediffusepart. If
wehave a re�ection modelconsistingof amirror com-
ponentL m anda diffusecomponentL d, this yieldsan
outgoingradianceof L o = F � L m + L d.

In addition to simply addingthe diffusepart to the
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Figure7: Theenvironmentmapsfrom Figure6 appliedto asphereanda torus,andseenfrom differentviewpoints.

Fresnel-weightedmirror re�ection, wecanalsousethe
Fresneltermfor blendingbetweendiffuseandspecular:
L o = F � L m + (1 � F )L d. This allows usto simulate
diffusesurfaceswith a transparentcoating: the mirror
termdescribesthere�ection off thecoating.Only light
not re�ectedby thecoatinghits theunderlyingsurface
andis therere�ecteddiffusely.

Figure8 showsimagesgeneratedusingthesetwo ap-
proaches.In the top row, the Fresnel-weightedmirror
term is shown for indicesof refractionof 1.5, 5, and
200. In thecenterrow, a diffuseterm is added,andin
the bottomrow, mirror anddiffuse termsareblended
usingtheFresnelterm. Notethatfor low indicesof re-
fraction,theobjectis only specularfor grazingviewing
angles,while for ahigh indicesof refractionwegetthe

metal-like re�ection known from Figure7.

3.2 Pre�ltered Envir onment Maps

Generallyspeaking,pre�ltered environmentmapscap-
tureall there�ectedexitant radiancetowardsall direc-
tions~v from a �x edpositionx:

L o(x;~v;~n; ~t) = (14)
Z



f r ( ~w(~v;~n; ~t); ~w(~l; ~n; ~t))L i (x;~l ) < ~n;~l > d~l;

where~v is theviewing directionand~l is thelight direc-
tion in world-space,f ~n; ~t; ~n � ~tg is thelocalcoordinate
frameof there�ectivesurface,~w(~v;~n; ~t) representsthe
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Figure8: Top row: Fresnelweightedmirror term. Centerrow: Fresnelweightedmirror term plus diffuseillumi-
nation. Bottomrow: Fresnelblendingbetweenmirror anddiffuseterm. The indicesof refractionare(from left to
right) 1.5,5, and200.

viewing directionand ~w(~l; ~n; ~t) the light directionrel-
ative to that frame, f r is the BRDF, which is usually
parameterizedvia a localviewing andlight direction.

A pre�lteredenvironmentmapstorestheradianceof
light re�ected towardsthe viewing direction~v, which
is computedby weightingthe incominglight L i from
all directions~l with the BRDF f r . Note, that L i is
storedin the un�ltered original environmentmap. As
you cansee,in thegeneralcasewe have a dependence
on the viewing directionaswell ason the orientation
of there�ective surface,i.e. thelocal coordinateframe
f ~n; ~t; ~n � ~tg.

This general kind of environment map is � ve-
dimensional.Two dimensionsareneededto represent
theviewing direction~v (a unit vectorin world coordi-
nates)andthreedimensionsarenecessaryto represent
thecoordinateframef ~n; ~t; ~n � ~tg; e.g.threeanglescan
beusedto specifytheorientationof anarbitrarycoor-
dinateframe.

Of course,� ve-dimensionaltextureshave enormous
memoryrequirements,which is why thepre�ltered en-
vironment mapswhich we will examine drop some
dependencies(e.g. the tangent~t) and are often repa-
rameterized(e.g. indexing is not donewith the view-
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ing direction ~v, but the re�ected viewing direction).
Becausethis reductionin dimensionalityalsoremoves
someto the generalityof the approach,the decompo-
sition methodis often requiredto combineseveral of
thesesimpli�ed models.

If the original environmentmap is given in a high-
dynamicrangeformat suchas [4], then the pre�lter-
ing techniqueallows for effectssimilar to theonesde-
scribedin [3].

3.2.1 Diffusel y Pre�ltered Maps

As we have seen,we cancombinea mirror re�ection
termusinganenvironmentmapwith local illumination
termsthat aregeneratedusinghardwarelighting. It is
alsopossibleto adda diffuseglobal illumination term
throughtheuseof a precomputedtexture. For thegen-
erationof sucha texture,therearetwo methods.In the
�rst approach,a global illumination algorithmsuchas
Radiosityis usedto computethediffuseglobal illumi-
nationof everysurfacepoint.

The secondapproachis purely image-based,and
usesa pre�ltered environmentmap [14, 6]. The en-
vironmentmap usedfor the mirror term containsin-
formationabouttheincomingradianceL i (x;~l ), where
x is thepoint for which theenvironmentmapis valid,
and~l thedirectionof theincominglight. Theoutgoing
radiancefor adiffuseBRDF is then:

L o(x;~n) = kd �
Z


( ~n)
L i (x;~l ) � cos(~n;~l )d! (~l ): (15)

Dueto theconstantBRDF of diffusesurfaces,L o is
only a functionof thesurfacenormal~n andtheillumi-
nationL i storedin theenvironmentmap,but notof the
outgoingdirection~v. Thus,it is possibleto precompute
a mapcontainingthe diffuse illumination for all pos-
sible surfacenormals. For this map, like for the mir-
ror map,any parameterizationfrom Section2 can be
used. The only differenceis that diffusely pre�ltered
mapsarealwaysreferencedvia thenormalof a vertex
in environmentmapspace,insteadof via there�ection
vector. Figure9 shows sucha pre�ltered map,a torus
with diffuse illumination only aswell asa toruswith
diffuseandmirror illumination.

3.2.2 Glossy Pre�ltering
of Envir onment Maps

A simpli�cation similar to the one used for diffuse
materialsis also possiblefor certain specularre�ec-
tion models[10, 14], mostnotably the Phongmodel.
Voorhieset al. [18] useda similar approachto imple-
mentPhongshadingfor directionallight sources.

As shown in [13], thePhongBRDF is givenby

f r (x;~l ! ~v) = ks �
< ~r l ;~v > 1=r

cos�
= ks �

< ~r v ;~l > 1=r

cos�
;

(16)

where~r l , and~r v are the re�ected light- and viewing
directions,respectively, andcos� = < ~n;~l > . Thus,
thespecularglobalilluminationusingthePhongmodel
is

L o(x;~r v) = ks �
Z


( ~n)
< ~r v ;~l > 1=r L i (x;~l ) d! (~l);

(17)

for someroughnessvaluer . This is only a functionof
there�ection vector~r v andtheenvironmentmapcon-
taining the incomingradianceL i (x;~l ). As for diffuse
illumination, it is thereforepossibleto take a mapcon-
tainingL i (x;~l ), andgeneratea �ltered mapcontaining
theoutgoingradianceL o(x;~r v) for aglossyPhongma-
terial.

Figure10showssuchamapgeneratedfrom theorig-
inal cafeenvironmentin Figure6, aswell asa glossy
sphereandtorustexturedwith thismap.

A Fresnelweightingof thesepre�lteredenvironment
mapsalongthe lines of Section3.1.1is only possible
with approximations.The exact Fresnelterm for the
glossyre�ection cannotbeused,sincethis termwould
have to appearinsidetheintegralof Equation17. How-
ever, for glossysurfaceswith alow roughness,theFres-
nel termcanbeassumedconstantover thewholespec-
ular peak(which is very narrow in this case).Thenthe
Fresneltermcanbemovedout of the integral, andthe
sametechniqueasfor mirror re�ectionsapplies.

The use of a Phong model for the pre�ltering is
somewhatunsatisfactory, sincethis is not a physically
valid model. However, this methodworks for all re-
�ection modelshaving lobesthatarerotationallysym-
metricaboutthere�ectedviewing direction,andwhose
shapedoesnot dependon theangleto thesurfacenor-
mal.
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Figure9: Left: diffuselypre�ltered environmentmapof thecafescene.Center:diffusely illuminatedtorus.Right:
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Figure10: A pre�ltered versionof the mapwith a roughnessof 0.01,andapplicationof this mapto a re�ective
sphereandtorus.

3.2.3 Appr oximations of General Isotr opic
BRDFs

Basedon this concept,Kautz and McCool [11] ex-
tended the Phong environment maps idea to other
isotropicBRDFsby approximatingthemwith aspecial
classof BRDFs:

f r (~v;~l) := p(< ~n;~r v(~n) >; < ~r v(~n);~l > );

wherep is anapproximationto agivenisotropicBRDF,
which is notonly isotropic,but alsoradiallysymmetric
about~r v(~n) = 2(~n�~v)~n� ~v, andthereforeonly depends
on two parameters.

Now considerEquation 14 using this re�ectance

function:

L o(x;~v;~n; ~t) = (18)
Z


( ~n)
p(< ~n; ~r v(~n) >; < ~r v(~n);~l > ) �

L i (x;~l ) < ~n;~l > d! (~l ):

The authorsthen make the assumptionthat the used
BRDF is fairly specular, i.e. the BRDF closeto zero
almosteverywhere,except for ~r v(~n) � ~l . Using this
assumptionthey reasonthat< ~n; ~r v(~n) > � < ~n;~l > .
Now theequationcanbereparameterizedandrewritten
thefollowing way:

L o(x;~r v ; < ~n; ~r v > ) = (19)

< ~n;~r v >
Z


( ~n)
p(< ~n; ~r v >; < ~r v;~l > ) �

L i (x;~l ) d! (~l);
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whichis threedimensional.Thethirddimensionisused
to vary thediameterof thelobewith theanglebetween
re�ection vector and surfacenormal. This way, it is
possibleto have materialsthatarealmostmirror-like at
grazingviewing angles,while they arematteif looked
at perpendicularly. This is a behavior thatcanbeseen
quiteoftenwith realmaterials.

In additionto this,KautzandMcCool alsoproposed
an approximationtechniquethat generatesa BRDF
with rotationally symmetric lobes from an arbitrary
BRDF. This is doneby averagingthelobesfor different
viewing directions.

This techniquehas the advantagethat it can use
approximationsof arbitrary isotropic BRDFs and
achievesinteractive framerates.Off-specularpeakscan
alsobeincorporatedinto this technique.An additional
Fresnelfactor like Miller [14] andHeidrich [10] pro-
posedis notneededbecauseit canbeincorporatedinto
thedependency on theviewing angle,i.e. thethird di-
mensionof themap.Onthedown side,3D texturesare
quite spaceconsumingandarenot supportedby most
currentlow-endhardware.

Dependingon theBRDF, thequality of theapproxi-
mationvaries.ForhigherqualityapproximationsKautz
and McCool also proposeto usea multilobe approx-
imation, which basicallyresultsin several pre�ltered
environmentmapswhichhave to beadded.

For instance,if aBRDFis to beused,which is based
on several separatesurfacephenomena(e.g.hasretro-
re�ections, diffuse re�ections, and glossyre�ections)
eachpart hasto be approximatedseparately, sinceno
radially symmetricapproximationcanbefoundfor the
wholeBRDF. Thisagainmeansadecompositionof the
re�ection modelinto severalparts.

3.2.4 Warping for Envir onment Maps with
Isotr opic BRDFs

A different techniquewhich makes similar assump-
tions(isotropicandradiallysymmetricBRDF)waspre-
sentedby Cabralet al. [2]. They pre�lter an environ-
mentmapfor different�x edviewing directions,result-
ing in view-dependent,sphericalenvironment maps.
An alternative to thepre�ltering processis to take pho-
tographsfrom differentviewing directionsof a sphere
madeof thesamematerialonewould like to represent.

In contrastto thepreviousapproach,this is actually

a four-dimensionalenvironmentmap

L o(x;~v;~n) = (20)
Z


( ~n)
p(< ~n; ~r v >; < ~r v ;~l > ) �

L i (x;~l ) < ~n;~l > d! (~l);

but thetwo dimensionsrepresentingtheviewing direc-
tion ~v areonly sampledvery coarsely. A differenttwo
dimensionalsphericalmapis extractedfrom this four-
dimensionalmapfor every new viewpoint. This map
correspondsto one speci�c viewing direction and is
generatedusingwarping.Thenew view-dependenten-
vironmentmapis thenappliedto anobject.Thewarp-
ing compensatesfor the undersampledviewing direc-
tions, and minimizes the visible artifacts. Although
the warping requireshigh-endgraphicshardware to
achieve interactive framerates,the �nal renderingcan
be donewith standardspheremapping,which is ma-
jor thereasonfor generatingtheintermediatespherical
map.

Warping is donebasedon an assumptionwhat the
centralre�ection directionof theBRDFis (there�ected
viewing directionandthesurfacenormalarementioned
asexamplesin [2]). Forexample,if aspecularhighlight
is assumed,thenthewarpingis performedsuchthatthe
locationof the highlightsare locatedin the samepo-
sition after warping to the destinationdirection. The
assumptionof a single, predominantre�ection direc-
tion fails for BRDFsthat have off-specularre�ections
likestrongdiffusecomponentsor retro-re�ection.Sim-
ilarly, sinceradially symmetricBRDFsareused,this
methodhasthesamedif�culties with complex BRDFs
astheprevious method.To overcometheseproblems,
themethodcanbecombinedwith a decompositionap-
proach.

As mentionedbeforethegeneratedtwo dimensional
environmentmap is view-dependent,so the re�ective
objectneedsto beviewedwith anorthographicprojec-
tion or otherwisethere�ectionsareincorrect,sincethe
re�ection directionsarecomputedbasedon an in�nite
viewer. For example,if thematerialcontainsastrongly
varying Fresnelterm, it cannotbe representedin this
form, becausethe sphericalmap doesnot dependon
theanglebetweennormalandlight direction.

3.2.5 Hardware Accelerated Pre�ltering

For interactive applicationsit would be nice if envi-
ronment map pre�ltering could be done on the �y .
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Figure11: Warpingof theenvironmentmapsis doneby takingthreesourcemapscorrespondingto close-byviewing
directions(toprow). Eachsourcemapis thenwarpedto thedesiredviewing directionby assumingamirror re�ection
for thefeaturecorrespondences(i.e. matchingthehighlights,centerrow). Finally, all warpedmapsareweightedby
consideringhow similar theviewing directionof thecorrespondingsourcemapis to thedesiredviewing direction
(bottomrow). After summingup thecontributions,anew sphericalmapis obtainedthatcanbeappliedto anobject.
Figurecourtesyof MarcOlano.

Thismeansthatif thescenechanges,glossyre�ections
changeaccordingly. Here,wewill describeamethodto
performhardware-acceleratedPhong�ltering [12] of a
givenenvironmentmapsimilar to Section3.2.2.

In a pre�ltered environment map, every texel is a
weightedsum of all pixels in a sourceenvironment
map. This means,we can think of the �ltering pro-
cessas applying a (BRDF-dependent)�lter kernel to
someun�ltered sourcemap. We would like to map
this �ltering operationto the operationsprovided by a
graphicshardwarepipeline.TheOpenGLimagingsub-
setonly supportsshift-invarianttwo dimensional�lters
of certainsizes,andwe would like to usethis feature
to performthe �ltering. Hence,for hardwareacceler-
atedpre�ltering wehaveto chooseanenvironmentmap
techniquethatusesonly two dimensionalenvironment
mapswith aBRDFwhichresultsin ashift-invariant�l-
ter over thehemisphere,andanenvironmentmaprep-
resentationthatkeepsthe�lter shift-invariant.

The Phongmodel hasa shift-invariant �lter kernel
over the hemisphere,sinceits cosinelobe is constant
for all re�ected viewing directions~r v . It is alsoradi-
ally symmetricabout~r v . The �lter size can also be
decreasedif smallervaluesare clampedto zero (this

will benecessarydueto therestricted�lter sizeof the
graphicshardware). The �lter shapeis obviously cir-
cular, sinceit is radially symmetric. ThereforePhong
environmentmapsful�ll thenecessaryrequirementsfor
hardwareacceleratedpre�ltering. We still needto �nd
anenvironmentmaprepresentationthatmapstheshift-
invariant circular �lter kernel on the hemisphereto a
shift-invariantcircular�lter kernelin texturespace.

It turns out that the parabolicmapscomecloseto
this desiredproperty. A circular �lter kernelwhich is
mappedfrom the parabolicenvironmentmap back to
the hemisphereis also (almost)circular. A distortion
occursdependingon theradiusandthepositionof the
�lter . To visualizethedistortion,we projecta circular
�lter kernelwith a radiusof r (r = 1 is half thewidth
of the parabolicmap)from the parabolicmapbackto
thesphereandmeasuretheerror;seeright sideof Fig-
ure12. Theresultingdistortionof thecircle is givenon
the left sideof the same�gure. It dependson the ra-
diusof the�lter kernelandalsoonthedistanced of the
�lter' s centerfrom the parabolicmap's center(i.e. the
centerof thefront- or backfacingparaboloid).Thedis-
tortiongoesupto 25%for largeradii, but in thesecases
thepre�ltered environmentmapwill bevery blurry, so
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Figure12: Distortionof acirclewhenprojectedfrom aparaboloidmapbackto thesphere.

that the distortionwill not lead to visible errors. For
smallerradii thedistortionremainsfairly small.

Unfortunatelya shift-invariant �lter kernel on the
spheredoesstill notcompletelymapto ashift-invariant
�lter in the parabolicspace.Besidesthe slight distor-
tion, thesizeof the�lter kernelvarieswith thedistance
d to thecenterof themap.Theratiobetweenthesmall-
est �lter radiusandlargest�lter radiusis 1 : 2, since
the ratio for the areasis 1:4, asshown in Section2.3.
To adjustfor this, we generatetwo pre�ltered environ-
mentmaps,onewith the smallest(yields mapS) and
onewith thelargestnecessary�lter size(yieldsmapL).
Thenwe blendbetweenbothpre�ltered environments.
The valuewith which we needto blendbetweenboth
mapsis different for different pixels in the parabolic
environmentmap,but it dependsonly on the distance
d and is always d2. For a pixel in the centerof the
paraboloidthis meansthatwe use0% of mapL anda
100%of mapS; for apixel with distanced = 0:5 to the
centerof theparabolicmap,we use25%of mapL and
75%of mapS, andsoon.

The actualalgorithmis fairly simple. First we cre-
atea mipmapof the parabolicenvironmentmap,then
we load the environmentmap(plus the mipmap)into
texturememory. Theuserhasto specifythePhongex-
ponentto beusedanda limit whenBRDF valuesfrom
thePhongmodelcanbeclampedto zero,which is used
to restrict the kernel size in the �rst place. Thenwe
computethetwo necessary�lter radii, r s for thesmall
�lter andr l for thelarge�lter . Now wegetto theactual
renderingpart:

1. Set the camerato an orthographicprojection(so
thatwe candraw theenvironmentmapseenfrom
thetop).

2. Draw alphatexturewith d2 to alphachannel

3. For bothradii r s andr l :

4. While r s (resp.r l ) < hardwaresupported�lter
size:

5. Divide r s (resp. r l ) by 2. Doubletheshrink
factor.

6. Draw environmentmapshrinked by theshrink
factor(usesmip-mapping).

7. SamplePhongmodelinto the�lter .

8. Filter the environment map with it (OpenGL
convolution).

9. Storeit againastexturemap(RGB� texture).

10. Draw environmentmapS.

11. BlendenvironmentmapL with it (usingd2).

12. Storeagainasa texturemap.

13. Setup realcamera.

14. Draw re�ectiveobjectwith generatedenvironment
map.

Oneproblemariseswhenthecenterof the�lter ker-
nel is closeto theborderof theenvironmentmap.Part
of the �lter kernelwill be outsidethe actualenviron-
mentmap,thusincludingvaluesfrom outsidetheenvi-
ronmentmap. This canbesolved by includinga large
borderin theenvironmentmap.

Somerenderingsthat were doneusing an SGI O2
at interactive rates,aredepictedin Figure14. All the
renderingsweredonewith parabolicenvironmentmaps
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Unfiltered original Software Hardware

Figure13: Comparisonof thedifferent�ltering methods.Filteringwasdonewith thePhongmodelandanexponent
of 100. From left to right: Un�ltered, the classicmethod,our new hierarchicalmethod,thehardwareaccelerated
method.Theoriginalenvironmentmapis 128� 256pixelsin sizewith aborderof 16 pixels.

N = 50.  20 Hz. N = 500.  9 Hz. N = 50.  20 Hz. N = 500.  9 Hz.

Figure14: Two scenesrenderedwith a glossyre�ective torus(SGI O2). Filtering is donewith the Phongmodel
(exponentof 50and500)for every frame,but interactive ratesarestill achieved.Theoriginalenvironmentmapsare
512� 1024pixelsin sizewith a borderof 64 pixels.

with 512� 1024pixels. The borderwas64 pixels in
eachdirection(for eachface).Themaximum�lter size
we usedwas7 (larger �lter sizesconsiderablydegrade
the convolution speedon an O2). The following tim-
ingsweredonewith thesamesetting(re�ectivesphere,
2592triangles):

exponent �lter size shrinkfactor fpsHW
small large small large

10 174 260 32 64 25
50 78 136 16 32 20

100 56 100 8 16 16
250 36 66 8 16 16
500 26 48 4 8 9
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Pleasenote that �ltering was performedfor every
frame,eventhoughthePhongexponentdid notchange.
We have includedtimings for the hardware convolu-
tion, the �lter sizesthatwould have beenrequired(the
BRDF clampvaluewas set to 0.1) and the necessary
shrinkfactorto get �lter sizeswith a maximumsizeof
7. Youcanseethatfor smallPhongexponentshardware
pre�ltering is very fast.For largerPhongexponentsthe
renderingspeedis slower, because�ltering thenis done
with a larger environmentmap. For a visual compari-
sonpleaseseeFigure13. Dueto theway convolutions
work in OpenGL,thehardwaremethodgeneratesdark
borders,but this doesnot posea problemsincethese
arenot usedfor rendering(they replicateinformation
presentin theotherhemisphere).Figure14 shows ren-
deringswith differentenvironmentmapsanddifferent
Phongexponents;they all runat interactive rates.

Using the sameargumentsas in Section3.2.2, we
cannotonly usePhongmaterialsfor thishardwarepre-
�ltering, but any BRDFwith radiallysymmetriclobes.

4 Non-Photorealistic Rendering

In addition to photorealisticrenderingof re�ections
with variousrealisticmaterials,environmentmapscan
alsobe usedto achieve non-photorealisticeffects that
canbeusefulfor illustrationpurposes.Figure15shows
someexamplesfor this. Since in many applications
of non-photorealisticrendering,the sceneconsistsof
a singleobjectthat is rotatedrelative to theviewer and
theenvironment,sphericalenvironmentmapsaresuf�-
cient.Thetop row of Figure15 shows thesemaps,and
examplesfor renderingresultsareshown in thebottom
row.

The �rst example is simply a sketch of a window
frame and is inspired by a RenderManshader. Al-
though the imageonly consistsof two colors, black
andwhite,theshapeof theobjectcanbegatheredquite
well, especiallywheninteractingwith theprogram.

The secondexample shows a cold-warm shading
with averysimple,hand-drawn environmentmap.This
methodhasbeendescribedby Goochet al [5]. Theen-
vironmentmap merely consistsof two triangles,one
blue, oneyellow, andonewhite circle. The resulting
imagehasbeenblurredwith fairly largeblur �lter . The
coldcolorbluelookslikeashadowedregion,while the
warmcoloryellow, includingthewhite"highlight" look
like partslit by thesun.

The third column shows an environment mapping
technique,which is also from Gooch et al [5], and
is designedto rendersilhouettesblack andeverything
elsewhite. This is achieved by having a thin ring of
black pixels in the outer regions of the environment
map. Silhouetteareaswith a smallcurvaturewill have
afairly wideblackstripe,while areaswith astrongcur-
vaturehave a very narrow one. In this caseit is par-
ticularly importantto usea mip-mappedenvironment
map,becauseotherwisethehigh-curvatureregionswill
not have a continuousline. In orderto geta silhouette
that is independentof curvature,we canalso provide
a hand-craftedhierarchyof mip-maplevels,wherethe
surroundingblack borderhasthe samepixel width in
all levels. Sincethemip-maplevel is chosensuchthat
thepixel areain thelevel approximatelycorrespondsto
thepixel areain the�nal image,thiswill produceabor-
derof approximatelyconstantwidth (this worksbestif
thehardwaresupportsanisotropic�ltering).

The�nal exampleshows a simpleenvironmentmap
that simulateshatchingin regionscloseto the silhou-
ettes. Obviously, muchmoreartistic versionsof such
mapsarepossible.
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