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Shor’s Algorithm (Cont.)

Shor’s Algorithm (Cont.)

p-1 [$-1
0-1 |Regl) [Reg2) = > | 3 [Pey + o) If (o
Reg) [Reg?) = 3 [o)f(a) A R
z=0

zg=0 =0

Step 3. Measyre Regd. '
é
= > Y |Pz1+0)|f (Pry+ o)
“

|Regl) [Reg2) = > |Pxy + jo) |f (40))

z1=0

p-1 $-1
= > Y. |Pxy+z0)|f (x0))
: 220:0 sc1=0
p-1 [ $-1
= ) | 2 IPzt+=o) | |F (=0))
, zg=0 \ £z1=0 .
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P-1
Regl) [Reg2) = 3~ wiorB 816
A=0 1
]

Step 5. Measore Aogl.

A€ {gba)...) P«a\}

[Regl) [Reg2) = [A0% ) | £(j0))

Hence, we have obtained X (%) for some

Xo€{0,1,...,P~1}

J &

Reﬂoeq‘f 5*2/5 1 thre S

unttl we have obtarned

a /qy-‘?.e ehOUjL $V£S'€7L ,
5 1% [aeey) bl

to Adetermine %-)aho(

hence P. - .
Note. Q Is obtained

== 7
from é by us."mj a
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Where ¢ (P) denotes

Euler’'s totient function,

i.e., where

¢$(P)={n€Z|0<n< P and ged(n,P) =1}

-Reminder. The integer () was chosen s.t.

N2<@Q=2L<on2

Observation

Prob(y) is really a prob. distribution on the additive
cyclic group

1 _Jfo 1 2 -1
Zg = (QZ)/ZW {-Q,Q,@,...,QQ—}modl ,
which we call the probing quotient group.

If a % is selected from Z¢) according to Shor's prob.
distribution, then the prob. is high (2 fgﬂpgl) that

it is "close” to an element of the additive cyclic group

Zp=($2)/Z={$, %%, Bpt} mod1 |,

which we call the hidden quotient group.




Two Norms on the Unit Circle

Arclength Norm

Arc(2n8)=2m (6 mod 1)=(278) mod27

wherey Omod 1 |is the unique residue of magnitude

< %, and where (270) mod 27 |is the unique residue
of magnitude < 7.

Chordal Norm

Chord(278) = 2 |sin (n8)| = '627”'9 — 1!

{ e-'”‘“*'f [are)
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What Properties do these Norms
Have?

Def. A NOrmM on a group GG is a map

I-l:GxG—R

such that

1 Mulit. Notation
0 Additive Notation

1) Jlgll = 0 iffgz{
2) llgll > 0forallge G

llg1 - g2l < llgall + llg2]l Mult. Notation
3) or -
llg1 + 921l < llgill + llg2ll Additive Notation
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Choose an integer Creating Shor's Prob. Distr.

Shor finds y as follows:

STEP 2.0 [Initialize registers 1 and 2, i.e.,

o) = |Regl) [Reg2) = |0) [1) =00 - - 00} |00 - - - 01)

such that

N2 < Q< 2N2

STIEP 2.1 |Apply Fourier transf. F to Regl.

2rig o) =100 1) 724 ). = 5 oy 1)
w — = — . Re—— €L
€ 0 ' \/szo

Moreover, let w be a primitive Q-th root of unity, e.g.,

STEP 2.2 Apply Uy : |z} |0) — |z) |0)

_ L Y 1 9l
;; |w1>—ﬁmzzo|w>| ) = [1) —ﬁgolwﬂf(w))
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The sole purpose of executing STEPS 2.1 to 2.4 was
to create the classical probability distribution on the

set
{0,1,2,...,Q — 1}
given by &
Prob(y) — (T (;12'r(y)> |
where
Q-1 Q=1 om
1T (y)) = 2;0 W™ [f(z)) = w;g e @™ |f(=))

But what is Prob(y) !

2%

But what is Prob(y) ?

Recall

@-1
IT@) = Y ™ [f(z))
=0
Let
Q@=PFPg+r, 0L<r<P
z=Pzri+z9, 0<xg< P
Hence,
P—1 g—1+6(=0) »
IT@) = > w*¥ Y, WY (o)) |
2p=0 z1=0
where

_J 1l ifxg<r
§(xo) = { 0 otherwise
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P=1 Chord? (2#%3[q+6(:1:0)]) ‘ 41 P=1 arc? (2W%Q[q+5(x0)])
Prob(y) = 2 Prob(s) 2 S S
Q? moz=:o Chord? (%%) Q 29=0 Arc? (ZW%)

Lemma. i % is suff. “close” to a rational of the

But ... d . .
form 5, ie., if
¥ _opdy <1 _E
Arc(2rd - 2ng) < 5 (1- §)
Arc(2n6) >Chord(2m0) > 2Arc(276) then
: P
Hence, AYC(Zﬂ—QQ) < +gr($0j

Also, we know that

Arc(2m8) < ﬁ—;—l == Arc(27n8) = |n|Arc(2n6)

P=1 pr2(onk .
Prob(y) > 44 3 ° (rioteteo)

=0 Arc? (27r%£)

Recall

Q = Pg+r, 0<r<P

3 33




Problem Second Part of Shor’s Algorithm

Evei‘l if % is sufficiently close to %, the period P can Given a

only b d f if

Y be recovered from y i 0<%<1
ged (d, P) =1 N .
that is ' close” to a rational of the form
d
The probability that this happens is 0 < 5 < 1 (with ged(d,P) =1),
¢(P) i.e., such that
P T

where ¢ (P) is Euler's totient function, defined by
$(P)=#{0<u<P|ged(dP)=1}

z_ii<i(1_£),
Q P72\ Q@

how do we find the period P 7

 Theorem. The probability that the & produced Theorem. if

is "sufficiently close” to a rational of the form % s.t. ¥ E‘ < _1 .

: ged (d, P) = 1 is bounded below by Q P|”2pP?

".'l" i . 2& .
471 _2)2 SEREE P} then f is a CONVergent & of the continued
w2 P Q) ~ n2evin2glgN lele ¥ fraction expansion of .

where v denotes Euler's constant
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[2,5,3,1,1,3]

But What is a Convergent
of a Continued Fraction 7

Definition. The k-th convergent of a con-
tinued fraction
lag, a1, ...,ap]
is defined as
Pr
— = lag,a1,...,a1] ,
4k

where p; and g are relatively prime, and are
given by the recursion

( Pn = GnPn_1 + Pn—2,

[ 9n = Anfgn—1 + Q-2
and
Po = ag, p1 = aiag+ 1a

\qO:]-: a1 = ay,
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Why Continued Fractions?

Answer. They tell us how closely a real number
can be approximated by rational numbers.

Theorem. Let & be a p;ositive real number, and
let d and P be integers with P > 0. If

then

is a convergent of the continued fraction expansion of
&. In other words, there exists an integer k such that

d _ Pk

P g
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