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We consider two related data gathering problems for wireless sensor networks (WSNs). The
MLDA problem is concerned with maximizing the system lifetime T so that we can perform T
rounds of data gathering with in–network aggregation, given the initial available energy of the
sensors. The M2EDA problem is concerned with minimizing the maximum energy consumed by
any one sensor when performing T rounds of data gathering with in–network aggregation, for a
given T .

We provide an effective algorithm for finding an everywhere sparse integral solution to the
M2EDA problem which is within a factor of α = 1+4n/T of the optimum, where n is the number

of nodes. A solution is everywhere sparse if the number of communication links for any subset X
of nodes is O(X), in our case at most 4|X|. Since often T = ω(n), we obtain the first everywhere
sparse, asymptotically optimal integral solutions to the M

2
EDA problem. Everywhere sparse

solutions are desirable since then almost all sensors have small number of incident communication
links and small overhead for maintaining state.

We also show that the MLDA and M
2
EDA problems are essentially equivalent, in the sense

that we can obtain an optimal fractional solution to an instance of the MLDA problem by scaling
an optimal fractional solution to a suitable instance of the M

2
EDA problem. As a result, our

algorithm is effective at finding everywhere sparse, asymptotically optimal, integral solutions to
the MLDA problem, when the initial available energy of the sensors is sufficient for supporting
optimal system lifetime which is ω(n).

Categories and Subject Descriptors: C.2.1 [Computer-Communication Networks]: Network Architecture and
Design—wireless network communications, network topology.

General Terms: Algorithms, Design.

Additional Key Words and Phrases: energy management, in-network aggregation, lifetime maxi-
mization, sparsity communication topology, wireless sensor networks.

1. INTRODUCTION

Wireless sensor networks (WSNs) are expected to consist of numerous inexpensive micro–
sensors [Kahn et al. 1999; Min et al. 2001; Rabaey et al. 2000], readily deployable in var-
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ious physical environments to collect useful information (e.g. seismic, acoustic, medical
and surveillance data) in a robust and autonomous manner. There are several obstacles
that need to be overcome before this vision becomes a reality[Heinzelman et al. 1999] –
see Akyildiz et al [Akyildiz et al. 2002] for a comprehensivesurvey of issues arising in
WSNs. These obstacles are due to the limited energy, computing capabilities, and commu-
nication resources available to the sensors. Often, replenishing the energy of the sensors
by replacing their batteries is cost prohibitive or even infeasible.

Consider a WSN, where sensors have some initial non–replenishable energy. A basic
operation in such a system is the systematic gathering of sensed data at a base station for
processing. The key challenge is conserving the sensor energy so as to maximize the sys-
tem’s lifetime, the time until the first sensor depletes its energy. Energy–aware routing and
data gathering have been the subject of intensive research,such as [Hou et al. 2006; Luo
and Hubaux 2005; Pan et al. 2005; Sankar and Liu 2004; Yu et al.2006], including the
seminal work of Chang and Tassiulas [Chang and Tassiulas 2004]. Data gathering does
not perform in-network data aggregation or fusion, which isa useful paradigm for increas-
ing the system’s lifetime, since it leads to significant energy savings [Krishnamachari et al.
2002; Madden et al. 2002; Madden et al. 2002]. In–network aggregation allows sensors
to aggregate multiple input data packets into one output data packet; often, in each round,
a sensor aggregates all the data packets it receives with itsown data packet. In-network
aggregation is most useful in computing for each round various statistical descriptors of
the sensor measurements, such as the minimum, maximum, average, variance, approxi-
mate histogram, uniform fixed-size sample, measurements ofhigh frequency, sketches, etc
(e.g. see [Puttagunta and Kalpakis 2007]). Several important energy–aware protocols for
data gathering with in–network data aggregation in WSNs have been proposed [Bhardwaj
et al. 2001; Heinzelman et al. 2000; Kalpakis et al. 2003; Lindsey and Raghavendra 2002;
Lindsey et al. 2001; Liu et al. 2004]. These protocols do not provide guarantees on their
performance with respect to the optimal system lifetime.

We are concerned with the energy–efficient data gathering with in–network aggregation
problem in WSNs. The maximum lifetime data gathering with in–network data aggre-
gation (MLDA) problem is reduced in [Kalpakis et al. 2003] tothe following directed
network design problem: provision integral non–negative capacityce for each edgee of
the network in order to maximizeT (the lifetime), such that each sensor–base station di-
rected vertex cut has capacity at leastT , while the total energy consumed by each sensor
in sending/receiving packets along its incident edges doesnot exceed its available energy.
An edgee = (u, v) with capacityce indicates thatu sends at mostce packets tov during
the lifetime of the system, and thus imposes an energy demandon its head/tail nodes. Pro-
visioning edge capacities so that each sensor can have maximum flow of at leastT to the
base station is both necessary and sufficient to achieve lifetime T [Kalpakis et al. 2003].
Even though this network design problem is NP–hard, heuristics in [Kalpakis et al. 2003]
show that tight approximate solutions to the network designproblem can be obtained in
reasonable time for small to medium–size networks.

An alternative approach to tackling the energy–efficient data gathering with in–network
aggregation in WSNs, is as follows. Minimize the maximum energy consumed by any
sensor, while requiring that all sensor–base station directed vertex cuts have capacity at
least a given constantT . For brevity, we call this problem the MINIMUM MAXIMUM

ENERGY DATA GATHERING AND AGGREGATION(M2EDA) problem.
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A solution to an instance of the M2EDA/MLDA problem iseverywhere sparseif there
areO(X) positive capacity edges among the nodes in any subsetX of nodes. A solution
is integral if all edge capacities are integral, otherwise it is afractionalsolution.

The original contributions of this paper are as follows.

—We show that there exist optimal fractional solutions to the M2EDA problem such that
there are at most4|X | communication links among the nodes in any subsetX of nodes,
i.e. each M2EDA instance has an optimal everywhere sparse fractional solution.
In other words, optimal lifetime data gathering with in–network aggregation can be done
with everywhere sparse communication links. Consequently, almost all sensors have
small number of incident communication links, and the overhead for each sensor for
maintaining state information for data gathering with in–network aggregation is small.

—We provide an effective algorithm, ALGM2EDA, for finding such optimal, everywhere
sparse, fractional solutions to the M2EDA problem.

—We show that by rounding down the solutions above, we obtaineverywhere sparse in-
tegral solutions to the M2EDA problem which are within a factor ofα of the optimum,
and whereα = 1 + 4n/T , T is the required lifetime, andn is the number of nodes. For
T = ω(n), we have asymptotically optimal everywhere sparse integral solutions to the
M2EDA problem.

—We show that the M2EDA and MLDA problems are essentially equivalent.

—We provide sparsity results and approximation bounds for the MLDA problem that are
analogous to those given for the M2EDA problem.

To the best of our knowledge, this is the first time that the sparsity structure of data–
gathering with in–network aggregation in wireless sensor networks has been analyzed and
utilized to obtain effective algorithms to find sparse approximately–optimal solutions.

We also present extensive experimental results demonstrating that the ALGM2EDA al-
gorithm routinely finds almost optimal everywhere sparse integral solutions to random
instances of the M2EDA and MLDA problems with≤ 70 nodes in less than 30 minutes
CPU time, improving substantially upon existing algorithms for these two problems.

The rest of the paper is organized as follows. Preliminariesare given in section 2. In sec-
tions 3 and 4 we analyze the sparsity structure of optimal solutions to the M2EDA problem.
We present our ALGM2EDA algorithm for findingα–optimal everywhere sparse integral
solutions to the M2EDA problem in section 5. The relationship between the M2EDA and
MLDA problems is analyzed in section 6, and show how to obtainasymptotically optimal
everywhere sparse solutions to the MLDA problem in section 7. We present experimental
results in section 8, and conclude in section 9.

2. PRELIMINARIES

We provide definitions, notations, and other preliminarieswe use in the rest of the paper.

2.1 Common definitions and notations

Given a directed graphG, we denote its vertex and edge sets withV [G] andE[G] respec-
tively. For brevity, we often writev ∈ G instead ofv ∈ V [G] for a vertexv, andij ∈ G
instead ofij ∈ E[G] for an edgeij. A subset of verticesS ⊆ V [G] induces the subgraph
G[S] = (S, E[S]) of G whereE[S] = E[G] ∩ S × S. Let δo(S) ⊆ E[G] be the set of
edges leavingS, δi(S) ⊆ E[G] be the set of edges enteringS, andδ(S1, S2) be the set
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of edges that leaveS1 and enterS2, whereS, S1, S2 ⊆ V [G]. Note thatδi(S) = δo(S)
for all S ⊆ V [G], whereS = V [G] − S is the complement ofS. A directed cutis a
partition(S, S) of V [G]. For brevity, we denote a directed cut(S, S) simply with the set
S of vertices it enters.1 An edgee ∈ E[G] crosses a directed cutS if e ∈ δi(S). A graph
G is sparseiff |E[G]| = O(V [G]), and it iseverywhere sparseiff for eachS ⊆ V [G] the
induced subgraphG[S] is sparse.

Given an instanceI of a discrete optimization problem, letOPT(I) andSOL(I) be an
optimal and a feasible solution toI, respectively. For brevity,OPT(I) and SOL(I) will
also indicate the value of the corresponding solution. The relative error of a solution
SOL(I) is equal to|OPT(I)− SOL(I)| /OPT(I) and its approximation ratio is equal to
SOL(I)/OPT(I). An instanceI of a discrete optimization problem can be relaxed by al-
lowing fractional values for its unknowns; a solutionS to such a relaxedI is called a
fractionalsolution ofI. If S assigns to each unknown an integer value then it is called an
integralsolution ofI.

We denote vectors and matrices with lower and upper case boldletters, e.g.xn×1 and
An×m is ann–dimensional vector and ann×m matrix respectively. For brevity we omit
the vector and matrix dimensions when they are clear from thecontext. Given ann ×m
matrix An×m and two index sequencesI ⊆ {1, 2, . . . , n} andJ ⊆ {1, 2, . . . , m}, we
denote byAI,J the sub–matrixX|I|×|J| = (xij) of A wherexij = aIi,Jj

, and byAJ

the sub–matrixXn×|J| = (xij) of A, wherexij = aiJj
. For brevity, we indicate the

ith column ofA with Ai. We denote the transpose of a matrixA with AT . The support
of a vectorx is defined asI(x) = {i : xi 6= 0}. Given two vectorsx,y ∈ R

m, we
say thatx dominatesy and writex ≥ y, if xi ≥ yi for i = 1, 2, . . . , m. We say thatx
is lexicographically larger (smaller)thany if the smallest index non–zero component of
x− y is positive (negative).

Consider a universe (set)U . A functionf : U −→ R can be viewed as a vectorf ∈ R
|U|

and vice versa. The support of a functionf is defined as the support of its corresponding
vectorf . Let f(X) =

∑

x∈X f(x) be the extension of functionf to subsetsX ⊆ U .
Given two functionsf, g : U −→ R, we say thatf dominatesg iff f dominatesg. The
characteristic vectorχ(U ′) ∈ {0, 1}|U| of any subsetU ′ ⊆ U is such thatχu = 1 iff
u ∈ U ′.

We provide an overview of some concepts in linear programming we will use later on
in Appendix A. The reader is referred to a text such as [Korte and Vygen 1991; Bertsimas
and Tsitsiklis 1997] for further details.

2.2 A model for wireless sensor networks

Consider a wireless sensor network (WSN) withn nodes. One node, denotedb, is desig-
nated as the base station, with the remaining nodes being sensors. Sensors are identified by
unique IDs and are assumed to have limited non–replenishable (initial) energy while the
base station has no energy limitations. Time is discrete, and at each time period, we are in-
terested in gathering the values from all the sensors to the base station, and more precisely
computing some function of all these values at the base station. During data gathering,
in–network aggregation is assumed, i.e. any number of incoming data packets at a node

1Note thatS denotes both a directed cut and a set of vertices. We writeb ∈ S to mean thatb belongs in the set
of verticesS.
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can be aggregated into a single outgoing data packet.2 Data packets have fixed size. The
system lifetimeT is the earliest time at which one or more sensors deplete their energy.

The topology of the wireless sensor network is modeled by a directed graph (digraph)
G, with V [G] = {1, 2, . . . , n} andE[G] ⊆ V [G]× V [G]. OftenG is dense, i.e.|E[G]| =
Θ(V [G]2). There exists an edgeij ∈ E[G] wheneveri can successfully send a packet toj.
Let τij be the energy consumed by nodei in order to transmit a single packet to nodej, and
let rj be the energy needed to receive such a packet at nodej. Oftenτij is a monotonically
non–decreasing function of the Euclidean distance betweennodesi andj, i.e. the same
or more energy is required to transmit a packet at longer distances. Letǫi be the energy
available at nodei. We assume, w.l.o.g, thatǫb =∞, rb = 0, andτbi = 0, ∀i ∈ V [G]. For
simplicity we consider sensor networks with a single base station. Sensor networks with
multiple base stations can be handled easily — introduce a new node,b′, to serve as the
new single base station, and then append toG, for each current base stationi, a new edge
ib′ with τib′ = 0.

Let c : E[G] −→ R be a non–negative edge capacity function for the networkG. For
each edgeij ∈ E[G], nodei is permitted to send a total ofcij packets to nodej throughout
the lifetime of the system, consuming energy equal to

µi(c) =
∑

ij∈E[G]

τijcij +
∑

ji∈E[G]

ricji. (1)

Let µmax(c) be the maximum energy consumed by any sensor under the capacity function
c. We call a sensori tight if µi(c) = µmax(c). An edge capacity functionc induces the
subgraphG∗

c
= (V [G], E∗

c
) of G, whereE∗

c
consists of all edgese ∈ E[G] that have

positive capacityce.
We extend the capacity functionc to directed cutsS ⊆ V [G] of G by setting the capacity

c(S) of S equal to the sum of the capacities of the edges inE[G] enteringS. For brevity,
we denote this induced cut capacity function also byc.

A demand functionρ : 2V [G] −→ R specifies a lower bound on the required capacity of
the directed cuts ofG. A directed cutS is tight if its capacityc(S) is equal to its demand
ρ(S). We say thatc respectsa directed cutS iff c(S) ≥ ρ(S). We say that ac is feasible
if it respects all the directed cuts ofG, i.e. c dominatesρ. The minimum positive demand
of all the directed cuts is denoted withρmin = min{ρ(S) : ρ(S) > 0 and S ⊆ V [G]}.

We define the special demand functionρb,T : 2V [G] −→ R with parametersb andT as
follows

ρb,T (S) =

{

T, if S ⊂ V [G] andb ∈ S,
0, otherwise.

(2)

This demand function is often used in practice for data gathering problems in WSNs, such
as the MLDA problem (see section 6).

Data gathering with in–network aggregation problems in WSNs can be stated succinctly
and analyzed by considering capacity functions that dominate certain demand functions [Kalpakis
et al. 2003]; see also section 2.3 below.

2Incoming and outgoing packets carry concise fixed–size summaries of the sensor data [Puttagunta and Kalpakis
2007].

ACM Transactions on Sensor Networks, Vol. 7, No. 1, February2011.



6 · Konstantinos Kalpakis

2.3 Data gathering with in–network aggregation problems

Consider a networkG with base stationb, transmit and receive energy consumptionτ and
r, and initial node energyǫ. When performing data gathering with in–network aggregation
in such a network, one is typically interested in maximizingthe system lifetimeT . This is
known as the MAXIMUM L IFETIME DATA AGGREGATION (MLDA) problem. Kalpakis
et al [Kalpakis et al. 2003] show that an instance〈G, b, τ , r, ǫ 〉 of the MLDA problem
can be essentially solved by solving the following network design problem:

given〈G, b, τ , r, ǫ 〉, find an edge capacity functionc that maximizesT while
ensuring thatc dominatesρb,T andǫ dominatesµ(c).

Intuitively, if one can find an edge capacity functionc such that (1) each sensor has a
maximum–flow to the base stationb of value at leastT , and (2) each sensor has enough
energy to send and receive all the packets provisioned byc, then a lifetimeT is possible;
to show it is actually achievable additional work is needed.Kalpakis et al [Kalpakis et al.
2003] first find, in polynomial time, a fractional solutionc to the MLDA network design
problem by solving a linear program withO(V [G]3) constraints and unknowns; this linear
program encodes the intuition given above. Second, Kalpakis et al [Kalpakis et al. 2003]
show how to construct in polynomial–time a collection ofaggregation trees(directed span-
ning trees rooted at the base station with all edges directedtowards the root) and determine
the number of rounds each one will be used to achieve optimal lifetimeT for the data gath-
ering task with in–network aggregation. An example networkand its aggregation trees for
the MLDA problem is given in Fig. 1.

Our focus in this paper is the problem of minimizing the maximum energy used by any
sensor during data gathering with in-network aggregation for a given lifetimeT . We call
this the MINIMUM MAXIMUM ENERGY DATA AGGREGATION (M2EDA) problem. As
in [Kalpakis et al. 2003], the M2EDA problem reduces to the following M2EDA network
design problem withρ = ρb,T :

given〈G, b, τ , r, ρ 〉, find an edge capacity functionc that minimizesµmax(c)
while ensuring thatc dominatesρ.

Though often in practice we have the same demandT for all directed cuts that contain
the base station, it is convenient to formally allow those directed cuts to have differing
demands. Hereafter, unless specified otherwise, we assume thatρ is an arbitrary demand
function.

We show later that when the demand functionρ in M2EDA is equal to the special
demand functionρb,T , the M2EDA and MLDA problems are essentially equivalent.

We say that a feasible solution〈µmax(c), c 〉 to an instance〈G, b, τ , r, ρ 〉 of the M2EDA
problem issparse, everywhere sparse, or denseif the induced graphG∗

c
is sparse, every-

where sparse, or dense, respectively. Similarly, we say that a feasible solution〈T, c 〉 to
an instance〈G, b, τ , r, ǫ 〉 of the MLDA problem issparse, everywhere sparse, or dense
if the induced graphG∗

c
is sparse, everywhere sparse, or dense, respectively.

3. PRIMAL LINEAR PROGRAM FOR THE M2EDA PROBLEM

We provide a mixed–integer programming formulation and itslinear programming relax-
ation for finding optimal integral (fractional) solutions to the M2EDA problem, respec-
tively.

ACM Transactions on Sensor Networks, Vol. 7, No. 1, February2011.
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Fig. 1. Provisioned capacities for a WSN with lifetime 12 rounds, and two aggregation treesA1 andA2 with
lifetimes 7 and 5 rounds respectively. For example, in treeA1, for each one of 7 rounds, node2 aggregates its
own value with those it receives from nodes3 and4, and sends the result to the base stationb.

Consider an instanceI = 〈G, b, τ , r, ρ 〉 of the M2EDA network design problem. An
optimal integral (fractional) solutionOPT(I) to I can be obtained by solving the following
mixed integer (linear) program

MIP1 (LP1):































min µ such that

µ ≥ µi(c), ∀i ∈ V [G]

c(S) ≥ ρ(S), ∀S ⊆ V [G]































(3)

where all the edge capacitiescij are non–negative integers (reals). The constraints on
µ account for the energy consumed by the nodes, sinceµi(c) is the energy consumed
by a nodei due to sending and receiving the number of packets provisioned byc. The
constraintsc(S) ≥ ρ(S) for each directed cutS ensure thatc dominatesρ, as required for
any feasiblec in the M2EDA network design problem.

The linear programming relaxation LP1 of MIP1 provides an optimal fractional solution
and a lower bound on the optimal integral solution to the M2EDA problem. We call LP1
the primal linear program for M2EDA. Observe that feasible solutions to LP1 scale linearly
as we scale the demand functionρ. For simplicity, we often usec when referring to a basic
feasible solution (or extreme point) of LP1, since there is 1–to–1 correspondence between
the edge capacity functionc and the extreme points〈µmax(c), c 〉 of the polytope defined
by LP1.
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It is impractical to solve the linear program LP1 by explicitly enumerating all its con-
straints even for small networksG, since there areΘ(2V [G]) constraints. Fortunately, we
do not need to explicitly enumerate all these exponentiallymany constraints in solving it,
since, as it is shown next, there exists polynomial–time algorithms to find any violated
constraints and to solve LP1.3 Unfortunately, this algorithm of solving M2EDA, which
we callELLIPSOIDM2EDA, is often impractical.

THEOREM 3.1. LP1 has a polynomial–time separation oracle and thus it can be solved
within any required accuracy in polynomial time.

PROOF. There exists a polynomial–time separation oracle for the M2EDA problem that
allows us to check whether any edge capacity assignmentc is feasible. A capacity assign-
mentc is feasible, unless there exists a nodei ∈ V [G], with a minimumi–b directed cut
S ⊆ V [G] whose capacityc(S) is less than its demandρ(S). For example, to find such a
nodei, we could simply solve ani–b max–flow problem forG with the given edge capac-
ities c. Since the oracle performsO(V [G]) max–flow computations onG, its worst–case
running time isO(min{V [G]2E[G], V [G]3}).

Using the separation oracle above and the ellipsoid–based algorithm of Grötschel, Lovász,
and Schrijver [Grötschel et al. 1981], we can find in polynomial–time a feasible solution
to LP1 whose value is withinǫ (the required accuracy) from the optimal value, and where
the feasible solution found may be in the interior of the polytope defined by LP1.
The ellipsoid–based algorithm [Grötschel et al. 1981] assumes that the polytope of the
linear program is bounded. Without loss of generality, we extend LP1 with additional
constraints to ensure a bounded polytopeP ⊂ R

d, with d = |E[G] + 1, as follows: we
require thatce ≤ 2T for all edgese ∈ E[G] and thatµ ≤ 2Tµmax(1). The polytopeP is
contained in the ball with center at(T + 1)1 and radiusO(

√
dTµmax(1)), andP contains

the ball with center(T + 1)1 and radiusΩ(µmax(1)/
√

d). From Theorem 4.19 in [Korte
and Vygen 1991], it follows that the number of iterations of this ellipsoid–based algorithm
as well as the number of calls to the oracle isO(E[G]2β), while the total running time is
O(E[G]6β2 + E[G]4β · φ) whereφ = O(min{V [G]2E[G], V [G]3}) is the time for each
oracle call, andβ = O(log(Tµmax(1)E[G]/ǫ)). Since often|E[G]| = Θ(V [G]2), it fol-
lows that the ellipsoid–based algorithm performsO(V [G]4 log(V [G])) iterations/calls to
the separation oracle, and its total running time isO(V [G]12 log2(V [G])). The ellipsoid–
based algorithm is impractical despite its polynomial worst–case running time.

4. M2EDA HAS EVERYWHERE SPARSE OPTIMAL SOLUTIONS

We show that all instances〈G, b, τ , r, ρ 〉 of the M2EDA problem admit optimal fractional
solutions that are everywhere sparse, i.e. solutions withO(X) positive capacity edges
among the nodes in any subsetX of nodes. To this end, we utilize the primal formulation
LP1 for the M2EDA problem and arguments that are similar to those in Goemans [Goe-
mans 2006]. Goemans [Goemans 2006] deals with cross–free families of intersecting sets,
while we are dealing with cross–free families of crossing supermodular sets (see below)
and additional constraints.

Since the M2EDA problem admits everywhere sparse solutions, it followsthat optimal
lifetime data gathering with in–network aggregation can bedone with everywhere sparse

3An algorithm that when it is given a candidate solution to a linear program, either finds some violated constraints
or determines that none exist is called a separation oracle for that linear program.
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communications. Consequently, almost all sensors have small degree, and the overhead for
each sensor for maintaining state information for data gathering with in–network aggrega-
tion is small. Further, withO(X) communication links among any subsetX of nodes, we
expect less contention for the limited bandwidth almost everywhere. Moreover, the max-
imum loss of lifetime due to rounding down a fractional solution to M2EDA is bounded
by O(V [G]) rather than the often much largerO(E[G]), leading to integral solutions with
better approximation ratios.

4.1 Modularity properties of the demand and capacity of directed cuts

First, we need a few definitions. Consider any universe (set)U and a family (collection)S
of subsets ofU . We say that two subsetsX andY of U areintersectingiff all three subsets
X − Y , Y − X , andX ∩ Y are non–empty. We say that two subsetsX andY of U are
crossingif they are intersecting andX ∪ Y 6= U . The familyS is cross–freeif it has no
pair of crossing sets, and it islaminar if it has no pair of intersecting sets.4 A function
f : 2U −→ R is called(crossing, intersecting) supermodulariff

f(X) + f(Y ) ≤ f(X ∪ Y ) + f(X ∩ Y ) (4)

for all (crossing, intersecting) setsX, Y ⊆ U . The functionf is calledsubmodularif

f(X) + f(Y ) ≥ f(X ∪ Y ) + f(X ∩ Y ), (5)

for all setsX, Y ⊆ U . The interested reader is referred to Korte [Korte and Vygen1991,
Ch. 2] for more details.

Consider now a digraphG together with an edge capacity functionc (extended to di-
rected cuts) and a demand functionρ for G. Suppose that the universeU is equal toV [G]
and that the collection of setsS consists of all the directed cuts (subsets of vertices) ofG.
First, we show thatc is submodular. Second, wheneverρ is crossing supermodular and
c ≥ ρ, we show that if two crossing directed cutsX andY are tight then the directed cuts
X ∩ Y andX ∪ Y are also tight. We will use the latter fact to construct a collection of
non–crossing tight directed cuts that are essential in determining each extreme point of the
polytope of LP1.

LEMMA 4.1. The cut capacity function induced by any edge capacity function c is
submodular.

c(X) + c(Y )− c(X ∪ Y )− c(X ∩ Y ) =

c(δ(X − Y, Y −X)) + c(δ(Y −X, X − Y )) (6)

for all subsetsX, Y ⊆ V .

See Proposition 1.3 in Frank [Frank 1993] for a proof of Lemma4.1.

LEMMA 4.2. Consider any non-negative edge capacity functionc and a crossing su-
permodular demand functionρ for a digraphG. Supposec dominatesρ. If any two
crossing setsX, Y ⊂ V [G] are tight then bothX ∪ Y andX ∩ Y are tight, and in addi-
tion,

c(X) + c(Y ) = c(X ∪ Y ) + c(X ∩ Y ) (7)

andc(δ(X − Y, Y −X)) = c(δ(Y −X, X − Y )) = 0.

4Two setsX andY are non–crossing if one of the following is true:X ⊆ Y , Y ⊆ X, or X andY are disjoint.
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PROOF. Consider any two tight crossing setsX, Y ⊂ V [G]. The submodularity ofc
(due to Lemma 4.1) together with the tightness ofX andY imply that

ρ(X) + ρ(Y ) = c(X) + c(Y ) ≥ c(X ∪ Y ) + c(X ∩ Y ). (8)

By definition of crossing–supermodularity, and sinceρ is crossing–supermodular, we have
that

ρ(X ∪ Y ) + ρ(X ∩ Y ) ≥ ρ(X) + ρ(Y ). (9)

Furthermore, from the two equations above, and sincec dominatesρ, it follows that both
X ∪ Y andX ∩ Y are tight and

ρ(X ∪ Y ) + ρ(X ∩ Y ) = ρ(X) + ρ(Y ). (10)

Since the left hand–side of (6) is0 andc is non–negative,c(δ(X−Y, Y −X)) = c(δ(Y −
X, X − Y )) = 0.

4.2 LP1 has everywhere sparse extreme points

Consider an instanceI = 〈G, b, τ , r, ρ 〉 of the M2EDA problem, whereρ is crossing
supermodular. Let〈µmax(c), c 〉 be an extreme point (basic feasible solution or bfs) of
the linear program LP1 forI. Recall that this extreme point is everywhere sparse iff the
induced graphG∗

c
is everywhere sparse. By the theory of linear programming [Bertsimas

and Tsitsiklis 1997], we know that every bfs is uniquely determined by those constraints
that become tight, i.e. are satisfied with equality, and their number is an upper bound on the
size of the support (i.e. number of non-zero components) of each such bfs. Note that the
supportI(c) of c determinesE∗

c
. We will show thatG∗

c
is everywhere sparse by carefully

examining the structure of such tight constraints.
First, we need a few definitions. We define the characteristicenergy vector̂µi of nodei

to be a vector inR|E[G]|, whoseeth entry is equal to the energy consumed by nodei due to
the transmission or receipt of one packet along the edgee ∈ E[G]. Observe that the total
energyµi(c) consumed by nodei under a capacity functionc is equal tocT · µ̂i.
Given a family of directed cutsC ⊆ 2V [G] and a set of nodesS ⊆ V [G], let rows(C, S)
be the following collection of vectors: the characteristicvectorsχ(δi(X)) of the sets of
edgesδi(X) entering each cutX ∈ C, together with the characteristic energy vectorsµ̂i of
each nodei ∈ S. Let span(C, S) be the vector space spanned by the vectors inrows(C, S),
and letdim(V) be the dimension of a vector spaceV . Observe thatrows(C, S) essentially
provide us all the constraints of the linear program LP1 due to the directed cuts inC and
the nodes inS.

We are now ready to examine the structure of the tight constraints of LP1. LetC = {S :
c(S) = ρ(S) > 0} be the set of all tight directed cuts andS = {i : µi(c) = µmax(c)} be
the set of all tight nodes, with respect to the given bfs〈µmax(c), c 〉. Note thatC can not
contain the empty set or any singleton set except possible for {b}. Our main goal is to find
a “nice” basis of the vector spacespan(C, S), which we accomplish in Lemma 4.3 below,
and then bound the size of that basis.

LEMMA 4.3. There exists a familyC′ ⊆ C of cuts and a setS′ ⊆ S of nodes such that,
C′ is cross–free, the vector spacespan(C′, S′) equals the vector spacespan(C, S) and has
dimensiondim(span(C′, S′)) = |C′| + |S′|, and the characteristic vectors ofδi(X), for
each cutX ∈ C′, are linearly independent.
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PROOF. First, we construct a cross–free family of cutsC′ from C, so thatspan(C) =
span(C′) with all the characteristic vectors ofδi(S), S ∈ C′, being linearly independent.
LetL be a maximal collection of cross–free sets inC. Such a collectionL can be computed
from C using the uncrossing algorithm in Hurkens et al [Hurkens et al. 1988].

We prove by contradiction thatspan(L) = span(C) and|L| = dim(span(C)). For the
sake of contradiction, assume thatspan(L) 6= span(C). Then, there exists a setS ∈ C
for which χ(δi(S)) 6∈ span(L). SetS must cross at least one set already inL, sinceL is
maximal. Choose anS ∈ C that crosses the fewest elements inL. Let T ∈ L be a set that
S crosses. Since bothS andT are inC, they are both tight. By Lemma 4.2, the setsS ∩ T
andS ∪ T are also tight, and thus both are inC. We show thatS ∩ T or S ∪ T cross fewer
sets inL, contradicting the choice ofS above. Consider any setX ∈ L. Clearly,X does
not crossT sinceL is cross–free. There are four cases to consider.

—X ⊂ T . SinceS crossesT , setX could only crossS ∩ T . If it does, thenX ∩ S, X −
S, S −X, X ∩ S 6= ∅, which implies thatX crossesS as well.

—T ⊂ X . SinceS crossesT , setX could only crossS ∪ T . If it does, thenX ∩ S, X −
S, S −X, X ∩ S 6= ∅, which implies thatX crossesS as well.

—X ∩ T = ∅. SinceS crossesT , setX could only crossS ∪ T . If it does, thenX crosses
S as well.

—X ∪ T = V . In this case,X could only crossS ∪ T . If it does, thenX − S, S −
X, X ∪ S 6= ∅, sinceS andT cross. Thus,X crossesS as well.

In all cases,S ∩ T or S ∪ T cross fewer sets inL thanS crosses. Contradiction, sinceS is
chosen to cross the fewest sets inL.

Second, a constructS
′ fromS such thatspan(C, S) = span(C′, S′). Starting withS

′ = ∅,
consider each element ofS in turn, and include it inS′ until span(C′, S′) = span(C, S).

Lemma 4.3 implies that the linear system

Ax = y ::

{

x(δi(S)) = ρ(S), ∀S ∈ C′
µi(x) = µmax(c), ∀i ∈ S

′

}

(11)

is of full–rank. Sincespan(C, S) = span(C′, S′), the unique solutionx of the linear pro-
gram in Eq. (11) is equal toc. Since the support size ofx is≤ rank(A) andrank(A) =
|C′| + |S′|, it follows that|C′| + |S′| is an upper bound on the support size ofc. Note that
the size ofS′ is at mostV [G] − 1. Using Lemma 4.4 with the set familyC′ ⊆ 2V [G], we
show that the size ofC′ is at most3|V [G]| − 1, and hence the support size ofc is at most
4|V [G]| − 2.

LEMMA 4.4. Consider a set familyS from a universeU . The size|S| is ≤ 2|U | or
≤ 4|U | − 2 wheneverS is laminar or cross–free, respectively. IfS contains at most one
singleton, then its size is≤ |U | + 1 or ≤ 3|U | − 1 whenever it is laminar or cross–free,
respectively.

PROOF. The first part of the lemma, that the size of a set familyS is ≤ 2|U | or ≤
4|U | − 2 wheneverS is laminar or cross–free, follows from Corollary 2.15 in [Korte and
Vygen 1991].

Consider the second part of the lemma. Suppose, w.l.o.g., thatS contains one singleton.
Consider the set familyS′ obtained fromS by including all the singleton subsets ofU .
Clearly, |S′| = |S| + |U | − 1. SinceS′ is laminar if S is laminar, and|S′| ≤ 2|U |,
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it follows that |S| ≤ |U | + 1. Similarly, sinceS ′ is cross–free ifS is cross–free, and
|S′| ≤ 4|U | − 2, it follows that|S| ≤ 3|U | − 1.
Moreover, as in Goemans [Goemans 2006], we show thatG∗

c
is sparse.

LEMMA 4.5. The graphG∗
c

has at most most4|V [G]| − 2 edges.

PROOF. Since|E∗
c
| = |C′|+ |S′|, |S′| ≤ |V [G]| − 1, and|C′| ≤ 3|V [G]| − 1, it follows

that|E∗
c
| ≤ 4|V [G]| − 2 ≤ 4|V [G]|.

Furthermore, we show thatG∗
c

is everywhere sparse as well.

LEMMA 4.6. The subgraphG∗
c
[V ′] has at most≤ 3|V ′| edges, whereV ′ is any proper

subset ofV [G].

PROOF. The proof is similar to the proof of Theorem 5 of Goemans [Goemans 2006].
Consider the linear systemAx = y in (11). LetB be the submatrix ofA that consists of
the columnsAe of A that correspond to the positive capacity edgese ∈ E∗

c
[V ′], which is

equal to the set of edges ofG∗
c
[V ′]. Therank(B) of B is equal to|E∗

c
[V ′]| sinceA is of

full–rank. Thus, it is sufficient to compute an upper bound onthe rank ofB. To this end,
we count the number of distinct non–zero rows ofB.

First, consider all the rows ofB that correspond to the energy constraint equations
µi(x) = µmax(c) for the nodesi ∈ S

′. Consider a row that corresponds to a nodei ∈ S
′

which is not inV ′. Sincei is not inV ′, we have thatE∗
c
[V ′] ∩ (δi({i}) ∪ δo({i})) = ∅,

which implies that this row ofB is identically zero. Thus,B can have at most|V ′| such
non–zero rows.

Second, consider all the rows ofB that correspond to the demand/capacity constraints
c(S) = ρ(S), for cutsS ∈ C′. Note that ifS ∩ V ′ = ∅ thenδi(S) ∩ E∗

c
∗ [V ′] = ∅

and hence such rows are identically zero. Observe that the family of setsL = {S ∩ V ′ :
S ∈ C′, S ∩ V ′ 6= ∅} is laminar, sinceC′ is cross–free. By Lemma 4.4, we have that
|L| ≤ 2|V ′|. Thus,B can have at most2|V ′| such non–zero rows.
Thus,B has at most|V ′|+ 2|V ′| = 3|V ′| non–zero rows, and hence3|V ′| ≥ rank(B) =
|E∗

c
[V ′]|.

Lemmas 4.5 and 4.6 imply that each basic feasible solution ofLP1 is everywhere sparse.

THEOREM 4.7. Consider an instanceI = 〈G, b, τ , r, ρ 〉 of the M2EDA problem,
where the demand functionρ is crossing supermodular. Let〈µmax(c), c 〉 be any basic
feasible solution to the linear program LP1 forI. Then,G∗

c
[V ′] has at most4|V ′| edges

for eachV ′ ⊆ V [G], i.e.G∗
c

is everywhere sparse.

PROOF. Follows from Lemmas 4.5 and 4.6.

4.3 Integral solutions from optimal fractional basic feasible solutions

We show that by a rounding down an optimal fractional basic feasible solution to LP1,
we obtain an everywhere sparse integral feasible solution to LP1 and MIP1 for M2EDA
whose value is close to the optimal value.

THEOREM 4.8. Consider an instanceJ = 〈G, b, τ , r, ρ 〉 of theM2EDA problem with
a crossing–supermodular demandρ. LetOPT(J) = 〈µmax(c), c 〉 be an optimal fractional
basic feasible solution toJ. Then,〈µmax(⌊c⌋), ⌊c⌋ 〉 is an integral solution toJ which is
optimal within a factor ofα = 1 + 4|V [G]|/ρmin, andG∗

ĉ
[V ′] has at most4|V ′| edges for

eachV ′ ⊆ V [G].
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PROOF. Let〈µmax(c), c 〉 be an optimal (fractional) basic feasible solution to the linear
program LP1 for the following scaled M2EDA instanceJα = 〈G, b, τ , r, α ·ρ 〉. Consider
the integral capacity function̂c that assigns capacitŷce = ⌊c(e)⌋ to each edgee ∈ E[G].
Since for anyV ′ ⊆ V [G], G∗

ĉ
[V ′] ⊆ G∗

c
[V ′] andG∗

c
[V ′] has at most4|V ′| edges, it follows

thatG∗
ĉ
[V ′] also has at most4|V ′| edges. Sincêc ≤ c, for each nodei ∈ V [G], the energy

µi(ĉ) it consumes under̂c is at most the energyµi(c) it consumes underc. Hence,

µmax(ĉ) ≤ µmax(c). (12)

Consider now any directed cutS ⊆ V [G] with positive demand. Sincec is a feasible edge
capacity assignment for the scaled instanceJα, and since, due to Theorem 4.7, there are at
most4|V [G] edgese ∈ E[G] with positive capacityce, we have that

ĉ(S) ≥ c(S)− 4|V [G]| ≥ α · ρ(S)− 4|V [G]|. (13)

By the definition ofα, we have

α · ρ(S) = ρ(S) + 4|V [G]| · ρ(S)

ρmin

≥ ρ(S) + 4|V [G]|, (14)

which together with (13) implies that̂c(S) ≥ ρ(S). Therefore,〈µmax(ĉ), ĉ 〉 is a feasible
integral solution to the M2EDA instanceJ. Since〈µmax(c), c 〉 is an optimal fractional
solution toJα, we have that〈α−1µmax(c), α

−1c 〉 is an optimal fractional solution toJ,

OPT(I) = α−1µmax(c). (15)

Therefore

OPT(I) ≤ µmax(ĉ) ≤ µmax(c) = α · OPT(I), (16)

and〈µmax(ĉ), ĉ 〉 is an anα–optimal, everywhere sparse, integral solution toJ.

5. FINDING α–OPTIMAL EVERYWHERE SPARSE INTEGRAL SOLUTIONS FOR
M2EDA

Consider an instanceJ = 〈G, b, τ , r, ρ 〉 of the M2EDA problem, whereρ is crossing
supermodular.

There is a need for a practical algorithm for finding everywhere sparse solutions to the
M2EDA problem. Theorems 4.7 and 4.8 require an optimal basic feasible solution (bfs)
to LP1. Recall that the (impractical)ELLIPSOIDM2EDA algorithm finds in polynomial–
time an approximately–optimal fractional feasible solution p to LP1. Moreover, given a
linear program with a separation oracle and an optimal solution to it, Jain shows how to
obtain in polynomial–time an optimal basic feasible solution to that linear program [Jain
2001][Lemma 3.3]. Therefore, though impractical, one can find an optimal fractional basic
solution to LP1 in polynomial–time.

We present ALGM2EDA, a practical algorithm for finding an optimal fractionalbasic
feasible solution to the LP1 for any instance of the M2EDA problem. By rounding–down
that fractional everywhere sparse solution as prescribed in Theorem 4.8, we obtain an ev-
erywhere sparse integral solution whose value is within a factor ofα = 1 + 4|V [G]|/ρmin

of the optimal value. Since often in practice, the minimum positive demandρmin is
ω(V [G]), ALGM2EDA effectively provides asymptotically optimal, everywhere sparse
integral solutions to the M2EDA problem with crossing–supermodular demands.
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ALGM2EDA is an iterative algorithm whose pseudocode is given in Algorithm 1. The
algorithm maintains a setC of directed cuts, the set of the cut constraints of LP1 which are
explicitly enumerated.

Initially, C contains a collection of3|V [G]| directed cuts; these cuts are chosen since
we have found them effective in solving M2EDA instances where the nodes are uniformly
placed on a line. It is possible to initializeC to also include the set of all the directed cuts
generated by the separation oracle during the run of theELLIPSOIDM2EDA algorithm for
LP1. Although this modification could lead to fewer iterations, it is costlier to implement
and likely impractical due to the large running–time of theELLIPSOIDM2EDA (see the
proof of Theorem 3.1).

At each iteration, ALGM2EDA finds an optimal bfsc to the linear program

〈min µmax(x) such thatx(S) ≥ ρ(S), ∀S ∈ C 〉. (17)

Then, it tests whetherc is feasible for LP1 by attempting to find a directed cutS for which
c(S) < ρ(S). If no such cutS is found, the algorithm terminates withc as an optimal bfs
to LP1. Otherwise, it appendsS to C and continues with the next iteration.

The number of iterations of the while–loop in lines 4–14 of ALGM2EDA is bounded by
|C| at termination, and hence ALGM2EDA always terminates. The worst–case number of
iterations isO(2V [G]); the number of iterations is at most11 in all our experiments with
random M2EDA instances with up to 80 nodes (see section 8). For each iteration, the time
for line 7 is determined by the solver used to solve the|C| × |E[G]| linear program, while
lines 8–12 takeO(min{V [G]3E[G], V [G]4}) time.

Despite the fact that ALGM2EDA has exponential worst–case running time, it routinely
finds almost optimal everywhere sparse integral solutions to random M2EDA instances
with up to 70 nodes in 30 minutes or less —- much faster than what has been previ-
ously reported in [Kalpakis et al. 2003; Stanford and Tongngam 2006] for the correspond-
ing MLDA problems. Note that the algorithms in [Kalpakis et al. 2003; Stanford and
Tongngam 2006] have polynomial worst–case running times.

The algorithm in [Kalpakis et al. 2003] uses a linear programwith O(V [G]3) constraints
and unknowns, where for typically random networksG most of the constraints are dense.
Solving such large dense linear programs using state–of–the art interior–point methods is
quite slow. The algorithm in [Stanford and Tongngam 2006], which is based on an iterative
algorithm by Garg and Konemann [Garg and Konemann 1998], performs an excessive
number of iterations (due to slow convergence for small approximation errors), where each
iteration takesO(V [G]3) time to find a minimum cost branching ofG with varying edge
costs. [Kalpakis et al. 2003] does not give any theoretical guarantees of optimality or near–
optimality of their solutions, while [Stanford and Tongngam 2006] does not provide any
guarantees of sparsity.

6. ON THE EQUIVALENCE OF THE MLDA AND M2EDA PROBLEMS

We show that an optimal fractional solution to an instance ofthe MLDA problem can be
easily obtained from an optimal fractional solution to a suitable instance of the M2EDA
problem and vice versa.

First, we show that we can optimally solve any MLDA problem instance by solving a
certain M2EDA problem instance, which is constructed from the given MLDA instance.

LEMMA 6.1. LetI = 〈G, b, τ , r, ǫ 〉 be an instance of theMLDA problem, and letT
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Algorithm 1 The ALGM2EDA algorithm for solving the M2EDA problem.

Input: M2EDA instanceI〈G, b, τ , r, ρ 〉
Output: An optimal fractional basic feasible solutionOPT(I) = 〈µmax(c), c 〉.
1. // InitializeC to a set with a few select directed cuts
2. rename the nodes so that node 1 becomes the base stationb
3. C ←− all the directed cuts{i}, {i, i + 1}, and{1, 2, . . . , i}, ∀i ∈ V [G]
4. while true do
5. // Construct or update, and then solve the linear program for M2EDA
6. letQ(C) be the LP〈min µmax(x) such thatx(S) ≥ ρ(S), ∀S ∈ C 〉
7. 〈µmax(c), c 〉 ←− optimal bfs forQ(C)
8. // Find violated constraints, if any
9. for each nodei ∈ V [G] do

10. S ←− ani–b min–cut forG with c

11. if c(S) < ρ(S) then
12. appendS to C
13. if no change toC then
14. return 〈µmax(c), c 〉

be any positive constant. Consider theM2EDA instanceJ = 〈G, b, τ̂ , r̂, ρb,T 〉, where
τ̂ij = τij/ǫi and r̂i = ri/ǫi for all nodesi, j ∈ V [G]. If 〈µmax(c), c 〉 is an optimal
fractional solution to theM2EDA instanceJ, then〈 η · T, η · c 〉 is an optimal fractional
solution to theMLDA instanceI, whereη = 1/µmax(c).

PROOF. Consider an optimal fractional solutionOPT(J) = 〈µmax(c), c 〉 to the M2EDA
instanceJ. Note thatµmax(c) is positive. Letη = 1/µmax(c). Clearly,µmax(ηc) = 1.

Observe that〈µmax(ηc), ηc 〉 is an optimal fractional solution to the M2EDA instance
J′ = 〈G, b, τ̂ , r̂, ρb,ηT 〉. Sinceµmax(ηc) ≤ 1, it follows that 〈 ηT, ηc 〉 is a feasible
solution to the MLDA instanceI, because no node consumes more than its initial energy.

We prove by contradiction that〈 ηT, ηc 〉 is an optimal fractional solution to the MLDA
instanceI. Consider an optimal fractional solutionOPT(I) = 〈T ′, c′ 〉 to the MLDA
instanceI, with T ′ > ηT . Let β = T/T ′. Sincec′(S) ≥ T ′ for all S ⊆ V [G] that contain
the base stationb, it follows that〈µmax(βc′), βc′ 〉 is a feasible solution to the M2EDA
instanceJ. Since at least one node consumes all its energy in the MLDA optimal solution
OPT(I), it follows thatmax{µi(c

′)/ǫi} = 1, for at least one nodei ∈ V [G]. Hence,
µmax(βc′) = β. By the optimality of〈µmax(c), c 〉 for the M2EDA instanceJ, we have
thatβ ≥ µmax(c) = 1

η
, which implies thatηβ ≥ 1. On the other hand, sinceT ′ > ηT and

β = T/T ′, we have thatηβ < 1. Contradiction.
Second, we show how to optimally solve any M2EDA problem instance with demand

ρb,T by solving a certain MLDA problem instance, which is constructed from the given
M2EDA instance.

LEMMA 6.2. Let To be any positive constant, and letJ = 〈G, b, τ , r, ρb,To
〉 be an

instance of theM2EDA problem. Consider theMLDA instanceI = 〈G, b, τ , r, ǫ 〉 with
ǫi = 1 for all nodesi ∈ V [G] − {b}. If 〈T, c 〉 is an optimal fractional solution to the
MLDA instanceI, then〈µmax(η·c), η·c 〉 is an optimal fractional solution to theM2EDA
instanceJ, whereη = To/T .

PROOF. Consider an optimal fractional solutionOPT(I) = 〈T, c 〉 to the MLDA in-
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stanceI. Since one or more nodes consume all their initial energy,µmax(c) = 1. Let
η = To/T . Sinceηc(S) ≥ ηρb,T (S) = ρb,To

(S) for all S ⊆ V [G], it follows that
〈µmax(ηc), ηc 〉 is a feasible solution to the instance M2EDA instanceJ. Note that
µmax(ηc) = ηµmax(c) = η.

We prove by contradiction that〈µmax(ηc), ηc 〉 is an optimal fractional solution to the
M2EDA instanceJ. Suppose that there exists an optimal fractional solutionOPT(J) =
〈µmax(c

′), c′ 〉 to the M2EDA instanceJ such thatµmax(c
′) < η. Let β = 1/µmax(c

′).
Note thatµmax(βc′) = 1. Then,〈βTo, βc′ 〉 is a feasible solution to the MLDA instance
I. Hence,βTo ≤ T , which implies thatηβ ≤ 1. However, sinceη > µmax(c) = 1/β, we
also haveηβ > 1. Contradiction.

7. ALMOST OPTIMAL EVERYWHERE SPARSE INTEGRAL SOLUTIONS FOR
MLDA

Consider an instanceI = 〈G, b, τ , r, ǫ 〉 of the MLDA problem, and the instanceJ =
〈G, b, τ̂ , r̂, ρb,T 〉 of the M2EDA problem, whereT is any positive constant, and̂τij =
τij/ǫi and r̂i = ri/ǫi for all nodesi, j ∈ V [G]. We find an optimal everywhere sparse
solution to the MLDA instanceI by using Lemmas 6.1 and 6.2, together with an optimal
everywhere sparse basic feasible solution to the LP1 for theM2EDA instanceJ.

First, we establish that M2EDA problem instances with demand functionρb,T admit op-
timal, everywhere sparse, fractional basic feasible solutions as stipulated by Theorem 4.7.
To this end, it is sufficient to show that the demand functionρb,T is crossing supermodular.

LEMMA 7.1. Let T be any positive constant. The demand functionρb,T is crossing
supermodular.

PROOF. Recall that for anyS ⊆ V [G], the demandρb,T (S) of S is equal to0 unless
S is proper and it contains the base stationb, in which case it is equal toT . Let X, Y be
two crossing subsets ofV [G]. SinceX andY are crossing, we have thatX ∪ Y 6= V [G].
There are three cases to consider.

—Suppose thatρb,T (X) = ρb,T (Y ) = T . The base stationb is in X ∩ Y . Further, since
X ∪ Y 6= V [G], we have thatρb,T (X ∪ Y ) = ρb,T (X ∩ Y ) = T , and hence (4) holds.

—Suppose thatρb,T (X) = T andρb,T (Y ) = 0. SinceX ∪ Y 6= V [G], we have that
ρb,T (X ∪ Y ) = T , and (4) holds.

—Suppose thatρb,T (X) = ρb,T (Y ) = 0. Sinceρb,T (S) ≥ 0 for all S ⊆ V [G], (4) holds.

Lemma 6.1 shows that an optimal solution to an MLDA problem instanceI can be
obtained by appropriately scaling an optimal solution to the corresponding M2EDA prob-
lem instance with demand functionρb,To

, for some positive constantTo. Since scaling a
capacity function preserves its support, it follows that the ALGM2EDA algorithm can be
used to construct an optimal, everywhere sparse, fractional solution〈T, c 〉 to an MLDA
problem instanceI. Furthermore, by rounding downc, we show that we get an every-
where sparse integral solution to the MLDA instanceI which is optimal within a factor of
1− 4|V [G]|/T .

THEOREM 7.2. Consider anMLDA problem instanceI = 〈G, b, τ , r, ǫ 〉. We can
find an optimal fractional feasible solution〈T, c 〉 to the MLDA instanceI such that
G∗

c
[V ′] has at most4|V ′| edges, for anyV ′ ⊆ V [G]. If α = 1− 4|V [G]|/T ≥ 0, then the
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capacity function̂c = ⌊c⌋ provides anα–optimal integral solution to theMLDA instance
I, such thatG∗

ĉ
[V ′] also has at most4|V ′| edges, for anyV ′ ⊆ V [G].

PROOF. Let T ′ be any positive constant. Consider Lemma 6.1, and the M2EDA in-
stanceJ that corresponds to the given MLDA instanceI and T ′. In particular,J =
〈G, b, τ̂ , r̂, ρb,T ′ 〉 is the M2EDA instance of interest, wherêτij = τij/ǫi andr̂i = ri/ǫi

for all nodesi, j ∈ V [G].
Let OPT(J) = 〈µmax(c

′), c′ 〉 be an optimal fractional basic feasible solution to LP1 for
the M2EDA instanceJ. Such a solution can be computed by the ALGM2EDA algorithm.
By Lemma 6.1,〈 η · T ′, η · c′ 〉 = 〈T, c 〉 is an optimal fractional feasible solution to the
MLDA instanceI, whereη = 1/µmax(c

′).
From Theorem 4.7 and sincec andc′ have the same support, we have thatG∗

c
[V ′] =

G∗
c′ [V ′] andG∗

c
[V ′] has at most4|V ′| edges, for eachV ′ ⊆ V [G].

Consider now the integral capacity functionĉ such that̂ce = ⌊c(e)⌋, for each edge
e ∈ E[G]. Sinceĉ ≤ c, we have

µi(ĉ) ≤ µi(c) ≤ ǫi (18)

for each nodei ∈ V [G]. Sincec ≥ ĉ, it follows that eachG∗
ĉ
[V ′] has≤ 4|V ′| edges,

V ′ ⊆ V [G].
Since there are at most4|V [G]| edgese ∈ E[G] with positive capacityce, it follows that

ĉ(S) ≥ c(S)− 4|V [G]| ≥ T − 4|V [G]|, (19)

for all S ⊆ V [G] with positive demandρb,T ′(S).
Sinceĉ dominatesρb,T−4|V [G]|, we have that〈 ⌈T−4|V [G]|⌉, ĉ 〉 is an integral, feasible,

everywhere sparse solution to the MLDA instanceI. Since the optimal forI is T , it is
also optimal within a factor ofα = (T − 4|V [G]|)/T = 1− 4|V [G]|/T .

8. EXPERIMENTS

We provide experimental results illuminating certain performance aspects of the ALGM2EDA
algorithm. All experiments were done in Matlab R11.1 running on a Windows XP desktop
with a Pentium III 931Mhz processor and 512MB of RAM. We consider sensor networks
in which the sensors are uniformly distributed in a50m× 50m field, and the base station
is fixed at location(0, 0). We generate 10 random networks of sizen, for eachn = 10,
15, 20, 25, 30, 35, 40, 45, 50, 60, 70, and 80. We use the first order radio model [Heinzel-
man et al. 2000; Kalpakis et al. 2003; Lindsey et al. 2001] as the energy model. A sensor
consumes50nJ/bit to run the transmitter or receiver circuitry and100pJ/bit/m2 for the
transmitter amplifier. The packet size is 1000 bits. The demand function used by all the
M2EDA problem instances isρb,T with T fixed to 1000 rounds. We consider six perfor-
mance metrics: the maximum energyµmax(c) used by any sensor; the number of iterations
of the outer while–loop of the ALGM2EDA algorithm; the number of cuts inC at termina-
tion; |E∗

c
|, the number of edges with positive capacity; the relative error errrel of the value

of the integral solution⌊c⌋ with respect to the value of the optimal fractional solutionc,
errrel = |µmax(⌊c⌋)− µmax(c)|/µmax(c); and the CPU running time in seconds.

We show the average of these six performance metrics of the ALGM2EDA algorithm in
Table I. Scatter plots for these performance metrics for each instance are shown in Fig 2,
together with the average and standard deviation of these metrics for each network size.
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Table I. Experimental average of select performance metrics for the ALGM2EDA algorithm.
n iters final|C| µmax(c) |E∗

c
| errrel time (secs)

10 3.60 32.50 0.1210 25.40 0.92% 8.50
15 5.10 53.60 0.1113 34.10 1.42% 25.60
20 5.40 75.50 0.1068 48.00 1.95% 51.30
25 5.80 94.10 0.1061 60.10 2.45% 87.27
30 5.00 106.60 0.1035 70.50 2.97% 87.33
35 5.20 129.30 0.1024 83.40 3.46% 221.95
40 4.60 144.00 0.1016 94.20 3.96% 288.78
45 5.90 168.80 0.1018 108.10 4.47% 475.76
50 6.20 185.80 0.1012 120.20 4.97% 790.88
60 5.50 226.50 0.1006 143.40 5.95% 1097.50
70 5.40 254.20 0.0998 171.00 6.95% 1773.20
80 5.30 289.00 0.0993 188.60 7.96% 3937.58
all 5.25 146.66 0.1046 95.58 3.95% 737.14

On average, the ALGM2EDA algorithm terminates after seven iterations while consid-
ering less than300 cuts, which is substantially smaller than the280 worst–case bound on
C for the largest network size of80. The average number of cuts inC at termination seems
to grow linearly with the network size instead of exponentially.

The experimental relative error is a third or less of that predicted by Theorem 4.8. For
example, forn = 80, the experimentalerrrel = 7.96% vs the32% upper–bound provided
by Theorem 4.8. Thougherrrel increases asn increases, this is expected, since for fixed
T , the value of an optimal fractional solution to M2EDA decreases.

The average degree of the nodes is|E∗
c
|/n ≤ 2.5, which is smaller than the bound

of 4 provided by Theorem 4.7. Furthermore, as the network size increases, i.e. the sensor
density increases, the maximum energy used by any sensor decreases. This is desirable
and is due to the fact that the transmission energy costs decrease with increased density,
while the receipt energy costs do not change significantly since the average degree of the
sensors is≤ 4.

Note from Fig. 2f that the variance of the CPU runtime increases as the the network
sizen increases. The ALGM2EDA algorithm solves its largest linear program at the final
iteration; that linear program has|C| constraints andO(n2) unknowns, and solving it takes
time super–linear in|C|. Consequently, since|C| increases asn increases, the variance of
the CPU time increases super–linearly asn increases.

Finally, despite the rather slow PC used for the experimentsand the Matlab interpretation
overhead, problems of size up to 70 were solved on average in 30 minutes or less, and
problems of size 80 were solved in about one hour of CPU time. This is a substantial
improvement over the≈ 2 hours and 1263 seconds average runtime to find optimal and
approximately–optimal fractional solutions to the MLDA problem for networks with 60
nodes reported in [Kalpakis et al. 2003] and [Stanford and Tongngam 2006], respectively
(see Table II. Note that the algorithms in [Kalpakis et al. 2003; Stanford and Tongngam
2006] have polynomial worst–case running times.

9. CONCLUSIONS

We considered two related problems for data gathering with in–network aggregation in
wireless sensor networks. The MLDA problem is concerned with maximizing the system
lifetimeT so that we can performT rounds of data gathering with in–network aggregation,
given the initial available energy of the sensors. The M2EDA problem is concerned with
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Fig. 2. Scatter plot together with the average and std. deviation of select performance
metrics for the ALGM2EDA algorithm run on 10 random M2EDA instances, each withn
nodes and demand functionρb,T , whereT = 1000.
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Table II. Experimental average CPU running times (in secs) for finding near–optimal solutions to random in-
stances of the MLDA problem withn nodes as reported in [Kalpakis et al. 2003, Table 6] and [Stanford and
Tongngam 2006, Table 1]. [Stanford and Tongngam 2006] does not report any results on WSN with more than
60 nodes. For convenience, the average CPU running times of ALGM2EDA are also shown.

n ALGM2EDA MLDA [Kalpakis et al. 2003] GK [Stanford and Tongngam 2006]
40 289 390 310
50 791 2880 643
60 1098 6510 1263
80 3938 15156 N/A

minimizing the maximum energy consumed by any sensor when performingT rounds of
data gathering with in–network aggregation, for a givenT .

We present the ALGM2EDA algorithm for finding everywhere sparse, optimal withina
factorα, integral solutions to the M2EDA problem for a wireless sensor network withn
nodes and lifetime requirementT , whereα = 1 + 4n/T . A solution is everywhere sparse
if the number of communication links among the nodes in any subsetX of nodes isO(X),
in our case at most4|X | links. It follows that almost all sensors have small degree,and
the overhead for each sensor for maintaining state information for data gathering with in–
network aggregation is small. Further, with at most4|X | communication links among any
subsetX of sensors, we expect less congestion and contention for thelimited bandwidth
almost everywhere. Since oftenT = ω(n), we obtain everywhere sparse asymptotically
optimal integral solutions to the M2EDA problem.

We also show that the MLDA and M2EDA problems are essentially equivalent, in the
sense that we can obtain an optimal fractional solution to anMLDA problem instance by
scaling an optimal fractional solution to a suitable M2EDA problem instance. As a re-
sult, we obtain everywhere sparse, asymptotically optimalintegral solutions to the MLDA
problem, when the initial available energy of the sensors issufficient for supporting optimal
fractional lifetime which isω(n).

Extensive experimental results demonstrate the the ALGM2EDA algorithm routinely
finds optimal, everywhere sparse, fractional solutions to M2EDA and MLDA problem
instances with≤ 70 nodes in less than 30 minutes CPU time. As part of our future work,
we plan to investigate distributed algorithms for finding sparse near–optimal solutions to
the M2EDA and MLDA problems.

APPENDIX A. Linear Programming Primer

We provide an overview of some concepts in linear programming. The reader is referred
to a text such as [Korte and Vygen 1991; Bertsimas and Tsitsiklis 1997] for further details.

Consider a linear program in standard form






















min cT x such that

A · x = b

x ≥ 0























(20)

whereA ∈ R
n×m, c,x ∈ R

m, b ∈ R
n, andn ≤ m. The linear program above defines

a convex polyhedronP = {x : Ax = b,x ≥ 0}. For convenience, and without
loss of generality, suppose that the constraint matrixA is of full–rankn and thatb ≥ 0.
The case whereA has rank less thann leads to degeneracies requiring special handling,
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see [Bertsimas and Tsitsiklis 1997]. We further assume, w.l.o.g., that the polyhedronP is
bounded and non–empty, i.e. the linear program has a boundedoptimal solution.

Let B be a sequence (ordered set) ofn column indexes in{1, . . . , m}. Let AB be the
n× n sub–matrix ofA whoseith column isAB(i). A sequenceB is called a base ifAB is
of full-rank (invertible). It is called a feasible basis ifA−1

B b ≥ 0. SinceA is of full–rank
and the linear program is feasible, a feasible basis always exists. A variablexi (columnAi)
with index inB is called abasic variable (basic column), otherwise it is called anon–basic
variable (non–basic column).

Construct a feasible solutionx corresponding to a feasible baseB by takingxB = A−1
B b

andxB = 0. Such a solution is called abasic feasible solution(bfs). There is a bijection
between basic feasible solutions and vertices (extreme points) of the polytope defined by
A. Furthermore, an optimal solution always occurs at one of its vertices.

Associate with each constraint ashadow price(or dual variable). The shadow prices
π ∈ R

n corresponding to a baseB is given by

π
T = cBA−1

B . (21)

Therelative cost̄cj of each non–basic columnAj is given by

c̄j = cj − π
T Aj (22)

The Simplex method, discovered by Dantzig, systematicallyexplores the set of basic
feasible solutions, starting from an initial bfs, until an optimal bfs is found. The process of
moving from a bfs to an adjacent bfs is calledpivoting. In pivoting, we exchange a basic
column with a non–basic column, without increasing the costof the best feasible solution
so far.

We describe next a variant of the Simplex method, the RevisedSimplex Method (RSM)
with the lexico–min rule. An arbitrary non–basic columnAj enters the current baseB if
its relative cost̄cj < 0. If all non–basic columns have relative cost≥ 0, then the current
bfs is optimal and Simplex terminates. Otherwise, a basic column to exit the current base
B needs to be selected. There are multiple approaches to do so.We describe the lexico–
min approach for choosing the basic column to exit the current basisB, since it guarantees
termination in a finite number of pivoting steps [Bertsimas and Tsitsiklis 1997]. Letai

denote theith row of the matrixAB. Let l be the index of the lexicographically smallest
row [xi,ai]/ui with ui > 0,

l = arg lexico–min

{

[xi,ai]

ui

: ui > 0

}

, (23)

whereu = A−1
B Aj andx = A−1

B b. ColumnAj enters the baseB replacing column
AB(l), i.e. B(l) ←− j. An indexl always exists, since otherwiseui ≤ 0 for all i and the
problem is unbounded.

Extensive computational experience since the discovery ofthe Simplex method demon-
strated that in practice it is an efficient algorithm. The Revised Simplex method offers
computational advantages for linear programs with sparse constraint matrices. Moreover,
observe that RSM allows us to solve linear programs with exponentially many variables by
performing few pivots in practice, provided that we can either find, in polynomial–time, a
non–basic column with negative relative cost or show that nosuch column exists.

There are many cases, where other methods, such as interior–point methods, run faster.
For example, the standard solver in Matlab is based on interior–point methods. Optimal
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solutions computed by interior–point methods may not be optimal basic solutions, i.e.
may have support larger thann. Obtaining optimal basic solutions from a pair of non–
basic optimal solutions is known as basis crushing, purification, or crossover. Beling and
Megiddo [Beling and Megiddo 1998] describe efficient algorithms for basis crushing for
linear programs with polynomially many constraints and unknowns.

In our experiments of solving instances〈G, b, τ , r, ρ 〉 of the M2EDA problem we do
the following. At each iteration, we first find an optimal non-basic feasible solutionx
to the linear program〈min µmax(x) such thatx(S) ≥ ρ(S), ∀S ∈ C 〉, whereC is the
current collection of directed cuts. Then, we do basis crashing onx by by solving this
linear program again using the Revised Simplex method, but this time we consider only
edges in the subgraphG∗

x
instead ofG.
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