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Abstract

Chang and Kadin have shown that if the dilLerkence hierarchy over NP col-
lapses to level k, then the polynomial hierarchy (PH) is equal the kth level of
the di [erence hierarchy over 5. We simplify their proof and obtain a slightly
stronger conclusion: Ilf;tlhe di ce hierarchy over NP collapses to level kK,

then PH collapses to Pz\,‘f’_l)_tt , the class of sets recognized in polynomial

time with k — 1 nonadaptive queries to a set in NPNP and an unlimited num-
ber of queries to a set in NP. We also extend the result to classes other than
NP: For any class C that has <},-complete sets and is closed under sﬁonj- and
<fw -reductions (alternatively, closed under <f,;- and sf{l"NP&?ductio%, if the
di [erence hierarchy over C collapses to level k, then PH® = PP,y . Then

we show that the exact counting class C=P is closed under <{;- and <fy™P-
reductions. Consequently, if the di Iﬁﬁe hieraﬁ&&y over C=P collapses to level
k then PHPP(= PH®=F) is equal to P{P ), . In contrast, the dilerence

hierarchy over the closely related class PP is known to collapse.
Finally we consider two ways of relativizing the bounded qielry s PRP::

the restricted relativization PNPC, and the full relativization PNP. . If C is
NP-hard, then we show that the two relativizations are dilerent unless PH®
collapses.
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1. Introduction

Numerous researchers [3, 5, 8, 9, 10, 11, 16, 17, 24, 25, 26, 27] have studied the Boolean
hierarchy over NP. This hierarchy intertwines the query hierarchies over NP, and is
identical to the Haussdorf and the dilerence hierarchies over NP. (Similar relations
hold among hierarchies over many classes other than NP [7].) A central question is
whether these hierarchies collapse. Because they stand or fall together, it is su [cieht
to study a single one. We find that the dilerknce hierarchy is the most amenable to
analysis.

Kadin [16] was the first to discover non-trivial structural consequences of the
collapse of the diLerknce hierarchy over NP. He showed that if the di Lerknce hierarchy
over NP collapses, then the polynomial hierarchy is equal to Aj. Kadin’s result can
be understood as translating a collapse of one hierarchy upward to a collapse of a
larger hierarchy. Kadin’s result was improved by Wagner [25], who showed that if
the dilerence hierarchy over NP collapses to level k then the polynomial hierarchy

is equal to Pé%k)_tt, and independently by Chang and Kadin [11], who showed that if
the di Lerence hierarchy over NP collapses to level k, then the polynomial hierarchy is
equal to DIFF(Z5), where DIFF,(C) denotes the kth level of the di [erknce hierarchy
over C, defined in Section 2.

In contrast, Beigel, Reingold, and Spielman [6] have shown that the dilerknce
hierarchy over PP is equal to PP, yet it is not known whether this collapse translates
upward to PHPP, P*P or Wagner’s [23] counting hierarchy (CH).! None of the ques-
tions below has been answered; neither has anyone shown that the answer to any of
them is negative even relative to an oracle.

« Does PH"? collapse?

° P#P — P#P[l]?
e Does the counting hierarchy collapse?
= PSPACE = P#Pli?

Separation of the levels of the counting hierarchy relative to an oracle is of special
interest, because it is equivalent to separating the levels of the circuit class TC,.

The questions above motivate us to determine precisely which properties of NP
cause a collapse of the dilerence hierarchy over NP to translate upward. For any
class C that has <f,-complete sets and is closed under <{ ;- and <{P-reductions, we
show in Corollary 12 that

DIFF(C) = co-DIFF(C) [CPH® = %INF’ <
k k (k—1)-tt

By a symmetry argument, the result holds as well for any class C that has <P -

complete sets and is closed under <f;;- and <{?™"-reductions. Our main results

extend Chang and Kadin’s result; our proof is also simpler.

LCH (resp., PH) is the smallest non-empty class C such that PP¢ [Cl(resp., NP [C).
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While the class PP is closed under <{-reductions [13], it does not seem likely that
PP is closed under <NP reductions, for then we would have PARITYP [PP, which
does not relativize [22]. Thus our main result does not seem to apply to the class PP.
This explains, in part, why the collapse of the dilerknce hierarchy over PP has not
been shown to translate upward.

However, the class C=P,* which is closely related to PP, is closed under <f;-
and <%NP reductions, as we show in Theorem 15 (similar closure properties were
obtained independently by Gundermann, Nasser, and Wechsung [15]). Applying our
main result and a theorem of Toran, we find that the dilerknce hierarchy over C-P
does not collapse unless the polynomial hierarchy relative to PP collapses. (Green
[14] independently proved a similar theorem. However, our techniques give a stronger
collapse of the polynomial hierarchy relative to PP.) This structural consequence
complements a result of Gundermann, Nasser, and Wechsung [15], who constructed
oracles that make the di[erkence hierarchy over C_P proper.

2. Preliminaries
We assume that the reader is familiar with oracle Turing machines. PH® denotes
C [CNPC [CNPMP° .. We define the di[&fknce hierarchy over a class C.
Definition 1.

e DIFF,(C)=C

e DIFF1(C) = {L; — Ly : L; [ClL, CDIFF(C)}.

Definition 2. PF, is the class of languages that are polynomial-time truth-table
reducible to a language in NP, via a truth-table of norm k.

The sequence PYR,, PYR., ... is called the nonadaptive query hierarchy over NP. We
define full relat|V|zat|ons of PRR, as follows:

o Lel, . .
Definition 3. Pk -« Is the class of languages that are computable in polynomial

time with k nonadaptive queries to a set in NP and an unlimited number of queries
to C.
(|

By relativizing a result of Beigel [5], it follows that every language in PRR tt@is
% y%netric di [erknce of a language in P¢ and a language in DIFF, (NP®). Thus

PNP. s contall%ed in DIFFk+1(NPC) n co-DIFF41(NP®). In general, it is not
known whether PRR, ~ = PNPC ng/lvever in Section 4 we will show that if C is

Led
NP-hard under <P -reductions, then PN~ = PNP® implies that the PHC collapses.
Nondeterministic many-one reductions were defined by Ladner, Lynch, and Sel-
man [18].

2C=P (resp., PP) is the class of languages accepted by polynomial-time bounded nondeterministic
Turing machines that accept when exactly (resp., at least) half of the computations accept.
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Definition 4. We say that A is NP many-one reducible to B (denoted A <N\P B) if
there exists a constant i and a polynomial-time computable function f of two variables
such that

x CA LTIyl = XIDIF(x,y) CHI.

We write >C to denote the closure of C under <\ reductions.

We define co-NP many-one reductions as a counterpart of NP many-one reduc-
tions.

Definition 5. We say that A is co-NP many-one reducible to B (denoted A <3P
B) if there exists a constant i and a polynomial-time computable function f of two
variables such that

x CA LTIyl = XIDIF(x,y) CHI.

We write [Clto denote the closure of C under <2°"NP reductions.

Definition 6. We say that A is polynomial-time conjunctive reducible to B (denoted
A <P .. B) if there exists a polynomial-time computable function f which maps each

—conj

input to a finite set of strings such that

x [A I ¥K) B

We say that A is polynomial-time disjunctive reducible to B (denoted A sﬁisj B) if
there exists a polynomial-time computable function ¥ which maps each input to a
finite set of strings such that

x (A [CI_¥X) nB & [

Before we go on, we need to define the join and symmetric dilerknce of two
languages.

Definition 7. Let A and B be any two languages. We use A join B to denote the
join of A and B; and A LB ko denote the symmetric di[erknce of A and B. That is,

Ajoin B = {0x:x A} [(Ax:x B}
X [Y1= {IXy[d(x X and y IIY]) or (x IIX and y [ YD)}

Alternatively, X y[T X Y[ (k [ X [T _UTYD).

The “mind-change” technique was developed by Wagner and Wechsung [27] and
Beigel [5] in order to prove absolute results about the nonadaptive query hierarchy
over NP. In particular, the mind-change technique was used to show that any language
in PRR, can be reduced to X [YIfor some language X A and Y [CDOIFF(NP)
(which in turn shows that PiF, [ DIFF,.1(NP) n co-DIFF.1(NP)). This technique
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was also used to show that PR o« _1-t- Chang and Kadin applied a similar
technique to the dilerence hierarchy over X5 in order to obtain a precise level of
collapse in their results. Similarly, we require a relativized version of the mind-
change technique. Because we are a bit more careful, we obtain a stronger collapse
than Chang and Kadin.

The mind-change lemma, Lemma 9, that we want to prove is stated in a very
general form. To assist the reader in understanding this lemma, we first sketch a
mind-change proof on a concrete example. We give some details which help illustrate
the statement of Lemma 9. The rest of the proof may be found in the literature
[5, 12, 21, 24]. We will also use the following lemma in Section 4.

L Ll
Lemma 8. Let L be any language in PRE, . Then, L <P, Lpc [Ld where Lpc

and Lypc are respectively the <P -complete languages for P¢ and DIFF(NPC).

Proof sketch:  Let the language Lpc be <P -complete for NP€. Fix a machine D
which accepts L using polynomially many queries to C, and k non-adaptive queries to
Lypc. On input x, D computes a set of queries {q;(x), ..., q(x)} possibly with the
help of the oracle C. Then, D asks the NP€ oracle if each of the query strings gi(x) is
in Lypc. Let h be an encoding of a finite set. Define the two place predicate B(x, h)
to be true if h [C{4;(X),...,qk(X)} n Lypc. The predicate B can be recognized in
NP, because NP is closed under <Conj-reductions. As in all mind change proofs, we
need an upper bound on the length of the longest chain hy [Ch] [Ch]... such that
for all h;, B(x, h;) is true. In our case, the longest chain starts with [dnd ends with
{0:(X), ..., qk(X)}, so the longest chain has length k + 1. We say that h is maximal if
B(x, h) is true, and for all h’, h [Ch1 [_=B(Xx, h’). In this proof, the maximal subset
hmax is unique, because hpax = Lypc N {01(X), ..., qk(X)}.

Now, we define another two place predicate A(x,h) which is true if h [
{0:(X), ..., qk(X)}, and D accepts x if we simulate the oracle Lypc by assuming that
gi(x) [CHypc L[ Ig)(x) A Since A(X,h) can be computed by simulating D
without the Lypc oracle, the predicate A can be recognized in P€. Note that x [
i CA(X, hmax) IS true.

The strategy in a mind-change proof is to find the longest alternating chain; i.e,
find a chain (= hy [hid [Chd [~} [Chylsuch thatforalli, 1 <1< j, B(X, hj) = true
and A(Xx, hi_1) B A(x, hj). Let Qn(X) be the predicate that such an alternating chain
of length m exists. That is,

Qm(x) = (fhd L=} Ch})[B(x, hy) [BIx, hy) L1 CBIX, hym) L]
Ax, DB A(X, hy) B A(x, hp) -+ B A(X, hm)].

Since NP is closed under <f;- and <§;-reductions, Qn, can be recognized in NP°.
Now, let M be the length of the longest alternating chain and h; [—1- [Chj, be
a witness that Qp is true. Since hy [1- [Ch}, cannot be extended to a longer

alternating chain, A(X,hm) = A(X,hmax). Thus, x [0 LT _TA(X, hy) = true.



However, by the alternating condition of the chain, A(x, D'E= A(X, hy) 1M is even.
So,
x [0 CITBx, DO is odd ).

Since M is odd i Cthere is an odd number of true Q;’s,

x [ LA, DICQ: (x) =} CQR(X)).

A(x, Ddcan be computed in P€. Also, Q:(x) =1 CQLk(x) is equal to (Qi(X) —
(Q2(X) — (- - - — Qk(X))), because Qj+1(X) [Q;Ix) for all i. Thus, we have reduced L
to Lpc LA 1

We hope that the preceding proof gives the reader enough intuition to follow a
mind-change proof in a more general and abstract setting. In the following lemma,
the predicates A, B and Q,, are analogous to those in Lemma 8. Note that in the
next lemma, the longest chain of h’s has length k instead of k + 1, and the longest
alternating chain has length k—1. Also, there may not be a unique maximal h, hence
the condition that A(x, h) be the same for all maximal h.

Lemma 9 (Mind-change). Fix a natural number k. Let a polynomial-time
computable partial order, with minimum element A. Let A and B be two-place predi-
cates. Suppose that

(a) there exists a polynomial p such that B(x, h) [Jh]l< p(]x]|), and
(b) for all x, B(x,A\) = true, and
(c) ~(BJ(Mhd -1 [Chl)[B(X, hy) L LBIX, hie)]-
We say that h is maximal if
B(x,h) C=()[(h ) CBKx, h)].

Suppose that the value of A(X, h) is the samel__t?r everﬁnaximal h, and define Q(x)
to be this value. Then, the predicate Q is in  PR” oin A

Proof: Define

Qm(x) = (thd L} Lhh)[ (B(x, hy) L1 LBIX, hm) ) L]
(AX,A) BAXN) B BAX M) )]

Let M be the largest m such that Q,(X) = true. Let hy,..., hy be the witness that
Qm(X) = true. For all h, if hy, [Chlthen B(x,h) = false or A(x,h) = A(X, hy).
Therefore, Q(x) = A(x,\) il is even. A [hy, so by (¢c), M <k —1. Thus,

Q) = A(x,\) L(Q1(x) [} LQk-1(x)).

. L] Ladioin A
By (a), Qm CINIP® 1" 4; therefore, Q CP{” ;. o



3. Advice for collapsing hierarchies

Our main theorem could be obtained by a close inspection of Chang and Kadin’s [11]
proof for the case C = co-NP. Instead, we present our own proof, which is di [erent
and shorter. Our stronger collapse is due to the mind-change lemma in the preced-
ing section. Like Kadin [16], we adaptively construct a maximal sequence of “hard”
strings of each length, which we call a hard sequence. A single hard sequence al-
lows us to reduce C predicates to co-C predicates for all arguments with length < n.
In the construction of these hard sequences, it is important to exploit the structure
of the complete language for the levels of the Boolean hierarchy. Each level of the
Boolean hierarchy (or equivalently, of the Dilerknce hierarchy) has several canonical
<P -complete languages. Previous authors have had to consider separate cases for
odd k and for even k, because they use the complete languages which have alter-
nating intersections and unions. We consider only one case because we work with
the complete languages which have a nested di[erences structure. Like Wagner [25],
we incorporate one or more hard sequences directly into a polynomial-length advice
string, thus avoiding the need to construct sparse oracles as in [16] or almost-tally
oracles as in [11].

A major subtlety arises when one uses the hard sequences as polynomial-length
advice in order to collapse PH®. Recall that a single hard sequence allows us to
reduce C predicates to co-C predicates for all arguments with length < n. Then C’s
closure properties allow us (1) to reduce any NP predicate to a co-C predicate for
all arguments with Iength < n. Consequently, a single hard sequence allows us (2)
to reduce any NPNP© predicate to an NP€ predicate for all arguments with length
< n. We perform (2) and then (1) in order to reduce any NPNP predicate to a
co-C predicate. However, (2) produces significantly longer arguments, so we need
a dilerknt hard sequence when performing @ Because of the need for two hard

sequences, this shows only (Othat PH® [, _,_ . Chang and Kadin devote
considerable e[ont to overcoming this di Cculty; they show how to construct both
hard sequences, given a single hard sequence of su [ciehtly greater length. On the
other hand, we note that only one hard sequence is need%ln orde[l;::tro reduce a PNP©

predicate to a P© predicate; thus we show that PNP© [—BNP | . Combined with

Lel
(Dkhis implies that PH® I:E’(Nkp -t

Theorem 10. Let C be a class having <P,-complete sets and cI&st undﬁé<°° NP
and <§;-reductions. If DIFF,(C) = co-DIFF,(C), then PH® = PR”,\

Proof: Let C and k be as in the hypothesis. Let L be <P -complete for C. Define

L, = L,
Low: = {3 yOx [0 OO},

where ‘CJ]*CJand ‘,” are new characters. Then it is clear that L, is <P -complete for
DIFF,(C). Since DIFF(C) = co-DIFF(C) by assumption, L, <P L. Therefore
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there exists a polynomial-time computable function hy such that

w [k [CIT—hy(w) F1Ll.

Fix a positive integer n; we will rely on the equation above only for |w| < kn+3(k—1).
Define
[ﬂ(_l(X, y)! gk—l(X1 y) EES hk(ml ym

Then for |[X| =nand |y| < (k —1)n+ 3(k — 2) we have |[X,y[J& kn + 3(k — 1), so
x LDyl ; L ERA(Xy) FO0gL a(X,y) CLk ;.

We say that a string x is k-easy if

(O |yl = (k= DIx] + 3(k = 2))[F-2(x,y) L[11.
We say that x is k-hard if

x LH LAYy = (k = DIx] + 3(k = 2))[F—1(x,y) L.

Note that if x is k-easy then x [L] and furthermore that the set of all k-easy strings
is in Zco-C = co-C. If there exists a k-hard string X of length n then we have

(A lyl=s(k=Dn+3(k—=2)y LTk-1 [T Bd1(Xk,y) [Lk-a],
so for ly| < (k—1)n+3(k—2)

y [Lk—: CBda(Xk,y) £Lk-1.

Define
h—1(W) = gk—1(Xk, W).
Then for |w| < (k — 1)n + 3(k — 2) we have

W ED(—l EI:m_l(W) m(—l-

Iterating that process, we define Xx_1,..., Xj+1 — stopping when j = 1 or when
there exists no j-hard string of length n — and we define the corresponding functions
hi_2,...,hj. (Since there may be several ways to choose the hard strings, we should
write hiy,..x;., instead of simply h;, but we don’t.) The i-easy and the i-hard strings
are defined by this iterative process as well (again depending implicitly on the choice
of X, -, Xi+1)-

For i < J we say that there are no i-easy strings. If j = 1 we encounter a special
case. For |x| =< n we have

x [0 CI—hkx) 11

We say that x is 1-easy if hy(x) Y I1 There are no 1-hard strings.
Let x be a particular string of length < n, and let Xy,...,Xj+1 be a maximal
sequence of hard strings of length n. Then x [CL1i[Xlis j-easy. Thus, using the strings
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Xk -+ -+ Xj+1 as advice, we can e [edtively reduce L to a co-C predicate for arguments
of length < n. More precisely, define H to be the set of strings X, ¢, - - -, Xj+1 [
such that x is j-easy with respect to Xy, -, Xj+1; that is, the function f; derived
from X, - - -, Xj+1 Witnesses that

(O Jyl = x| + 30 — )If(x.y) L1,

It is not hard to see that H is <\P reducible to a set in co-C, so H [cd-C, and that
x i E0, B, - - -+, Xj+1 L for a maximal sequence of hard strings Xy, - - -, Xj+1-
We complete the proof by proving two things:

L] Lel
Claim 1: PNP® BN\

L] L]
Claim 2: NPNP° B ,

Proof of Claim 1: Let Q be any PN predicate. Then Q [CBR for some
R [CNP-. Assume that R is reducible to L via a nondeterministic Turing machine
M running in time r(n). Each computation path of M on x can be encoded into a
string of length < r(n), which consists of all nondeterministic guesses and answers
obtained from an oracle. Also, x [CR i[there is an accepting computation path in
which every query answered a Crmhtively is in L and every query answered negatively
is not in L. Define D to be the set of strings [X, [SITI3uch that there is an accepting
computation path of M on x in which every query answered negatively is not in L and
every query answered a Lrmhtively is j-easy w.r.t. [SI,where [SI"has k — J elements.
Sincej -easiness w.r.t. [SI"dan be tested by a co-C predicate and co-C is closed under
<tonj- @nd <[P-reductions, D [cd-C, and if [SLis a maximal sequence, then x R
i (1K, [SITIT 1.

Hence there is a PC predicate A such that for all x =T,

Q(X) = A(X, Kk, - - -, Xj+1 D

Then Q(X) is true i[Cthere exists a maximal sequence X, ..., Xj+1 Of hard strings of

length r(n) such that A(X, Xk, . .., Xj+1DJis true. Let B(X, Bk, ..., Xj+1DJbe true

i 4k is a k-hard string of length r(n), ..., and X;j+1 is (J + 1)-hard of length r(n).

Testing whether an individual string is i-hard is in C; therefore B is a P predicate.
Q(x) is true if and only if there exists J, 1 < J <k, such that

= there exists a sequence X, ..., Xj+1 such that both B(Xx, B, ..., Xj+1DJand
AX, Dk, -+ -, Xj+1Dare true, and

= there does not exist a sequence X, - - -, Xj such that B(x, 4, - - ., Xj Dis true.

We define [SICIdICi[the sequence s’ is a proper extension of s. TheHny chaﬂjé

of elements each satisfying B(x, h) has length < k. By Lemma 9 Q is a P(k 1)-tt
predicate. 0 (Claim 1)



Proof of Claim 2: Let Q be any NPNP® predicate. Proceeding as above, we
find an NP© predicate A and a polynomial r(n) such that for every n, every maximal
sequence X, - .., Xj+1 Of hard strings of length r(n), and every x [T,

Q(X) = A(X, KXk, - - ., Xj+1 DI

Applying a similar argument to A, we find a co-C predicate A’ and a polynomial r’(n)
such that for every n, every maximal sequence Xy, ..., Xj+1 of hard strings of length
r(n), and every maximal sequence Xj, - .., Xj+ Of hard strings of length r'(n), and
every x [ 3T,

Q(X) = A/(X! (mh e 1Xj+1|—1_—|1{(1 . -’Xj'+1|:D-

We define ([SjCIspD] Cds|CIsiDIils; [s], s, S} and at least one of the
extensions is a proper extension. Then any @in of ellglents each satisfying B(x, h)

has length < 2k —1. By Lemma 9, Qisin P@ . . 0B (Claim 2)

L] [l
By Claim 2, PH® [CPY°, which is equal to P)° . ~, by Claim 1. 1

If we drop the restriction that co-C be closed under <{,;-reductions, then we

obtain a weaker collapse. It is frustrating that we do not know how to obtain as
strong a collapse as above; the need for hard strings for di [erent lengths is the culprit.

Theorem 11. Let C be a class having <f,-complete sets and cI%ed under <&NP.
reductions, If DIFF(C) = co-DIFF(C), then PH® = P ,

Proof sketch:  This dilerk from the preceding proof only in the two claims.

L] Lel
Claim 1: PNP® [BNR ,

L] L]

Claim 2: NPNP© BN ,

Proof of Claim 1: Using one maximal sequence of hard strings we can reduce
a co-C predicate to a C predicate. Since C is closed under <%™NP-reductions, and
a fortiori closed under sﬁonj reduction, verifying a path of an NP computation
can be reduced to a single C predicate. Using another maximal sequence of hard
strings, we can reduce that C predicate to a co-C predicate. Since 2co-C = co-C,
we thus Fﬂuce an IJ%IJIDC predicate to a co-C predicate. Applying Lemma 9, we have

C
PNPS R | | |

Proof of Claim 2: Using a total of four maximal sequences of hard strings,

C

we reduce an NPNpljredicate to a co-C predicate. Applying Lemma 9, we have
C
NS i : 3RV |

Corollary 12. Let C be a class having <P -complete sets andl__qosed ureﬁr <NP- and
<Ponj-reductions. If DIFF(C) = co-DIFF(C), then PH® = PR7
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Proof:  We note that for any C

1 -
co-DIFF(C) if k is odd,

DIFF(CC) =" piFF,(c)  ifkis even.

So, DIFF¢(C) = co-DIFF(C) L[IIOIFFg(co-C) = co-DIFF(co-C). Therefore,
the corollary is equivalent to Theorem 10. |

Thus we extend the results of Kadin [16], Wagner [25], and Chang and Kadin [11]:

L1 b
Corollary 13. If DIFF(NP) = co-DIFF(NP) then PH = P{P,

Proof:  Assume that DIFF(NP) = co-DIFFk@IP). Sirt%iNP = ZNPI__aInd NPH&&S
<P,-complete sets, Corollary 12 implies PHYF = PRZ, ., soPH= P§7,
|

Our results can be placed in the context of lowness [1, 4], though they lose quite
a bit of strength in the translation.

Corollary 14. Let C be a class having <P -complete sets and closed under <\P- and
<P .-reductions. If DIFF,(C) = co-DIFF(C), then all C-complete sets are in B!

—conj

Proof: By Corollary 12, all C-complete sets L, satisfy (A})- = (A5)L. Therefore
(AL = (ADHNPL, which is the definition of B4} 1

The class C=P was defined by Wagner [23]. For a polynomial-time bounded
nondeterministic Turing machine M let #accy, and #rej,, be functions mapping X
to the number of accepting and rejecting paths of M on X, respectively. A language L
belongs to C-P if and only if there exists a polynomial-time bounded nondeterministic
Turing machine M such that x [CLIiC&accy (X) — #rejy (X) = 0.

We show that C-P is closed under <f;-reductions and <™ reductions. These
results have appeared in [19]. Similar closure properties were obtained independently
by Gundermann, Nasser, and Wechsung [15].

Theorem 15.
(a) C=P is closed under <f-reductions.
(b) C=P is closed under <¢"NP-reductions.
Proof:  Assume for concreteness that the reductions run in time bounded by nk.

(a) By standard low-degree polynomial techniques for closure properties [6,
Lemma 5], it su [ced to construct a uniform sequence of multivariate polynomi-
als {pn(X1, ..., %)} having degree n°® and coe [Ciehts bounded in absolute

value by 2"°" satisfying
Pn(X1, ..., Xpx) =0 LI KJ=0 1 X} =0.

Let pn(Xg, ..., Xnk) = Xg -+ + + Xpk.

11



(b) For this part, it sulced to construct a similar sequence of polynomials
{Pn(X1, . . ., X,k } satisfying

Pn(X1, ..., Xonk) =0 CIKI=0 [ [X)« = 0.

Let pr - ) =0+ 4 K

1
Corollary 16. If DIFF(C=P) = co-DIFF(C=P) then PH"" = P}P ee
: - = (k—=1)-tt

Proof:  Assume that DIFF,(C=P) = co-DIFF(C=P). Since co-C=-P = 2co-C-P

a&j co-CP is closed under <f,-reductions, Theorem 10 implies that PHC-P =

ip
PO 1y-tt . By a result of Toran [22], NPPP = NP®=P (because one can guess the
exact threshold); therefore

PHPP = PHC-P = Pa‘fil)_tt i EEP?E:l)-tt

4. Relativizing Bounded Query Classes

It is natural to ask whether our Corollary 13 is really stronger than Chang and Kadin’s
theorem [11], i.e., does

NP I:INP Creb
PH CDIFF(NPP) ICPH [ BY? . 2

It is clear that 1 [
P(Nkﬁl)_tt CDIFF (NPNP)

unless PH collapses, because equality would imply that DIFF,(NPNP) is closed under
complementation. However, Chang and Kadin’s theorem implies that

PH [CDIFF(NPN?) n co-DIFF(NPYP),
so we would really like to know the answer to:
= Creb NP NP
Pl 1)-tt [DIFF(NP™") n co-DIFF(NPNP)?

Currently we are unable to establish proper containment under plausible complexity
assumptions. In considering that question, we came to the related question:
L] Db

NPNF NP
Pire B ?

12



The question above is interesting because it involves restricted relativizations. Rela-
tivizing the polynomial hierarchy is straightforward. For example, =5 can be defined
as NPMNP)and it does not matter that the base NP machine does not have direct
access to the oracle C, because it can ask the NP oracle, instead.

However, there are two ways to relativize a bounded query hierarchy. In the
first approach, the oracle C is attached to the NP oracle only. This is a restricted
relativization. We denote this class as PNP: , which is the class of languages recognized
by polynomial time Turing machines which are allowed k parallel queries to the
NP€ oracle. In the second approach, the polynomial time base machine can ask
k parallel queries to the NP oracle and polynomially many serial querﬁ toﬁle C

oracle. This is a full relativization. We denote this second class as PRE, . In
what follows, we show that if C is su [ciehtly hard, then the two relativizations are
di [erent unless PHC collapses. This is an example of natural interest, where we have
good circumstantial evidence that restricted relativizations are strictly less powerful
than full relativizations.

We have two proofs of this. Both proofs use ideas that are substantially di Lerkent
from those in [11, 16, 25]. The first proof modifies a technique from [2], and is rela-
tively simple, but it only collapses PHC to (Z5)€. The second proof IS more gi [cull,

combining two hard/easy-formulas arguments; it collapses PH® to Pk tt

Le]
Proposition 17. Let C be any class such that NP [P¥. If PN°C = Pk "¢ then
PHS = (25)°.

Proof: Let Lp, Lpc and L be <P, -complete for P, P, and DIFF,(NP), respec-
t|vely Using relativized versmqs__?f tPgI mind-change proof in [5], one can show that

o [LQis <P -complete for PRE, ~ and Lp [ is <P -complete for Ekl'tt Iglor

details consult Lemma 8 and the literature [12, 21, 24] ). Thus PN°C = PNP~ if
and only if

¢ CId<P Lp [CId

Fix a polynomial-time computable function h that performs that reduction. For
each m, we will construct polynomial-size advice allowing us to reduce L, to Ly
on strings of length < m. Thus DIFF(NP€) [cd-DIFF (NP )/poly, so NP¢ [
co-NP€/poly, so PH® [C(A5)C.

Let |S| denote the cardinality of the set S. Let ((=Z9y [Sl) denote “for at least
a elements y of S.” Fix a length m. Throughout the construction of the advice let
X1, y' Cdenote h(x,y).

13



Begin construction:
Let S = {0, 1}=™.
Begin loop:

Case 1 (X130, 1}<™)(=18ly [S)[x [pe [IIX1 ¥ T]: Choose such an x,
and incorporate x into the advice for length m. Let S =S —{y : x [Ihec L[1T 171
x' [Tk}, If S = [Then exit the loop.

Case 2 (xX1[CHD, 1}=m)(=1Sly CS)[x [Ope [IX1 [Op]: Discard all advice
constructed so far for length m. For length < m, there is a nonuniform random
polynomial-time algorithm to m-reduce Lpc to Lp: Input x; choose a random
y St compute X'; then X [(Ihc i k. The nonuniform randomness can
be simulated by incorporating a polynomial number of elements of S into the
advice, as in Schoning’s proof that BPP [PVpoly [20]. Exit the loop.

End loop.
End construction.

If case 2 is ever reached then the construction produces advice su [cieht to reduce
Lpc to Lp for length < m. Since NP [CP¥, this advice certainly allows us to reduce
Ly to Ly for length < m.

If case 2 is not reached then, after a linear number of iterations, S becomes empty,
so we have polynomial-size advice su [cieht for a P€-algorithm to m-reduce Ly to Ly
for length < m, via the following algorithm: Input y; exhaustively search the advice

for a string x such that x [The [IT_KI1YTk; theny CLL iy Y L.
Thus DIFF(NP®) [ca-DIFF,(NP)/poly, as promised. 1

Now we prove the stronger result.

L]
Theorem 18. Let C be any class such that NP [ca-NPC. If PNPC = Pk B then
C
PHC = Pk -tt

Proof:  Let Lp, Lpc and Lypc be <P -complete for P, P¢, and NP®, respectively.
Let Ly be defined by

Ly = Lype, Liss ={ B4 yCIx Cpe or y ML }.

(Technically, Ly is not complete for DIFF(NP), but rather Ly is comql_e}e i
DIFF,(co-NP€).) Aswe have mentioned before, Lpc Emls <P -complete for PRF,

and Lp [ Jis <P,-complete for PNRC. Thus PN = PNP if and only if
c [LJA<P Lp [T

Fix a polynomial-time computable function h that performs that reduction. Fix m.
We will construct advice that either lets us reduce Lpc to Lp for all strings of length
< m or else lets us reduce Lypc to Lypc for all strings of length < m.

14



Let {0, 1}=™>K denote the set of k-tuples of strings of length < m. A sequence
X=F B, ..., x; s a hard sequence for length m if 0 < j < k and all of the following
conditions hold, for 1 <i<j:

1. |xil = m and x; IL}pc.
2. OB [, .. ., pi CTHO, 13=m<CD g, 13=m,
(U Clbe [ AAMTE) Ly M|,
where My, ...,V §CF h(u, X, p)l

The structure of the proof is as follows.

Claim 1: There exists a hard sequence.

Claim 2: If b a hard sequence and X[ = k, then %ihduces a deterministic reduc-
tion from Lpc to Lp.

Claim 3: Suppose that ¥Is a hard sequence and |Xx[1= j < k. Then, [hIE
[, . .., pk_j C1TZ0, 13=mx&=D " g, 13=m,

(u [he [ TOLH) CRITL ; CTHALL ),
where V] ¥, dTE h(u, X, p)l

Claim 4: If s a maximal-length hard sequence and |x| < k, then ¥“induces a
nondeterministic reduction from Lypc to Lypc.

Since the length of a hard sequence is bounded, Claim 1 implies that a maximal-
length hard sequence ¥ éxists. By Claims 2 and 4, ¥ ihduces a reduction from Lypc
to Lypc (recall that NP [cd-NP®). We order hard sequences by length, so a chain
of hard sle__qluencesccontains at most k + 1 elements. Applying Lemma 9, we collapse

PH® to PRR,
Proof of Claim 1: The empty sequence is a hard sequence. [ (Claim 1)

Proof of Claim 2: Suppose that X ¥+ Xi,..., Xk IS @ hard sequence. Let u [
{0,1}=m, let ] YT B h(u, ¥)Mand let yi,...,yx = Y_MWe will prove, by contradiction,
that u [COpe [T IVl COp. Suppose not. Then u [CHpe [T V1Y 1. Then
by condition 2, y; F Typc for i = 1,...,k. By condition 1, x;j L Typc as well for
i =1,...,k. Therefore, by the definition of Ly, ¥ T Tl [IT_WIILL (iCK is even).
However, this contradicts the fact that h is a reduction from Lpc L Jdto Lp 11
Therefore for all u L0, 1}=™, we have

Ullbe LI VITE.

Thus the following algorithm reduces Lpc to Lp for strings of length < m: Input u;

let M YTE h(u,}))Jthenu [(Ihe [T T T TE. 0 (Claim2)
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Proof of Claim 3: Let i {0, 1}=™<k=J u [0, 1}=™, and V] ¥, 418 h(u, ¥, jp)]
By the definition of h,

W, Yo P The L] CI M Y41 CTJ
Suppose that u [Thc [TV TTE. Then
P L] [T Iarirt..

By conditions 1 and 2, x; Y Tpc and y; L Thc, for 1 < i < j. Therefore, by the
definition of Ly, GGBIOCT iCC T Th_j, and DA GTOC T iCdr T Th_;. Therefore
ALl ; CT EHLL ;. 0 (Claim3)

Proof of Claim 4: Suppose s T} cc. Since X8 maximal, B, ..., Xi, SCtloes
not satisfy condition 2 in the definition of hard sequences — which is exactly what
we need.

Conversely, suppose s [L}pc. By Claim 3, [RIED, 1}=m™*&=1-D o, 13=m,
(u [Ibe L[CIIVUAITE) implies

(S]plT Lk_; CL TEIQLITLL ;.
where M yq, ...,V t, CE h(u, X, 3, b).] By expanding the definition of Ly_j, we have
(s [\pc or Pk i—;) [T pc and ¢ T Lk i)
Since s [L}pc, t ML}pc. So, when s [L}pc,
RO, 1}=m<&k=1-D [0, 13=™, (u (e [ VL) CEL|pe.

Thus, using X as advice, an NP algorithm can m-reduce Lypc t0 Lypc, for strings
of length < m, as follows: Input s; guess P I D, 1}=™<&=1- and u D, 1}=™; let
DM yy, ..., Y G EEE h(u, p)ylif u e T WK and t [ pc then accept,
else reject. I (Claim 4)

It follows from Claim 2 that a hard sequence of length k induces a deterministic
reduction from C to P for strings of length < m. Therefore a hard sequence of length
k induces a reduction from NP€ to NP for strings of length < m. By assumption,
NP [cd-NP€, so a hard sequence of length k induces a reduction from NP€ to
co-NP€ for strings of length < m.

It follows from Claim 4, that a maximal hard sequence of length < k induces
a deterministic reduction from co-NP® to NP® for strings of length < m. Thus, a
maximal hard sequence of any length induces a deterministic reduction from co-NP€
to NP€ for strings of length < m.

Therefore, every p5© languages is recognized by a PN machine using a single
maximal hard sequence as advice for each length. Note that the set of hard sequences
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belongs to co-NPC. If we order hard sequences by length, then any chain has length
<k +1. So, by Lemma 9

| N VP N
p.C
P> By,
A similar argument, using two maximal hard sequences per length, shows that
¢ CPEC,
1 Lypc
Thus, PH® BN, . 1

L1 Lgp 1 Lypne
Corollary 19. If PNP ™" = pNP™ then PH = PP

L1 3 1 Lyper
Corollary 20. If PNP """ = PNP™ then PHPP = PNP.
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