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Abstract- We introduce a unified framework for nonlinear signal process-
ing with finite normal mixtures (FNM) by using mazimum partial likelihood
(MPL) theory. We show that the equivalence of MPL to accumulated rela-
tive entropy (ARE) minimization is valid for the FNM. Then, we define the
information geometry of MPL and use the result to derive the em algorithm
for distribution learning based on the FNM model. The superior convergence
of the em algorithm as compared to the least relative entropy (LRE) and
the backpropagation algorithms is demonstrated by simulations. We also dis-
cuss the performance of the FNM based equalizers with different number of
mixtures and observation vector sizes.

I. INTRODUCTION

The increasing demand for digital communication systems to operate at higher
data and lower bit error rates has emphasized the need for sophisticated sig-
nal processing schemes which can function in non-linear, and non-stationary
environments. To overcome the inherent limitation of linear filters, among
other nonlinear techniques, a number of neural network based signal process-
ing systems have been introduced (for a recent collection of these applica-
tions see e.g. [8],(9]). These systems have provided significant performance
improvements especially when the underlying process involves nonlinearities
and/or the signal-to-noise ratio (SNR) is poor. Among these approaches, ra-
dial basis functions (RBF) have found unique application in communications,
(e.g. in interference rejection [5], [7], and channel equalization [6]) and have
been noted for their ability to approximate the optimal Bayesian decision
boundary.

In this paper, based on the FNM model, which is closely related to the
RBF, we introduce an information geometric framework for nonlinear signal
processing. We use a recent extension of maximum likelihood (ML), partial
likelihood (PL), as the cost function, which allows for sequential processing
of dependent observations to develop the unified framework for signal pro-
cessing with FNM. We show that the two conditions given in [1] for the
equivalence of ARE and MPL are satisfied for the FNM. In [11], FNM are
applied to channel equalization. However, for estimating the FNM parame-
ters, the batch expectation-maximization (EM) scheme is used which is not
suitable for an application such as channel equalization which has to be ide-
ally on-line. Based on the FNM, we derive the on-line information geometric
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em algorithm such that PL is maximized (or relative entropy is minimized).
‘We demonstrate the superior performance of the em algorithm as compared
to gradient descent based LRE algorithm [1] by simulations. We also dis-
cuss the performance of the FNM based equalizer with different number of
mixtures and different dimension observation vectors.

II. MPL FOR SIGNAL PROCESSING WITH FNM

Statistical parameter estimation theory has as its fundamental support ML
estimation that provides estimators with nice large sample optimality proper-
ties and invariant with respect to functions of the parameters. However, ML
theory is traditionally developed for independent observations, and a majority
of signal processing applications require processing of dependent observations.
In this paper, we use a conditional distribution learning framework for real-
time signal processing based on the partial likelihood theory. Obtained as
a partial factorization of the full likelihood, PL possesses nice large sample
properties of ML, and more importantly, it can easily be characterized for
dependent data and easily used for sequential processing. Hence, it over-
comes the difficulties with other extensions of ML for dependent data, such
as conditional likelihood, which, for easy specification, requires that the ob-
servations be known for the whole period (i.e., including future observations).
In these cases, the learning algorithm for conditional likelihood must be in
batch mode. PL, thus provides us with a particularly suitable formation for
real-time signal processing, which most of the time requires on-line processing
of dependent observations.

We can introduce the partial likelihood as follows: Given a time se-
ries {z,}, n = 0,1,2,---, that takes values from a finite alphabet § =
{ao,a1,...,anm}, and its time-dependent covariates (observations) {y.}, es-
timate the probability that z,, takes a value from the given alphabet S. We
assume F, = o{1,[zpn-1,",Z1,Z0], [¥n,***»¥1,¥0]}. The partial likelihood
can then be written as

n
LP(x0;0) = L2(8) = [ [ po(zil Fi) (1)
i=1
where x,, = [Tn,++, 1], and 8 is the parameter set for the selected probability

mass function (pmf) model pg(x;|F;). Our goal is to estimate the conditional
probabilities pg(z;|F;), which can be used in a number of ways depending on
the application.

The relative entropy (RE), or the Kullback-Leibler distance D, (pg,||ps)
[10], is a fundamental information-theoretic measure of how accurate the esti-
mated conditional pmf pg(z,|F,) is an approximation to the true conditional
pmf pg, (zn]|Frn). The accumulated RE can be defined as

n

Z.(0) = ZDk(Poollpo)=zik(9)
k=1

k=1
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. Py, (xr = aj|Fi)
= Py, (21 = a;|Fr)In 2
;ajzes o 175) Py(zy = a;j|Fi) )

It is relatively easy to demonstrate the equivalence of ML estimation to ARE
minimization when the observations are i.i.d. However, the independence
condition is very restrictive for almost all practical applications. Also, PL can
process data as they become available, requiring only the information present
at a given time. The PL estimation is equivalent to ARE minimization for
a selected pmf model if the two conditions in the following theorem [1] are
satisfied.

Theorem: If there exists a constant § > 0 and a continuous function pg such
that for each 8 # 64, as n — 00,

P(Z.(8)/n > 6§) — 1 (3)

and
Jn(8)/n* — 0 in probability (4)

then at least one arg ming 7,,(6) tends to one argmaxy E,._(O) almost surely
on Q = {0|Z.(0) T o0, L0, ji(6)/T}(8) < 0o} where Ln(8) = InLn(0),

n - . F,
Ta(8) = Tiea u(8), j(8) = Var{ra(6)]Fi}, and r4(6) = In EZHZE.

The two conditions defined in (3) and (4) are the asymptotical stability of
variance and the condition on the rate by which information accumulates. In
(1], we prove that these two ARE-PL equivalence conditions are satisfied for
the multi-layer perceptron (MLP) probability model. In this paper, we show
that they also hold for the FNM model. Let us consider a binary distribution
which can be expressed as

Po(@alyn) = Po(en = 1|ya)*" Po(wn = Olya)' ™ (5)

where z, = {0,1}. Note that since a feedforward network structure is as-
sumed, po(zn|Fn) = pe(znlyn). Using Bayes’ theorem, we can write the
conditional probabilities as

Pt’»’(Yn'-'”n =i) P(z, =1)
po(¥n)

Py(zn = ilyn) = i=0,1 (6)

We assume a FNM distribution model for po(¥n|z, = i) in (6), i.e., we let

Ny

PG(YnifKn = 1) = Z

om el
= (Ve |m P{=5(Vn =) E7 (Y — mi)} (1)

Ni+N, - 1
Po(Ynlzn=0)= > —— 75 =5 (Y= ) T (Ya =)} (8)

d
j=N+1 (V2m) [T
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wheres = 1,---,N; and j = Ny +1,---, N7 + N,. We proceed by writing the
logarithm of pg(z,|y,) in (5) and using (6) to obtain

Inpe(zn|lyn) = 2alnPo(zn=1lyn)+ (1 —z,)In Py(z, = Oly,)
Plan=1)  po(¥nltn =1)
P(zn, =0) Po(¥nlzn = 0)
+{In po(¥nlzn = 0) +1In P(zs = 0) ~ In pg(yn)]
= z0a(8) + b(0) (9)

where a(6) = ’;E:"fg +1n ;;Zgn%:nil); and

b(6) = Inpo(ynlzn = 0) + In P(z, = 0) — Inpg(y,). Using the definition in
the above theorem and Eqn. (9), we can get

= a:,,[ln

— 1 Poo(@nlFn) _ 1 Po(Tnlyn)
@) = I ) = ™ po(ealyn)
= 2a(albo) - a(8)) + (5(60) — b()) (10)

and for the binary case, we have

Elzn|Fa] = Elznlyn] = Z Tnphy(Tnlyn)
z.€{0,1}

= Pg,(zn = lyn) = C(by). (11)

Using the result in (9), we can also write
in(6) ((x:lij: ))I Fl
Elwn|Fa][a(fo - a(9)] + [b(60 — b(9)]

C(8o)[a(bo) — a(8)] + [b(6o) — b(6)] (12)

Efra(6)|F,) = Elln 22

and

in(8) Var(rn(6)|Fn) = El(rn(6) ~ in())*|F4]

E|(zn — C(60)*|Fnl(a(b0 — a(6))”

(C(80) — C*(80))(a(B0) — a(6))? (13)

In both definitions, (12) and (13), the expections are with respect to the true

distribution pg,(z,|y»). From the definition of i,(#), we know i,(8) > 0, for

0 # 6. In addition, we assume 8 € @, where ® is a compact parameter set.

Thus i,(8) is finite. So there exists a constant § > 0 such that, as n — oo,
P(Z,(8)/n>6) — 1 (14)

We also have j,(f) > 0 from its definition. Also 8 € ©. C(6g), a(bo) and
a(f) are finite, so j,(#) is finite. Then we can get

Tn(0)/n% =" ji(8)/n* — 0 in probability (15)

k=1
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The two conditions in the above Theorem are satisfied for the FNM model,
then at least one argming Z,(@) tends to one argmaxg £,,(6) almost surely
on Q = {8|Z.(6) T oo, 30, ji(8)/7?(8) < oo}. Therefore, we can esti-
mate/learn the parameters of the FNM model directly by PL maximization,
which minimizes the ARE distance between the true and estimated condi-
tional probabilities.

III. INFORMATION GEOMETRY OF MAXIMUM
PARTIAL LIKELIHOOD ESTIMATION

To construct the information geometry of PL estimation such that the FNM
parameters can be learned by sequential updates, we proceed as follows:
Given an information source from a certain environment, the set of all re-
lated probability distributions form the manifold S. The set of distributions
which are realizable by a selected neural network structure is embedded, as a
submanifold M, in S. On the other hand, the distributions suggested by the
observed partial data form a submanifold D in S. The problem can then be
posed as finding a conditional probability model (neural network) that mini-
mizes the distance between the realizable M and the observed D. A suitable
distance measure in this framework is relative entropy. This minimization
problem can be solved by the em algorithm, an alternating minimization of
the RE, which is proposed by Csiszdr and Tusnddy [4]. The network in M
that minimizes the distance is selected as the desired one. Then, the point
in D that minimizes the divergence gives the estimated data completing the
partial observed data. Repeatedly application of these two updates produces
a sequence of neural networks, each with the same parametrized structure
but with different parameter values. It can be shown that this procedure will
converge to the infimum distance between M and D if M and D are convex
sets with finite measures [4].

Assume that the true distribution of the channel output vectors is in-
cluded in a curved exponential family M and the observed data are in man-
ifold D. It can be shown that for a given Q € D, the point P € M that
maximizes the partial likelihood is given by the m-projection of ) onto M.
Dual to the above statement, for a given P € M, the point Q € D that max-
imizes the partial likelihood is given by the e-projection of P onto D. Hence
we can formulate the geometric em-algorithm [2] (e- and m- projection algo-
rithm) for maximum partial likelihood estimation as follows:

Consider a FNM model with hidden variable z (the index within the
mixture pdf) written as:

s, =3 BT Ly s ) ()
= (Ve sr 2 '

where.d is the dimension of the observation vector y and 8;(z) is the com-
ponent index of the mixture model. We proceed by writing the logarithm of
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the probability distribution as
P(y,z) = Inp(y,2)

= &(2) ln{rx/:)%ﬁ exp(=3(y ~ 1o) "5 (y = )
+ 26 (2) In{—— \/_) ol exp(=3(y = mi) 7 (v - )}

= In{ WGXP(—E(Y = p0) =5 (y — o))}
) |Zo

N
+ 8 (2)In{—F——
; ( (vam)? >| P“

- IH{W eXP(—g(Y—/to)TEo_l(Y~Ito))}] 7

where we have used the condition that 37, 6;(z) = 1. P(y, z) can be further
expressed as

exp(~3(y — ) TZ7 (y = i)}

/2
P(y,z) = ,uoTEo y——yTEO y+Z6(z)(ln——-l l‘z {1/2
i=1

1 gy 1 g i} i}
- Sui S i+ EuoTEo o) + Z&(Z)YT(E.- i — £ o)

i=1
_25 (2)y™( £E‘1)y+ln—ﬂ—
2o WA T
z-l
d
—5#(1)‘20—1!‘0 —In(V2r)". (18)

This is a generalization of the construction given in [2] to the multidimen-
sional case. We assume that all components of y; are conditionally indepen-
dent given the input sequence {z;}. In channel equalization, for example,
although the channel output vectors are highly correlated because of inter-
symbol interference (ISI), the output vector y; given the transmitted sym-
bol z; is independent. So, the covariance matrix I; is a diagonal matrix,
Y= diag[u?o,---,v?(d_l)],i =1,---,N. Let (; = [05,2,---,017('3_1)]T,i =

"Ny £i = [0?07"',U,'2(d_1)]T7i = 17"'3Na y = [yoa""yd—llT and
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Y = [yg$ o 7y¢21—1]T to write

riL =Yy, 611 = po T3,
ri2=Y, 619 = —%CO’ e
. 5,
ro; = 6i(z), 62; = In f—; ~1In JIEI—OJT/—”_I (19)

r3; = 6i(2)y, 03 =7 'wi — T o,
rai = 8:i(2)Y, 04 = -3+ 3o,

where i = 1,---, N. We can use the above representation to show that the
FNM model given in (2) belongs to an exponential family:

p(y, ) = exp{6(u) - r - ¢(8(u))} (20)
where u” = (mo, - SN Ry ,y%},{g,- . ,517\;) is a vector of all the param-
eters of the model to be estimated, @ - r is the dot product, and

9(0) = —ln —0— 4 LuTe-10 4 log (VB! 21
=t gl S oD 2

We can now obtain the new observation vector defined as r” = (¢}, r%,, v, rT.

and the new coordinate system (the f-coordinates) @(u) = (811,012, 02, 03;, 04:)
in the manifold M of p(y, z). The expectation parameters, n = FEy(r), called
the 5-coordinates of M, can be represented as

M1 = E?_J—_o Wilti, Tz = 2?1:0 mi(wi + &),
i = T, N3i = Tifbi, (22)
i = mi(wi + &),

where p1; = [fio, ooy figa—1)]7, and w; = [u?o,...,p?(d_l)]T.

With the above #- and 7-coordinates, we can get the information geomet-
ric em-algorithm for the FNM based on the alternating minimization of the
divergence K between submanifold M which is realizable by the FNM model
and the submanifold D suggested by the observed partial data. K can be e.g.
selected as relative entropy.

1. Select an arbitrary initial vector 11y, which gives the initial distribution
Py e M., Sett =0.

2. Perform the em update

o e-step: Calculate the e-projection of the present P, onto D. This
gives Q41 € D that minimizes K(Q||P,), Q € D.

— s At+1l _ at41
Qir1 = A{fe1|l¥ 1] = ¥ea1, B3 = Yeq,
at+l St
Ty, =Yy = 0Yi41,

at+l
Ty, = azYH-l}’
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where a;s are the free parameters, which can be estimated as
Ep (8i(zt41)|ye41)

i exp{—3(yr41 — )T yeq1 — )}
¥ fiexp{=3(¥e+1 = 27)TE (Yo — 25)}

Il

@;

Then, using f¢4; calculated above, we modify its expectation, the
n-coordinates by

1 = (1 — €) + €F141 (23)

where ¢, is the learning rate selected as a decreasing sequence.

e m-step: Use the gradient method to get the next w;y;, which
gives Pyyq that minimizes K(Qy4||P), P € M.

Ury1 = 8 + &Blfes — 7(8,)] (24)
where B = 2;0(u) is the gradient matrix.

3. Increment the iteration index, t =t + 1.

4. Repeat step 2 until convergence (using a suitable convergence crite-
rion).

The given em-algorithm for MPL provides good estimates of the opti-
mum behavior through its e-projections on the set of desirable distributions
D. Each of these e-projections is then used by the m-projection to find the
corresponding best neural network. The algorithm can be thought of consist-
ing of two parts [3]: One part provides estimate of the best network behavior
and the other part finds a neural network whose behavior closely approxi-
mates this estimation. Hence, information geometric em algorithm provides
us not only with a new learning algorithm, but also a method to understand
the learning process.

IV. APPLICATION TO CHANNEL EQUALIZATION

In this section, we present application of the information geometric framework
for nonlinear signal processing with FNM to adaptive channel equalization.
We consider transmission of simple binary pulse amplitude modulated data
z(n) € {-1,1} through a nonlinear nonminimum phase channel such that
the received signal is given by y;(n) — 0.2yZ(n) where yi(n) = 0.3482z(n) +
0.8704z(n—1)+0.3482z(n—2). In the first experiment, the observation vector
at time n consists of y(n) and y(n — 1), and 120 training samples are used to
train the FNM equalizer with 16 normal distributions using the em algorithm
such that the partial likelihood given by (1) is maximized. The former part
of the training data are used to initialize the 16 normal distributions. The
average values of the first 3 observed vectors which belong to the same normal
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distribution are assigned as the means of the 16 normal distributions. The
remaining 72 training data are used to train the FNM equalizer sequentially.

The performance of the FNM equalizer is compared with that of multi-
layer perceptron (MLP) equalizer of similar complexity. A 2-18-1 perceptron
equalizer is trained by the traditional mean square error (MSE) and the par-
tial likelihood costs with 1000 training samples. Number of training samples is
chosen such that the algorithm converges. There is also one delay in the MLP
equalizer. Fig. 1 shows the bit error rate (BER) curves for the three cases
which are averaged over 50 independent runs. The information geometric em
algorithm based on FNM can achieve much faster convergence compared to
those of the backpropagation (MLP with MSE cost) and the LRE [1] (MLP
with MPL cost) algorithms while it still can achieve better BERs.

In the second simulation example, we address the problem of correct net-
work complexity determination (order selection for the FNM model and the
observation vector). We consider FNM models with 8, 16, and 32 normal
components respectively. When the FNM model has 8 mixtures and the ob-
servation vector is two dimensional, after 100 training samples, the equalizer
converges. For the FNM model with 32 mixtures and two dimensional ob-
servation vectors, 180 training samples are used for training. In Fig. 2, the
BER curve for FNM equalizer with 8 mixtures and two-dimension observation
vectors is quite close to that with 16 mixtures and the same dimension ob-
servation vectors, especially at low SNR values, as expected. The BER curve
obtained by the FNM equalizer with 32 mixtures and two-dimension obser-
vation vectors is slightly better than the 16 mixture FNM equalizer with the
same dimension observation vectors at high SNR values but performs slightly
worse at low SNRs as overparametrization is likely to generate problems for
generalization at increased noise levels. When we increase the dimension of
observation vectors from 2 to 3 for the FNM equalizer with 32 mixtures, but
using same number of training samples, the BER improves considerably at
high SNR values. This is due to the increase of the minimum distance be-
tween noise-free centers of the FNM when the dimension of observation vector
increases.
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