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Abstract- We present the general formulation for adaptive equalization by
distribution learning {1] in which conditional probability mass function (pmf)
of the transmitted signal given the received is parametrized by a general
neural network structure. The parameters of the pmf are computed by min-
imization of the accumulated relative entropy (ARE} cost function. The
equivalence of ARE minimization to maximum partial log-likelihood (MPLL)
estimation is established under certain regularity conditions which enables us
to bypass the requirement that the true conditionals be known. The large
sample properties of MPLL estimator are obtained under further regularity
conditions, and the binary case with sigmoidal perceptron as the conditional
pmf model [1, 2] is shown to be a special case of the new framework. Re-
sults are presented which show that the multilayer perceptron (MLP) equal-
izer based on ARE minimization can always recover from convergence at the
wrong extreme whereas the mean square error (MSE) based MLP can not.

INTRODUCTION

As more complex channels are required to carry increasing amounts of data
in today’s demanding communications applications, the need to develop more
sophisticated equalization schemes has become more evident. To overcome
the inherent limitation of linear equalizers, a number of neural network adap-
tive equalizers have been introduced (see e.g. [5, 6, 9]), and it is shown that
these equalizers can successfully equalize nonlinear channels where linear
equalizers might fail. The neural network equalizer also offers the advan-
tage of low-power low-complexity analog hardware implementation which is
particularly important in portable applications. These neural network equal-
izers view channel equalization as a classification problem and are based on
the traditional mean square error (MSE) performance criterion. Recently, we
have introduced a new approach to channel equalization which is based on
probability distribution learning [1], and uses relative entropy (RE) between
the true and estimated conditional probability density functions as the perfor-
mance measure to be minimized. The conditional probability mass function

*Research supported in part by Engineering Foundation grant RI-A-94-08.

0-7803-2739-X/95 $4.00 © 1995 IEEE
541


mailto:adali,xliu,nli2}@engr.umbc.edu
mailto:kemal@isr.umd.edu

(pmf) of the transmitted signal given the received signal is parametrized by
a general neural network architecture. It is shown that when multilayer per-
ceptrons (MLP) are chosen as the parametrized model, the equalizer can
successfully combat multi-path [1] and nonlinear distortions [2], and can al-
ways recover from convergence at the wrong extreme as opposed to the MSE
based MLP’s [1, 2].

In this paper, we extend our distribution learning formulation to finite
symbol alphabets by working in the partial likelihood framework. Partial like-
lihood, a relatively new method in estimation theory, allows for inference as
the time unfolds. Hence it bypasses the problem with maximum likelihood or
quasi-maximum likelihood estimation which require that the auxiliary infor-
mation be known in full throughout the period of observation when they are
extended to dependent observations [4]. The general formulation we present
for channel equalization here encompasses both supervised and unsupervised
(blind) mode of operation for a general neural network structure. In this
framework, adaptive channel equalization can be considered as a conditional
pmf estimation problem by accumulated relative entropy (ARE) minimization
which we show to be equivalent to mazimum partial log-likelihood (MPLL)
statistical estimation problem. Unlike ARE minimization, MPLL estimation
does not require that we know the true conditionals which in general are
never available, hence the parameters of the conditional distribution model
can be directly learned on the chosen neural network model. We show that
the consistency and asymptotic normality of MPLL estimator can be obtained
under further regularity conditions. In {2], we consider a simple binary com-
munication channel equalization problem and use the sigmoidal perceptron
to parametrize the conditional pmf. We then employ first order stochastic
approximation of the true conditionals to write the stochastic variant of the
RE cost function, and then note its equivalence to MPLL estimation. Here,
we consider the binary case with the sigmoidal model as an example and
show that it is a special case of the new framework. Also, for the perceptron
model, we present simulation studies which show that the ARE based MLP
equalizer can always recover from convergence at the wrong extreme whereas
the MSE based MLP can not. This property of the RE based equalizer is dis-
cussed in [2] within an extension of the well-formed cost functions framework
of Wittner and Denker [11].

CHANNEL EQUALIZATION BY DISTRIBUTION LEARNING

We formulate adaptive equalization problem as follows: A sequence of sym-
bols z(n), taking values from a finite alphabet § = {ag, a1, ...,an}, is trans-
mitted through a channel A which acts as a nonlinear operator on the incoming
signal. Let F,, be the o-field generated by the events of the form z(n) = [¢(n—
1), 2(1),2(0); y(n), -+, y(1),y(0)], where, y(n)’s are the time dependent
covariates of #(n). Typically, y(n) is the noise corrupted channel output. A

542



common model for the channel output would be y(n) = h(xx(n))+v(n) where
v(n) is the additive noise component, xg (n) = [2(n), 2(n—1),...,2(n— K +1)],
and h : RX — R. If ,, does not include the transmitted sequence z(n) but
only its covariates, this results in unsupervised (blind) mode of operation
for the equalizer. Thus F, = c{1,2(n)} represents all that is known to the
observer at time n, and F,,_; C F,. Note that since F,, includes the entire
history pg(z|F,) can have a recurrent structure as well.

Our aim is to estimate the conditional pmf p(z|F,), Vo € S. We parametrize
the conditional probability by a neural network as follows:

po(z|Fn) = flz,c(8),9(2n(n), 6)). (1)

Here, 0 is the vector of network weights, 8 € ©® where ® is a compact
parameter set and zy(n) is a subset of z(n) containing the most recent N
values of z(n). The term g(zn(n), 8) is the output of the neural network, f(-)
and g(-) are continuous differentiable functions, and ¢(8) and f(-) are chosen
such that ) . pe(z|Fn) = 1.

The relative entropy (RE), or the Kullback-Leibler distance, [8] a funda-
mental information theoretic measure of how accurate the estimated condi-
tional pmf is an approximation to the true conditional pmf,

_ n Pty (mljﬂ
Dn(po,lpe) = ZP (@l F) I i) )

arises as the natural cost function for this formulation. Note that it is non-
negative, and is equal to zero only when pg, = pp. In (2) we assumed that 8
is the weight vector for which f(-) achieves the true conditional pmf. The goal
is then to learn € which minimizes the accumulated relative entropy (ARE)
given by

I, = Z Di(pa,|lpe) (3)

in the sequence of observations Fy, Fa,- - -, F,,. However, note that the mini-
mization of this cost function requires that the true conditionals, or that 6
be known. In the next section we show that the ARE minimization problem
is equivalent to MPLL estimation which allows us to overcome this problem.

MAXIMUM PARTIAL LIKELITHOOD ESTIMATION

The optimal network parameters 8y have the fundamental information the-
oretic interpretation that they minimize the Kullback-Letbler information
given the chosen architecture and the ARE performance measure (3). Thus
viewing learning as related to Kullback-Leibler information minimization in
this way implies that learning is a mazimum likelihood statistical estimation
procedure for independent observations [10]. Though this may be extended
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to dependent data by discounting the dependence structure in some sense,
this still requires that the auxiliary information be known in full throughout
the period of observation [7]. 1t is obvious that this requirement can not be
satisfied in data communications. Partial likelthood (PL) can bypass this
problem by allowing inference from the available information.

The distribution learning problem posed in the previous section can be
cast as a MPLL estimation problem. To show this, we define

=1In P__Go((ﬁg)) and  Jn = ; Varg,(ri|F;)

and based on the theory of partial likelihood [12], show the following:

Theorem 1: If there exist a constant § > 0, @, | co, continuous functions

f(-) and g(-) such that
P(Z,/an>6)— 1 and Jn/ap—:0 (4)

then ARE minimization is equivalent to MPLL estimation, i.e.,

arg <m€inln> = aryg <mezaxﬁn>

where £, = []i, ps(z|F;) is the partial likelihood function and £,, = In L,
is the partial log-likelihood. (Proof is given in the appendix.)

It then suffices to maximize £, to estimate the conditional distribution,
and the value 8, maximizing £,, provides an estimate of the true parameter
. Con51stency and asymptotic normality are essential properties to ensure
that as the network experience grows, the probability of the network approxi-
mation error exceeding any specified level tends to zero. For the parametrized
model of (1) we show the following large sample properties of the MPLL es-
timator:

Theorem 2: For f(-) and g(-) as given in Theorem 1, assume conditions
given in (4) hold and that the first and second order derivatives of f(-) and
g(+) exist and are continuous. Then if there exist a £, 1 oo and positive
definite matrices @ and @) such that

B Un(80) —p Q1 and B, Vi(B0)—»Q (5)

where

Un(a):iE(VuiVul ), Va(6) = ZVul and u; = Vinpg(z|F) (6)

i=1

then, we can guarantee that 6 is almost surely unique for all sufficiently large
n and as n — 00,
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(1) 0 — 6y in probability,

(ii) V/Bn(6 — 60) — N[0, A] in distribution,

where A = Q~1Q;Q ™1 is the information matrix per observation for estimat-
ing the true parameter 6q. (Proof is given in the appendix.)

EXAMPLE: THE BINARY ALPHABET

Consider the adaptive channel equalization problem where the probability
that the transmitted signal z(n) = 1 from the alphabet {0, 1} is to be deter-
mined from a training sequence, given the finite past of the received signal:
yn(n) = [y(n),y(n — 1),..,y(n — N + 1)], ie., z2nyy1 = [2(n),yn(n)]. The
conditional pmf ps : RY — [0, 1] is parametrized such that

paz(n) = 117) = g (6"yn (n)

where g¢(-) is a differentiable non-linearity such that ¢’(s) > 0 for all s and
can be chosen as g(s) = 1/(1+ e~*). The pmf is then written as

FC) = g(yP™(1 = g())t ).
This is the sigmoidal perceptron model we used in [1].

We can reformulate f(-) as
f(-) = exp(z(n)1n(8) — 6,(8)) (7)
where 7,,(8) = 87 zy(n) and

1
1+ exp(~6Tyn (n))

by, =80T zx(n)—In

For this exponential model (7), we have
r2(0) = —z(n)(1n(8) — 7n(60)) + bn(8) — bn(60)

E(ry|Fn) = bn(6) — bn(60) — b/(GD)('Yn(B) —72(60))
Var(ra|F,) = b"(8)(12(8) — 7(60))*

where each 8; is a value between 8; and 6;, and the prime denotes the deriva-
tive with respect to 6.

By Lemma 3A [12]:
@n 2D (3 (0) = 7i(00))* =5 0.
i=1

Since an~t Y0, (i(6) — vi(60))? is locally uniformly bounded away from
zero conditions given in (4) hold and ARE minimization for this problem is
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equivalent to MPLL estimation. For this model, the consistency conditions
are also satisfied [7].

Dynamics of the LRE algorithm

In [1], we consider the binary case and show that 7.(0) = —L,(8) where
T, is the stochastic relative entropy (SRE) cost function which results when
we employ first order stochastic approximations for the true conditionals. In
this paper, we consider the sigmoidal perceptron as a special case of the new
formulation and establish the equivalence of ARE minimization to MPLL es-
timation under the conditions given in (4). The parameters of the conditional
pmf model can be estimated by minimizing the SRE or by maximizing PLL
in a number of ways, gradient descent (ascent) learning is one popular al-
ternative. We derive the least relative entropy (LRE) algorithm by gradient
descent minimization of the SRE cost function for the single layer perceptron
and show that it successfully equalizes multipath channels in [1]. The general
formulation for distribution learning with the MLP model is presented in [2]
and is applied to the equalization of of nonlinear channels.

The properties of gradient descent learning on the SRE cost function is
considered in [1, 2]. Particularly, it is shown that the SRE cost function for
single layer perceptron is a well-formed cost function in the sense of Wittner
and Denker {11] and hence gradient descent learning on this cost function is
guaranteed to find a solution. As is well known, there is no such guarantee
with the MSE cost function when used on MLP’s, even on those without
any hidden units. The dynamics of gradient descent learning on the SRE
cost function is also studied by considering its parameter updates [2] and it is
shown that for LRE updates the backpropagated output error is always a non-
vanishing control signal and hence the algorithm can recover from convergence
at the wrong extreme while the MSE based MLP can not. In this paper, we
present a simulation study to demonstrate this fact.

Consider a binary pulse amplitude modulation (PAM) data transmission
system. An abrupt change in the channel response happens during training
of the equalizer and causes misclassifications after initial convergence. We
model the nonlinear channel as a multipath channel (H(z) = 14 0.527¢ +
0.25271%) followed by a nonlinearity 0.5(.)%, and the PAM communication
system has 8 bits per sample with Nyquist pulse shaping. We implement
the LRE algorithm for binary alphabet given in [2] and the gradient descent
minimization of the MSE on the same MLP structure for equalization of the
given channel. Both algorithms have a 3-8-1 MLP structure. In Figure 1(a),
we show the bit error rate (BER) curves for the equalization of this channel
which show that both algorithms do an equally good job of partitioning the
decision region. What is notable is that when we introduce an abrupt change
(an exact sign change) in the channel characteristics after 150 iterations,
causing the decision region to rotate suddenly the LRE can very rapidly adapt
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Figure 1: BER Comparison for MSE and LRE MLP Equalizers
(a) without (b) with an abrupt change at 150 iterations

to this new operating condition. Starting from the very first iteration after the
change it can follow the changes by adapting both its hidden and output layer
weights in a few iterations. As we can observe in Figure 1(b), MSE produces
many wrong decisions before it can adapt to this new operating condition. In
Figure 2(a), we show the transient characteristics of both algorithms with the
abrupt change at 150 iterations at a signal to noise ratio (SNR) of 19 dB. As
seen in the figure, LRE can recover from convergence at the wrong extreme
very effectively whereas MSE based MLP needs a considerable amount of
time for the same task. Note that both algorithms have not fully converged
at 150 iterations, and if the sudden change causing misclassifications occurs
later MSE based MLP might not be able to recover. This is shown in Figure
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Figure 2: Recovery Characteristics for MSE and LRE MLP Equalizers
with an abrupt change at (a) 150 (b) 1000 iterations (SNR =19 dB)
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Figure 3: Recovery and Convergence Characteristics for (a) LRE (b)
MSE MLP Equalizers (with abrupt change at n = 100, SNR =19 dB)

2(b) by introducing the sudden change at iteration 1000. Again LRE can
very rapidly adapt to the new operating condition, rapidly recovering from
convergence at the wrong extreme. Figures 3 and 4 show the convergence
and recovery characteristics of both MLP equalizers (ARE and MSE based)
with and without the abrupt change when the change occurs at 100 and 1000
iterations respectively.

APPENDIX

Proof of Theorem 1: Let R, = ;| ri, by Theorem 2A [12]
R /Tn —p 1.
Therefore, Ye > 0, 3N for n > N, for any 6 € ©, we have
Tn(8:7)(1 =€) < Rn(6:7) < Tn(62")(1+ €)
T0(0,)(1 — €) < Ru(00™) < Tn(B2™)(1 + €)

where 8,% and é:t are the values which minimize Z,, and R, respectively.
Since ¢ is arbitrary, for sufficiently large N, we have

T,(6n") = Ra(6n") = Ru(6:7)
almost surely on ©. In addition, we can express Ry (6,") as

Rn(0n") = Ln(680) — Ln(6,7)
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which implies: arg (ming Z,,) = arg (max,g [Zn).

Proof of Theorem 2: We have V,,(6) = VVTL,(8) (6). Since conditions given
in (5) hold, £,,(8) is concave with respect to 8 (Theorem 2E [12]). Therefore

6 — 6y in probability.
Let Sn(0) = Y i ui(8), then, we have

E(ui|Fi) =0 and Un(B)z—ZE(vi|ﬂ)

therefore §,(0) is a martingale. By considering the first two terms in the
Taylor expansion of V.L,(6g) we can write

0= VLn(60) ~ Sp(B0) + (8 — 60)V,(80)

then

VBB = 80) & (8. 758.(80)) (~BaVa(80) 1) .

Since the conditions given in (5) are satisfied and that S,(0) is a martingale,
by invoking Martingale central limit theorem [3], we have

B~ 28,(80)—p N[O, Q1]
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therefore

VB (8 — 80)—p N[0,Q71Q1 Q1.
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