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Abstract—Detection of a given target or set of targets from ob-
served data is a problem countered in many applications. Regard-
less of the algorithm selected, detection performance can be se-
verely degraded when the subspace defined by the target data set is
singular or ill conditioned. High correlations between target com-
ponents and their linear combinations lead to false positives and
misidentifications, especially for subspace-based detectors. In this
paper, we propose a subspace partitioning scheme that allows for
detection to be performed in a number of better conditioned sub-
spaces instead of the original subspace. The proposed technique is
applied to Raman spectroscopic data analysis. Through both simu-
lation and experimental results, we demonstrate the improvement
in the overall detection performance when using the proposed sub-
space partitioning scheme in conjunction with several subspace de-
tection methods that are commonly used in practice.

Index Terms—Classification, Raman spectroscopy, subspace
partitioning, target detection and identification.

I. INTRODUCTION

T ARGET detection and identification is a fundamental
problem in many applications, such as in hyperspectral

imaging, computer-aided diagnosis, geophysics, and Raman
spectroscopy (see, e.g., [1]–[3]). The objective is to determine
whether certain target components exist in observed data. This
can be achieved in two steps.

1) Hypothesis testing

(1)

where is an 1 vector of observed data with length
, a matrix of target

components, a matrix of
interference components, a vector of target

mixing coefficients, a vector of interference
coefficients, and a noise vector. In this paper, we use cal-
ligraphic letters to denote the set of all components in a
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given matrix, e.g., , and chevrons,
e.g., , to denote the subspace spanned by the compo-
nents in . In (1), stands for the presence of one or
more target components from in , and the absence
of all components of .
For a hypothesis testing problem, there are two types of
statistical error. Type I error, also known as a false positive,
is the error of rejecting a null hypothesis when the null
hypothesis is actually true. Type II error, also known as a
false negative, is the error of accepting a null hypothesis
when the alternative hypothesis is true.

2) Identification: If the testing result is , then identify the
indexes of the present target components.

A number of methods have been proposed for the detection
problem given in (1)—see, e.g., [2] and [4]–[10]. When the in-
terference is known, matched subspace detectors (MSDs) [2],
[4]–[6] give the generalized likelihood ratio solution as

(2)

where and is the projec-
tion matrix onto subspace . A major limitation here is that

and are assumed to be full-rank subspaces and linearly
independent such that there is no element of that can be
written as a linear combination of vectors in and vice versa.

In many applications, however, it is difficult to obtain a reli-
able prior estimate of the interference components. For example,
this is the case in target detection in Raman spectroscopy [2],
[3] where the background interference is either unknown or its
estimation might not be practical. Hence, detectors that do not
rely on interference information are more desirable in gen-
eral [7]–[10]. In [3], least squares (LS) and nonnegative least
squares (NNLS) have been used for target detection in Raman
spectroscopy:

and (3)

where the interference is simply ignored. In [8], a detector using
canonical correlation analysis (DCC) has been proposed where
the test statistic is chosen as the maximum canonical correlation
between the target component matrix and a block of observa-
tion data , i.e., the maximum correlation between any linear
combinations of and , as

(4)
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Here , where is the block size of the
observation data used in detection. The canonical correlation

and canonical vector can be obtained by solving the fol-
lowing eigenvalue problem:

(5)

where is a sample cross-correlation matrix between and
, in which the th element is the sample correlation between

and , i.e.,

where and . Analogously,
is the sample cross-correlation matrix between and ; and

and are the sample correlation matrices of and ,
respectively. Note that, instead of a single observation as in
(2) and (3), a block of observation data is used in (4) for
DCC. Thus in DCC, when the target is present, , the
addition of samples can provide more information on subspace

, therefore mitigating the overall effect of interference in
DCC [8]. When the testing result in (1) is , the dominant
coefficients of in (3) or in (5) can be used to identify the
indexes of the present target components.

As in the case for MSD, although is not used in detection,
the target subspace is required to be full rank in NNLS,
DCC, and robust matched subspace detectors [9]. For example,
in (3) and (5), the inverse of matrix has to be computed;
thus the rank deficiency of the target component matrix leads
to singularity in both solutions. Hence, the conditioning of
plays an important role in the performance of all these detection
algorithms. The conditioning of a subspace can be measured by
its condition number defined as

where and are the maximum and minimum of sin-
gular values of , respectively [11]. The subspace is said to
be well conditioned if is small relative to one, ill conditioned
if is large, and singular if is infinite.

A well-conditioned subspace is always preferred. In practice,
however, in applications such as Raman spectroscopy [3], cer-
tain target components can be very similar to each other, as
can their linear combinations. When this is the case, an ill-con-
ditioned target subspace is inevitable; hence the full-rank
and independence assumptions do not hold. One approach to
handle the rank-deficient subspace is to convert it into its domi-
nant principal components. However, this approach destroys the
original component information, which is needed both for the
detection and the identification of the target. Also, as seen in
the Raman spectroscopy example, an ill-conditioned space also
implies difficulties in the identification stage, as we discuss in
the Section II.

In this paper, we introduce a subspace partitioning scheme
to improve the conditioning of the target subspace without
changing the original components. This scheme reduces cor-

relations among linear combinations of the target components,
hence significantly enhancing the detection performance when

is singular or ill conditioned. The subspace partitioning
scheme is achieved by posing it as a vertex coloring problem
from graph theory, in which adjacent vertices must be assigned
to different colors. By regarding components that cause high
canonical correlations as adjacent vertices, the components can
be divided into a number of clusters after coloring such that high
correlation between linear combinations of components within
and between each cluster is reduced. Therefore, the detection
can be performed in a number of better conditioned subspaces
instead of the original ill-conditioned subspace.

We apply our partitioning scheme to a Raman spectroscopy
application and investigate the detection performance of MSD,
NNLS, and DCC detectors when using the partitioned spectrum
library. Both simulation and experimental results demonstrate
that significant improvements in detection can be achieved when
we use library partitioning.

II. MOTIVATION OF SUBSPACE PARTITIONING

As discussed in Section I, the target subspace and the in-
terference subspace are required to be full-rank subspaces
and linearly independent. If and are singular or ill con-
ditioned, i.e., if the correlation values between components or
their linear combinations are high, then certain components in

and are likely to be very similar to certain components or
to their linear combinations, which makes their differentiation
difficult for detection and the subsequent identification step. As
a result, the overall performance can be severely degraded be-
cause of the following three types of errors.

• False positives: Let , and , and
, where and are nonzero scalars. Thus, when

is present in the observed data, the presence of and
might be detected even when they are absent, hence leading
to false positives.

• Misidentifications: Let , and , and
, where and are scalars. Thus, when and are

present, the presence of might be detected, even when
is absent, and vice versa, hence leading to misidentifica-

tions.
• Numerical errors: If the subspace is not full rank, then

the matrix is singular and its condition number is
infinite. Hence, the inverse of does not exist, which
leads to the failure of detectors as observed from (2), (3),
and (5). Even when the target subspace is full rank, an
ill-conditioned leads to an ill-conditioned matrix .
A matrix with a large condition number is numerically un-
stable in matrix inversion and suffers from sensitivity to
roundoff errors in computations as studied by perturbation
theory [11].
Suppose and ; the
relative change in the solution is bounded by

is small enough
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where is the Frobenius norm. This shows that, when the
condition number is large enough, the relative error in the
solution may be large even if the perturbations in and

are small. Hence the calculation of the matrix inverse
of in (2), (3), and (5) is likely to be inaccurate in
this case and often yields unreliable performance even with
techniques that try to improve on the numerical properties.

Let

denote the set of all target and interference components.
We study the property of data set by calculating the
intralibrary canonical correlation between each and the rest
of the data set

(6)

where . If is close to
one, this implies that is approximately equal to a linear combi-
nation of other components. The aim of subspace partitioning is
to decrease the value of for each . Note that the inclusion of
interference components in set for library partitioning is not
absolutely necessary since only the target component matrix
is used in (3) and (4). However, inclusion can help reduce false
positives when certain interference components are known.

III. SUBSPACE PARTITIONING WITH GRAPH COLORING

A. Finding Forbidden Pairs
The aim of subspace partitioning is to partition the target and

interference data set into a number of clusters, hence reducing
the value of for each component. Most clustering algorithms
are based on point-to-point distance measures, while the canon-
ical correlation is a measure defined on a point-to-set basis. Reg-
ular clustering algorithms do not address the issues outlined in
Section II and are therefore not useful for this problem.

To introduce the subspace partitioning scheme, we first define
a forbidden pair. For a given component set and a threshold
, for any , if the canonical correlation , between

and any subset is greater than or equal to , we cal-
culate the canonical vector and define the two components cor-
responding to the two largest coefficient values. Let these com-
ponents be and . We call them a forbidden pair since these
are the components that contribute most significantly to the high
value attains. Thus, the value of will decrease if we break
up the pair of and by assigning them into different clus-
ters. Thus, since the pair and are restricted from belonging
to the same cluster, they are called a forbidden pair. As an ex-
ample, let us consider the following scenario, which uses the
component set from Section IV. We calculate the canonical cor-
relation between and , and obtain

and the canonical vector

where the subscripts denote the indexes of corresponding com-
ponents in the component set. We can see that components
and have the largest two coefficients in . Thus, and
are a forbidden pair since they contribute most for the high value

assumes.

Fig. 1. Algorithm for finding forbidden pairs for � in � .

Fig. 2. A three-coloring suits this graph, but fewer colors would result in adja-
cent vertices of the same color.

The algorithm to find all forbidden pairs for component in
is shown in Fig. 1. Note that after a forbidden pair is split, it is

still possible that there is high correlation between and linear
combination of other components. Hence, we use a recursive
function to find forbidden pairs for . Each time a for-
bidden pair for is found, we continue calling
three more times with the argument equal to , ,
and , respectively, until the canonical correlation be-
tween and is below the threshold . In the above example
for in subset , after we find the first for-
bidden pair , we continue finding forbidden pairs for
in subsets , ,
and . The same procedure is performed
for every component until we determine all of the forbidden
pairs in .

We can see that the threshold is a parameter that controls
how close a set of variables we allow while partitioning the vari-
ables. Hence, the lower is, the better the subspace conditioning
after partitioning. On the other hand, however, choice of a lower

implies more forbidden pairs and leads to a larger number of
clusters. Note that the purpose of subspace partitioning is to im-
prove the conditioning of the subspace from extreme cases, i.e.,
when certain components are equal or approximately equal to
linear combinations of other components. Therefore, as long as
the threshold is not too close to one, it does not significantly
impact the detection performance and a value of 0.9 provided
the required tradeoff in terms of number of clusters and con-
ditioning of the subspaces in our example, as we discuss in
Section IV. Hence, generally speaking, the threshold is not
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Fig. 3. Flowcharts of the detection schemes with and without subspace partitioning, where � is the threshold. (a) Detection in subspace ��� and (b) detection in
partitioned subspaces �� �, � � �� � � � � � .

Fig. 4. Intralibrary canonical correlations of each spectrum before parti-
tioning.

necessarily to be a very small number in order to pursue better
conditioned subspaces.

B. Subspace Partitioning With Graph Coloring

After all forbidden pairs for the whole data set are found,
we have a list of pairs that cannot coexist in the same cluster.
The next step is to partition the data set into a number of
clusters such that the two elements of any forbidden pair are
assigned into different clusters. This can be converted into a
vertex coloring problem in graph theory, as we show next.

A graph is an ordered pair , where stands
for a finite set of elements called vertices and a finite set of
unordered pairs of vertices called edges. The vertices
are called adjacent if and nonadjacent if

. A legal coloring of a graph is a map function
, where any two incident vertices are assigned

different colors, i.e.,

TABLE I
EXAMPLES FOR FORBIDDEN PAIRS (SPECTRUM IN THE LEFTMOST COLUMN

FORMS FORBIDDEN PAIR WITH EACH SPECTRUM ON THE RIGHT)

TABLE II
SPECTRUM DISTRIBUTION IN CLUSTERS AFTER PARTITIONING

Here, is a natural number set. A graph can always be col-
ored if the number of colors can be chosen arbitrarily large.
In the graph coloring problem, the solution using the minimum
number of colors, called chromatic number, is the one that is de-
sired [13]. This is also the case in our detection problem since
the computational cost will increase with the number of clusters.

In a vertex coloring problem, different colors are assigned to
the vertices of the graph such that no two adjacent vertices are
assigned the same color. Fig. 2 is an example of vertex coloring.
In graph theory, adjacent means sharing the same edge, while
in our case, we consider those forbidden pairs as edges, i.e., the
two elements in each pair are adjacent vertices since they cannot
coexist in the same cluster or group.
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TABLE III
CONDITION NUMBER OF SUBSPACES BEFORE AND AFTER PARTITIONING

Fig. 5. Inter- and intracluster canonical correlations after partitioning.

Finding the minimum number of colors for an arbitrary graph
is NP-hard [12]. The graph coloring algorithm has been well
studied. The algorithm we are using is based on the work in
[14]–[16]. It proceeds in two steps.

1) Find a maximum clique—a subgraph in which all ver-
tices are connected to each other, e.g., the three vertices
on the left in Fig. 2—to obtain a lower bound of the chro-
matic number. Knowing the lower bound of the chromatic
number can significantly reduce the searching space for
graph coloring. The maximum clique can be obtained using
a branch-and-bound algorithm [14].

2) Find a graph coloring solution using Brown’s backtracking
algorithm [16]

Coloring solution is not unique in most cases. In our
problem, since the condition number of the subspace formed
by the cluster components increases with the number of com-
ponents in the cluster, it is desirable to keep the number of
components in the biggest cluster as small as possible. Hence,
after a coloring solution is obtained, we assign vertices in
bigger clusters to smaller clusters if the moving does not break
the coloring rules, such that the numbers of vertices in different
clusters are distributed as evenly as possible.

The result of the partitioning step is a number of clusters,
where and is the number of clusters, also the
chromatic number. Since the components that cause high canon-
ical correlations are in different clusters after partitioning, we
can expect better conditioning of the partitioned subspaces that
are spanned by s.

C. Detection in Partitioned Subspaces

After subspace partitioning, detection can be performed in the
new, now better conditioned subspaces instead of the original

ill-conditioned subspace. The original hypothesis testing result
is if an alternative hypothesis is obtained in any of the parti-
tioned subspaces. Fig. 3 shows the flowcharts for the detection
schemes in the original subspace and partitioned subspaces for
detection of a single target component. Here, can be any
detector used in subspace , such as an MSD, DCC, or NNLS
detector, and is the output of the detector used as the detec-
tion statistic. As shown in Fig. 3(b), detector is applied
in multiple subspaces, each spanned by the components in each
cluster. If none of the components in exists in data , then

from each detector is expected to assume a small value; if
a component in is present, say, and , then is
expected to assume a large number close to one, and other de-
tectors to have a small output. Hence, the detection statistic is
chosen as the maximum in this case.

As mentioned earlier in this paper, although the information
on some known interference components can be incorporated
in the process of subspace partitioning to improve the detec-
tion performance, only the target component matrix is used in
DCC and LS detectors, as seen in (3) and (5). Therefore, inter-
ference components are removed—if any—from each cluster.
Subspaces for detection are spanned by , where , and

, as seen in Fig. 3(b).

IV. DETECTION USING SUBSPACE PARTITIONING WITH
APPLICATION TO RAMAN SPECTROSCOPY

We test our subspace partitioning scheme for target detec-
tion in Raman spectroscopy data. Raman spectroscopy has been
shown to be a powerful technique for noncontact and nonde-
struction detections and identifications. It uses a laser to probe
the vibrational energy levels of a molecule or crystal, and hence
provides information on molecular structure and chemical com-
position of materials. A Raman spectrum gives a set of peaks
that correspond to the characteristic vibrational frequencies of
the material, which can be used as a signature for identifica-
tion of various materials. In this paper, we consider the appli-
cation of Raman spectroscopy on noncontact detections of sur-
face-deposited chemical agents, which is particularly useful for
detecting environmentally hazardous chemicals [3].

A. Subspace Partitioning of Raman Spectrum Library

We use a library of 62 Raman spectra, ,
where the first 50 are spectra of target chemicals of interest and
the last 12 are spectra of possible background materials, i.e., the
interference components. In Raman spectroscopy, there are al-
ways correlations between spectral of materials, and sometimes
the correlation values could be very high. We calculate the in-
tralibrary canonical correlation of each spectrum in using (6)
and show them in Fig. 4.
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Fig. 6. ROCs for all the detectors (Background � � , present chemical � � , and SNR � � dB). (a) Detection with DCC and DCCP; (b) detection with NNLS
and NNLSP; (c) detection with MSD, MSDP, MSD-L, MSDP-L.

We can see that most values of are close to one, which means
that most spectra can be approximately represented by a linear
combination of the other spectra in the library. The aim of li-
brary partitioning is thus to decrease the value of for each
spectrum.

We applied the proposed partitioning scheme on . For the
whole spectrum library, we first determine all forbidden pairs
that cause high canonical correlations for each spectrum in the
library. Table I shows some examples of forbidden pairs for the
given spectrum library. In this example, a threshold is
used to determine the forbidden pairs.

The results of library partitioning are shown in Table II, where
each row corresponds to a cluster with the indexes of the spectra
it contains. Note that the goal of subspace partitioning is to re-
duce the maximum correlation between any linear combinations
of components. The single correlation (component-to-compo-
nent) values are fixed and cannot be decreased by any means. In
our implementation, the spectrum pairs whose single correla-
tions are greater than the threshold are determined first, and one
of the spectrum in each high correlated pair is extracted from
the library before partitioning. For the given spectrum library,
13 spectra are pulled out from the library. The extracted spectra
are stored in a list of pairs with their counterparts. Whenever a
spectrum in the list is detected, a second stage classification is
performed to identify the present chemical index between the

spectrum and its counterpart. For example, the shape and loca-
tion of certain characteristic yet minor peaks can be used in the
second stage classification to differentiate similar spectra when
the correlation measure is not distinctive enough [17].

Table III shows the condition number of each partitioned sub-
space along with the original subspace. We can see that the con-
dition number decreases significantly after partitioning. A more
direct and meaningful measure in this context is the maximum
canonical correlation for each spectrum after partitioning. We
calculate the maximum canonical correlation of each compo-
nent both within its cluster and between the other clusters after
partitioning. We use intracluster canonical correlation to eval-
uate the closeness of a component to other components in the
cluster it belongs to. Let be the cluster in which the th
component is. The intracluster canonical correlation for com-
ponent is defined as

where denotes the matrix formed by components in
except .

The intercluster canonical correlation for with cluster is
defined as
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