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Abstract—Maximization of the weighted sum-rate of secondary
users (SUs) possibly equipped with multiantenna transmitters and
receivers is considered in the context of cognitive radio (CR) net-
works with coexisting primary users (PUs). The total interference
power received at the primary receiver is constrained to main-
tain reliable communication for the PU. An interference channel
configuration is considered for ad hoc networking, where the re-
ceivers treat the interference from undesired transmitters as noise.
Without the CR constraint, a convergent distributed algorithm is
developed to obtain (at least) a locally optimal solution. With the
CR constraint, a semidistributed algorithm is introduced. An al-
ternative centralized algorithm based on geometric programming
and network duality is also developed. Numerical results show the
efficacy of the proposed algorithms. The novel approach is flexible
to accommodate modifications aiming at interference alignment.
However, the stand-alone weighted sum-rate optimal schemes pro-
posed here have merits over interference-alignment alternatives es-
pecially for practical SNR values.

Index Terms—Ad hoc network, cognitive radio, interference net-
work, MIMO, optimization.

I. INTRODUCTION

A COGNITIVE radio (CR) is an intelligent radio that senses
the environment and adapts its transmission parameters

to efficiently utilize the scarce radio spectrum [17], [19]. One
of the promising applications of the CR technology is hierar-
chical spectrum sharing, where primary users (PUs), which are
licensed to use certain spectrum bands, allow secondary users
(SUs) to access the spectrum as long as the interference does
not degrade the communication quality of the PU links [36].

Hierarchical sharing is well motivated in various settings. In
the so-called overlay scenario, the bands not used by the PUs
are identified in temporal and/or geographical (spatial) domains
so that the CRs may utilize the available spectrum opportunisti-
cally. In the so-called underlay scenario, the interference power
perceived at the PUs must be maintained under a tolerable level.
For example, the ultra-wideband radios can spread their trans-
mission power over a swath of bandwidth so that the interfer-
ence is essentially buried in the background noise. Alternatively,
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the CRs can perform active power control to meet the inter-
ference requirement. If transmitters are equipped with multi-
antenna arrays, the interference can also be steered away from
the PUs by beam-steering techniques.

The focus of the present work is on the underlay scenario.
Specifically, an ad hoc network of CRs is considered where each
node has a multiantenna array. The multiple antennas are ex-
ploited to serve a dual objective: avoid the interference (toward
both the unintended CR as well as the PU receivers), and en-
hance throughput via multi-input multi-output (MIMO) trans-
mission toward the intended CR receiver. To this end, a net-
work-wide weighted sum-rate maximization problem is formu-
lated to optimize transmit powers, and the linear transmit filters
of the CR transmitters.

It is known that even the power control problem alone
(without considering MIMO transmission) for maximizing
the weighted sum-rate in an interfering network is a difficult
task. The challenge is that the relevant optimization problem
often turns out to be nonconvex. Successive solution of geo-
metric programming (GP) problems was proposed in [4] with
promising results. In the special case of two interfering links, a
simple on/off power control strategy was shown to be optimal
[7]. When multicarrier transmission techniques are adopted, the
dual decomposition technique was shown to yield the optimal
power allocation as the number of subcarriers tends to infinity
[15]. In [11], a locally optimal power allocation was obtained
using a game-theoretic distributed algorithm with interference
pricing.

In the case of MIMO ad hoc networks, a distributed opti-
mization algorithm was pursued in [2] under a network-wide
(as opposed to per-node) transmit-power constraint using the
concept of network duality. A distributed algorithm was derived
in [12] based on noncooperative game theory and network du-
ality, again under a network-wide power constraint. Studies con-
cerning resource optimization of MIMO CRs were also reported
recently. Point-to-point MIMO links were studied in [35] under
CR interference constraints, and a similar setup was considered
in [34]. Notably, a distributed algorithm in the MIMO ad hoc CR
network setup was proposed in [24], where nulls were placed
toward the directions of the PU receivers, while each link self-
ishly maximized its own rate. However, due to the selfish nature
of the per-link optimization metric, the algorithm cannot cap-
ture a socially efficient operating point in general. Moreover, it
is not straightforward to extend the algorithm to the case where
unequal weights are assigned to the individual links.

The contributions of the present work can be summarized as
follows.
C1) A distributed weighted sum-rate maximization algorithm
for MIMO ad hoc networks under per-node transmit-power con-
straints, attaining a Karush-Kuhn-Tucker (KKT) point of the
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corresponding team optimization problem, is developed and its
convergence proved. Each link in the network needs to solve a
convex optimization problem per iteration, requiring only local
feedback from the interfering links.
C2) A semidistributed algorithm is developed based on primal
decomposition when the CR interference constraint is addition-
ally present to protect PU links. The only global coordination
necessary is adjustment of the permissible interference contribu-
tions of the CR links to the PU receiver, and the CR interference
condition is enforced all the time during the iterative process.
C3) An alternative centralized algorithm for weighted sum-rate
maximization for MIMO ad hoc CR networks is developed.
For this, the network duality established in the literature for
the MIMO multiple access and broadcast channel configura-
tions is extended to the MIMO ad hoc network topology with
per-node power constraints and CR interference constraints.
Then, it is shown that iterative application of minimum-vari-
ance distortionless response (MVDR) receive-beamforming,
GP-based power control, and network duality-based optimal
transmit-beamforming achieves the desired KKT optimality.
Recent advances in the degrees-of-freedom characterization of
MIMO interference channels (ICs) motivated development of
optimization algorithms based on interference alignment [9],
[20]. Although proper performance comparison is beyond the
scope of the present work, it is emphasized that the weighted
sum-rate maximization formulation studied here does not
preclude interference alignment whenever it is feasible, and,
more importantly, leads to desirable solutions in practical SNR
regimes.

The paper is organized as follows. In Section II, the optimiza-
tion problem is formulated. Section III presents a distributed
solution without the CR interference constraints, followed by
Section IV, which incorporates the CR constraints, and intro-
duces a solution based on primal decomposition. Section V
develops an alternative centralized algorithm based on network
duality, and the successive GP technique. Numerical results
are provided in Section VI, and conclusions are drawn in
Section VII.

II. PROBLEM STATEMENT

Consider a CR network, where secondary users (SUs) share
the spectrum with a primary user (PU). The extension to the
case of more than one PUs is straightforward. The SUs form a
MIMO ad hoc network, where the wireless any-to-any MIMO
links interfere with each other. The transmitter of the -th link,
where , is equipped with transmit antennas,
while the receiver of the same link with receive antennas.
At the receiver of the -th link, the received complex baseband-
equivalent signal vector can be represented as

(1)

where is the complex quasi-static flat fading
channel matrix from the transmitter of the -th link to the re-
ceiver of the -th link, denotes the transmitted signal

vector of the -th link, and stands for circularly sym-
metric, zero-mean, complex Gaussian noise vector with iden-
tity covariance matrix . The noise vector captures the back-
ground noise as well as the interference from outside the CR
network including that from the PU transmitter, possibly after
prewhitening.

In the coexistence CR network considered, SUs must be
capable of preserving the performance of the incumbent PUs
by dynamically adapting their transmission parameters to the
channel conditions. Here, we specifically adopt the spectrum
underlay architecture, where the interference power at the PU
is regulated [34]. Note that this is a set-up different from the
ones used in information-theoretic analyses of CR networks
involving noncausal sharing of messages [13]. Aiming at
reduced-complexity receivers, we further assume that joint
decoding of the interfering signals is not an option; thus, the
interference is treated as noise at the receivers.

The problem of interest is to maximize over the transmit-
covariance matrices the weighted total achievable rate of the
CR network. Define the transmit-covariance matrix of link
as , where represents the Hermitian trans-
pose. Let denote the nonnegative priority weight of link ,
and the maximum transmit-power of the -th link. Also, let

denote the flat fading channel matrix from the
transmitter of the -th SU link to the receiver of the PU link.
Then, the optimization problem is formulated as

(2a)

(2b)

(2c)

where is the interference-plus-noise covariance matrix at the
receiver of link defined by

(3)

Equation (2b) represents the per-node transmit-power con-
straints, and (2c) captures the condition that the total interfer-
ence from the SU transmitters summed over all antennas
at the receiver of the PU link be capped to a certain maximum
tolerable level .

Although the focus of this paper is on any-to-any CR net-
works, problems similar to (P1) arise naturally when applying
dual decomposition to a cross-layer network optimization
problem, where the weights play the role of Lagrange
multipliers associated with the physical layer link capacity
constraints; see e.g., [29].

Problem (P1) is clearly nonconvex in due to the inter-
ference present. Therefore, finding the global optimum is chal-
lenging. The goal of this paper is two-fold: a) develop algo-
rithms that yield (at least) a locally optimum solution of (P1);
and b) devise distributed schemes that neither require a central



KIM AND GIANNAKIS: OPTIMAL RESOURCE ALLOCATION FOR MIMO AD HOC COGNITIVE RADIO NETWORKS 3119

unit nor central collection of channel state information across
the network.

III. DISTRIBUTED SOLUTION

For ease of exposition, consider first the counterpart of (P1)
without the CR constraint (to be revisited in Section IV):

(4a)

(4b)

To isolate the interference which renders (P2) nonconvex, de-
fine the weighted sum-rate of the links other than the -th as

, where
refers to the set of transmit-covariances of all links except the
-th; i.e., . The nega-

tive partial derivative of w.r.t. , evaluated at ,
is then given by (5), at the bottom of the page. Retaining only
the linear term in the Taylor’s expansion of around , it
is possible to approximate (P2) by a set of per-link problems
given for by [cf. (4a) and (5)]

(6a)

(6b)

Unlike (P2), (P3) is convex in and can be efficiently solved
by numerical iterative algorithms ( needed for is thus
available from the previous iteration). Note that (P3) essentially
maximizes the same objective function as (P2) with respect to

, except that the weighted sum-rate of the other links is ap-
proximated to the first order at the point . The trace term in
(6a) plays the role of interference tax, discouraging selfish be-
havior of link , which would otherwise just want to maximize
its own rate. This is in the spirit of [12], [11], [33], where similar
techniques were employed in different contexts.

The MIMO optimization identifies the optimal transmit-co-
variance matrices, which also determines the power allocation
among the multiple streams of each link. In the special case
where the channel matrices have circulant structure, iterative
water-filling-type approaches have been widely studied [31],
[25]. An approach related to the present formulation is [23],

where a noncooperative game is studied for the MIMO IC. How-
ever, since each link selfishly maximizes its own rate in [23]
(that is, is set to in (6a)), the attained Nash equilibrium may
not be socially efficient. Moreover, it is not clear how a weighted
sum-rate maximization problem should be handled using the ap-
proach in [23] when the individual link rates are not equally
weighted.

Remark 1: For each link to solve (P3), it has to compute
the matrix . As can be seen from (5), computing re-
quires feedback from all links of the Hermitian ma-
trices , as well as the
channels . The feedback may be efficiently implemented
via wireless broadcast. Computing at link does not re-
quire feedback from other links since can be estimated at
link through measurements. In a time-division duplex (TDD)
system, the channels may be estimated at the transmitter of link
thanks to reciprocity. Furthermore, if , then becomes
a scalar. Note that in a centralized scheme, one would normally
need to collect at a central processor the MIMO channels of all
links in the network (including the interfering links), presum-
ably relying on multihop routing to convey channel feedback
from the regions far from the central processor. On the contrary,
the proposed distributed scheme requires each link to collect
only local channel information (i.e., the channels for the links
that impinge upon the receiver of link ), and thus possesses im-
proved scalability and robustness properties.

Remark 2: There are avenues to further reduce the feedback
overhead in practice. First, the feedback information may be
transmitted only when it has changed significantly. Since the
channels are assumed quasi-static, they do not need to be fed
back in each iteration. Moreover, redundant feedback can be
eliminated as the algorithm nears to convergence. Even when
the channels vary slowly, warm-starting the algorithm using the
last solution as an initial point can considerably reduce feed-
back requirements. Secondly, although the algorithm formally
requires each link to collect feedback from all links in
the network, only nearby links inflict sizable contribution of in-
terference in practice. Thus, the feedback may be collected only
in the vicinity, which constitutes an important practical advan-
tage of the distributed algorithm in terms of scalability, com-
pared to centralized alternatives. Note that in the centralized al-
gorithm, all channels must be collected at a central processing
unit, and the computed transmission parameters need to be fed
back to the appropriate links, with the locality structure com-
pletely neglected.

(5)
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A. Solution of (P3)

Leaving the nonnegative definiteness constraint on im-
plicit, the partial Lagrangian of (P3) is given by

(7)

where is the Lagrange multiplier corresponding to the power
constraint. The dual function is

(8)

Then the optimal solution can be found by solving the dual
problem

(9)

Upon factorizing , the maximization problem in
(8) can be rewritten as

(10)

Proposition 1: The optimal solving (10) is a generalized
eigen-matrix of the pair of matrices and

.
Proof: The proof relies on simplifying (10) until

Hadamard’s inequality applies as in e.g., [10]. The Cholesky
decomposition of the matrix is written as ,
where is a lower-triangular Cholesky factor. Upon defining

, (10) reduces to

(11)

The eigen-decomposition of is written
as , where is unitary and is diagonal. If

, then (11) can be expressed as

(12)

By Hadamard’s inequality [6, p. 233], it can be seen that the

optimal must be diagonal; hence, , and
thus

(13)

which proves the result.

Proposition 1 specifies the directions of the optimal precoders
(beamformers) , but not the optimal power allocated in each
direction, since right-multiplying the eigen-matrix by a diag-
onal matrix again yields an eigen-matrix. (Indeed (13) is sat-
isfied after swapping and .) To obtain the optimal power
allocation, consider the normalized precoding matrix such

that , where each column of has norm equal

TABLE I
OVERALL ALGORITHM TO SOLVE (P2)

to unity, and is diagonal and nonnegative. Since is the
generalized eigen-matrix of and , so is

. It then follows readily from [8, p. 462] that

(14)

where and are diagonal. From (13), it also holds that
. Then, (10) can be written as

(15)

The solution of (15) is given by (see also [6, p. 252])

(16)

where , and the remaining elements of are
zero.

To solve (P3), one needs to find the optimal Lagrange multi-
plier by solving (9). This can be accomplished using a simple
bisection search.

B. Convergence

The overall algorithm essentially allows each link to perform
the optimization in (P3) autonomously until convergence. The
Gauss-Seidel iteration, the Jacobi iteration, or an entirely asyn-
chronous iteration may be adopted to this end [18]. Table I lists
a Gauss-Seidel version of the iterative algorithm. The ensuing
proposition links the solution of the original problem (P2) with
that of its first-order approximation (P3).

Proposition 2: A fixed point of the algorithm in Table I exists,
and it is a KKT point of (P2). Thus, if the algorithm converges,
it converges to a KKT point of (P2).

Proof: The result is immediate upon checking that the set
of KKT conditions for (P3) for constitute pre-
cisely the KKT conditions for (P2).



KIM AND GIANNAKIS: OPTIMAL RESOURCE ALLOCATION FOR MIMO AD HOC COGNITIVE RADIO NETWORKS 3121

Convergence of the algorithm when the Gauss-Seidel itera-
tion is applied is proved in the following proposition. The proof
is inspired by [26], which established convergence of a similar
algorithm for single-input single-output and multi-input single-
output ad hoc network configurations. In the MIMO case, the
following lemma is necessary.

Lemma 1: For each , the function
is convex w.r.t.

.
Proof: Adopting the technique used in [30, Th. 2], con-

vexity of w.r.t. can be proved by showing that
is convex w.r.t. , where

. The second derivative of is (see also [30])

(17)

where , and
. Note that and

. Thus, using matrix factors
and , it is possible to write , and

. Then, it can be seen that (cf. (17))

(18)

Proposition 3: The Gauss-Seidel iteration in Table I
converges.

Proof: The claim will be established by showing that
after a link solves (P3), the network-wide objective func-
tion of (P2) is nondecreasing. Suppose that
for all , from the previous iteration. Let

denote the optimal solution of (P3) for link . Define
, for all . Then,

(19a)

(19b)

(19c)

(19d)

where (19b) is a consequence of Lemma 1, and the definition
of in (5); and (19c) holds since is the optimal solution
of (P3). Thus, the network-wide objective is

nondecreasing after each link updates . Since the objective
is bounded from above, the algorithm must converge.

IV. APPLICATION TO COGNITIVE RADIO NETWORKS

Let us return to the original formulation (P1) with the CR
constraint (2c). The CR constraint couples all SU transmitters
in the network. To decouple them so as to develop a distributed
solution, one may consider the dual decomposition technique
to relax the CR constraint. However, we aim at an on-line al-
gorithm that iteratively attains the optimal solution as the net-
work actually transmits and receives signals. In other words, the
system will employ the values of intermediate iterates for net-
work operation, while the algorithm may be yet converging. In
contrast, an off-line algorithm will first obtain the final solution
by running the iterative algorithm until convergence, and subse-
quently deploy the solution for network operation. In addition to
distributing the computational burden over time, the on-line al-
gorithm is often capable of coping with slow variations in the en-
vironment (e.g., mobile channels) by tracking optimal solutions
over time. However, to run an algorithm in an on-line fashion,
one must ensure that the intermediate iterates are feasible for
network operation.

In this respect, the dual decomposition may not be appro-
priate because the primal variables become feasible only at con-
vergence. Thus, while iterations proceed but have not yet con-
verged, the CR constraint (2c) may well be violated if the dual
decomposition approach is taken. In fact, the algorithm may
not converge to a feasible solution of the underlying nonconvex
problem (P1).

A. Primal Decomposition Approach

An alternative is to use the primal decomposition, which has
been also adopted in various contexts; see e.g., [18]. In this ap-
proach, a master problem determines allocation of the shared re-
source, thus preventing violation of the constraint. In our setup,
this amounts to introducing a set of auxiliary variables
such that and . Then, (P1) can be
written as (20), at the bottom of the page. The master problem
is then formulated as

(21a)

(21b)

(21c)

B. Semidistributed Solution

Now, taking the same approach as in Section III, one can
find at least a local optimum of (P4) in a distributed fashion by
solving the per-link problems for each ; that is,

(22a)

(22b)
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TABLE II
OVERALL ALGORITHM FOR SOLVING (P1)

(22c)

The partial Lagrangian of (P6) is given by [cf. (7)]

(23)

where is the Lagrange multiplier associated with the
CR constraint in (22c). Note that (23) has essentially the
same form as (7), except that is replaced by

, and that there are two Lagrange
multipliers rather than one. Thus, an algorithm analogous to
that in Table I can be developed to solve (P4). The bisection
search in Table I can be replaced by the ellipsoid algorithm [1].

To solve (P5), we rely on the subgradient algorithm. The sub-
gradient of with respect to is given by the optimal
obtained from the solution of (P6). Thus, the update for
is

(24)

where denotes the iteration index, the step size, and
the projection onto the region defined by (21b)–(21c). An effi-
cient algorithm to compute such a projection is detailed in [16].

The overall procedure for solving (P1) is summarized in
Table II. Although the convergence of the algorithm could
not be established due to nonconvexity of (P4), the algorithm
always converged in the extensive numerical tests that we
performed. It is easy to see that once the algorithm converges,
it converges to a local optimum of (P4) and (P5).

Remark 3: Clearly, the projection operation needs to be per-
formed in a centralized fashion. This can be done either by a
“head” node elected among the SU transceivers, or, by a spe-
cialized controller. The controller needs to collect the optimal
dual prices from the SU transmitters, and feed the al-
lowed interference contributions back to them. The nu-
merical tests in Section VI demonstrate that optimizing over

often results in negligible increase in the objective, es-
pecially when the number of antennas is large. The rationale is
that as the spatial degrees of freedom increase, the CRs (even the

ones with significantly strong links to the PUs) can simply steer
sharp nulls toward the PU directions without incurring much
cost in terms of the power resources. The weighted sum-rate ob-
jective will be dictated essentially by the per-node power con-
straints in this power-limited regime. Therefore, one may just
set for all to obtain a fully (as opposed to semi-)
distributed algorithm without much degradation of the reward
when the number of antennas is large.

Remark 4: A remark is due on the feedback requirement of
this algorithm. Solving (P6) at link requires collecting channel

locally and the interference power cap from a cen-
tral processor, in addition to the feedback requirement already
described in Remark 1. For solving (P5), the optimal Lagrange
multipliers must be collected at a central unit. Since the
master problem iterations in Table II run in a time scale larger
than that of the per-link iterations, the message passing to/from
the central processor occurs in a much slower pace than the
feedback related to the per-link problems. Moreover, the central
message passing involves merely two scalar quantities and

per link. This requires far less overhead when compared to
collecting all MIMO channels at a central unit. The performance
of the latter case is studied in the next section.

Next, an alternative centralized algorithm is developed for
weighted sum-rate maximization of MIMO ad hoc CR net-
works. It also achieves local optimality, but may yield higher
reward than its distributed counterpart in practice, as will be
confirmed by the numerical tests in Section VI.

V. GEOMETRIC PROGRAMMING AND NETWORK DUALITY

In this section, an alternative algorithm is developed to
solve (P1) in a centralized manner using GP and network
duality. In spite of the inherent nonconvexity of the underlying
optimization problem, GP-based power control algorithms
for single-antenna transceivers have been reported to achieve
excellent performance in practice [4], [21]. On the other hand,
network duality proved extremely useful in optimizing MIMO
networks [2], [12], [32]. Our approach here is to leverage both
of these techniques by dividing the overall nonconvex problem
into smaller subproblems, each of which can be efficiently
solved.

Being a centralized algorithm, the proposed approach re-
quires the channel states of all links in the network to be first
collected at a central processor. This is feasible for networks
of small size. However, even when such an arrangement is
impractical, performance of the centralized algorithm provides
a benchmark for the (semi-)distributed algorithm developed in
the preceding sections. Moreover, a subproblem to be solved as
part of the algorithm, namely (P10), is an interesting problem

(20a)

(20b)

(20c)
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in its own right that has not been previously addressed in the
literature.

A. Iterative Algorithm

In order to exploit network duality, one first needs to refor-
mulate the problem in terms of linear transmit- and receive-pre-
coders. By factorizing for all , (P1) can be equiv-
alently written as

(25a)

(25b)

(25c)

The following result adapted from [2, Th. 1] allows us to express
(P7) in terms of linear precoders.

Proposition 4: For any given , there exist ma-
trices that yield the same objective as in (25a)
while maintaining . More-
over, the same objective can be attained by linear transmit-
and receive-beamforming, where the transmit-beam-
formers for link are the columns of denoted by

, and the receive-beamformers are computed
as the MVDR beamformers given by ,
with

.
Note that is related to as

, i.e., contains the terms from
the interstream interference. Proposition 4 essentially asserts
that the interstream interference can be completely elimi-
nated at every link in the network by linear transmit- and
receive-beamforming.

Based on Proposition 4, it can be seen that the following
problem achieves the same optimal objective as (P7)—see (26)
at the bottom of the page, where

.

Let denote the transmit-power of the -th
stream in link , and define . The al-
gorithm to be presented consists mainly of two components:
i) power control via GP given the transmit-precoders ;
and ii) network duality-based precoder updates; see also [32].
Related algorithms were studied in [5] and [27] for a MIMO
cellular downlink setup without formal claims of optimality.
Specifically, the following iterative algorithm is proposed:
S1) Given the transmit-beamformers , determine the re-
ceive-beamformers as the normalized MVDR beam-
formers

(27)

S2) Given and , determine the (locally) optimal
transmit-powers and the per-stream SINRs for
(P9), at the bottom of the next page.
S3) Given and , update the transmit-beam-
formers by solving (for an auxiliary variable )

(29a)

(29b)

(29c)

(29d)

S4) Repeat S1)–S3) until convergence.
Step S1) updates the receive-beamformers given the

transmit-beamformers and powers, which does not affect
the interference. Step S2) optimizes the per-stream powers
and SINRs while adhering to the power and CR interference
constraints. Problem (P10) in step S3) is in the form of a
feasibility optimization problem for the power and CR inter-
ference constraints, through the auxiliary variable . Since

(26a)

(26b)

(26c)

(26d)
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the constraints were already enforced in the previous step, the
optimal cannot be larger than 1. By minimizing a constant

times , step S3) essentially minimizes the max-
imum of the per-node transmit-powers normalized by ’s, and
the interference power normalized by .

Since the MVDR beamformers maximize the SINRs of
the individual streams given the transmit-beamformers and
transmit-powers, step S1) increases (or maintains) the objective
value of (P8) from the previous iteration. Step S2) optimizes the
transmit-powers to maximize the objective with the transmit-
and the receive-beamformers fixed. Thus, this step also in-
creases (or maintains) the objective value of (P8). Finally,
step S3) uniformly maximizes the margins of the power and
the CR interference constraints through the auxiliary variable

, while maintaining the same per-stream SINRs
for all ’s and ’s, and hence achieving the same

objective value for (P8) from step S2). Therefore, this step
provides “room” for the next iteration to increase the objective
value. Overall, it is clear that the iterative algorithm S1)–S4)
converges. In fact, it can be shown that the algorithm achieves
at least local optimality.1

Proposition 5: Iterative application of S1)–S4) converges to
a KKT point of (P8).

Proof: See Appendix A.

Problem (P9) in S2) falls in the class of truly nonconvex prob-
lems, called signomial programs. It cannot be transformed to
a convex program unless , which is not the
case here. However, a local optimum of (P9) can be obtained by
solving a series of GPs as detailed in [4]. The resultant solution
very often corresponds to the global optimum [4].

Although (P10) in S3) is nonconvex in its present form, it
can be transformed to a convex problem, and thus be solved
efficiently [28]. To this end, the alternative approach devel-
oped next relies on the network duality concept. Capitalizing
on Lagrangian duality, the optimal solution of the MIMO
cellular downlink problem with per-antenna transmit-power
constraints can be obtained by solving an uplink problem with
the worst-case noise covariance matrix [32]. We will consid-
erably broaden the scope of [32] by showing that a similar

1In the conference precursor of this paper [14], it was erroneously reported
that the algorithm does not attain local optimality.

derivation is possible as in Section V-B for: i) the MISO IC
with ii) the CR constraints added. The key observation is that
the per-antenna power constraints in [32] become analogous
to the per-link power constraints (29c), or the CR interference
constraints (29d).

B. Solution of (P10)

The nonconvex problem (P10) can be solved optimally. The
key enabler is the strong duality between (P10) and its dual. The
proof follows closely the ones in [28] and [32] developed for an
analogous claim in the multiantenna downlink setup. Here, it is
shown that strong duality claims carry over to the multiantenna
ad hoc network topology as well.

Lemma 2: Strong duality holds for (P10) and its dual.
Proof: It is first noted that an arbitrary phase rotation

can be applied to the transmit-beamforming vectors
without altering the optimal solution of (P10). In particular,
the phase can be chosen so as to make the imaginary part of

vanish, . Then, one can rewrite the SINR
constraints (29b) as second-order cone constraints expressed as

...

(30)

where denotes the Euclidean norm. Replacing (29b) in (P10)
by the convex constraints (30) renders the problem convex, and
thus strong duality holds for this reformulated problem and its
dual. The remaining task is to show that the Lagrangian dual of
(P10) coincides with the Lagrangian dual of this reformulated
problem. This can be done in a completely analogous fashion to
the proof for the multiantenna downlink in [32, Appendix A];
for this reason, details are omitted.

Although a general-purpose convex optimization software
can solve the convexified problem, the following proposition
provides a means to develop an efficient solver for (P10), based
on the preceding lemma.

(28a)

(28b)

(28c)

(28d)

(28e)
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TABLE III
THE ALGORITHM SOLVING (P10)

Proposition 6: Problem (P10) can be solved via the fol-
lowing joint receive-beamforming and transmit-power control
problem, where plays the role of transmit-power,
the transmit-beamformer, and the receive-beamformer,
over the “flipped” channel .

(31a)

(31b)

where
. The optimal is given by

for each and , and the powers are obtained by
solving the system of equations

(32)

Proof: See Appendix B.

The algorithm to solve (P10) is summarized in Table III,
where denotes matrix pseudoinverse. To determine
the initial ellipsoid, it is noted that

since must
hold. Lines 3–5 ensure that the feasibility conditions for

are met. For given , the minimization
in (P11) can be performed by an iterative algorithm, given in
line 6, whose detailed derivation is omitted as it is analogous

Fig. 1. Example MIMO CR network topology.

to the ones presented in [28] and [32]. To update for the
maximization in (P11), the ellipsoid method is again used in
lines 10–11, where the subgradient of the optimal value of the
minimization w.r.t. is given by [32]

(33)

VI. NUMERICAL RESULTS

The configuration depicted in Fig. 1 is a representative sce-
nario. In this setup, there are five links that operate over the same
frequency band, while transmitters and receivers are equipped
with antennas each. The pathloss exponent is
assumed to be 2, and the thermal noise power is set to
W. The maximum transmit-power is equal to 10 W for all

. The flat fading channel per node pair was gen-
erated to have a line-of-sight (LOS) path as well as two reflected
paths with angles w.r.t. the LOS. The reflected paths have
power gain half that of the LOS path. The subsequent numerical
results are based on this particular realization of channels, ex-
cept for Fig. 5, for which 50 different realizations were tested.

Fig. 2 shows the evolution of the weighted sum-rate when
(P2) is solved via the algorithm in Table I using Gauss-Seidel.
Two sets of weights and were
tested. The weighted sum-rates are seen to converge to the near-
optimal values quite rapidly. Also, the monotonic increase of the
weighted sum-rates can be verified. Fig. 1 shows the optimized
beam patterns for the equal-weight case. It is seen that one link
uses two streams while the others use only a single stream. The
beams are steered so as to balance between transmitting more
power toward the desired receivers while avoiding interference
imposed to others.

Fig. 3 pertains to the case when the rightmost link in Fig. 1
becomes a PU, and the rest four links are constrained to generate
total interference at the PU of no more than W. Equal
weights were used. The maximum transmit-power at each link
is again for all . The top panel of Fig. 3 depicts the
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Fig. 2. Weighted sum-rate without the CR constraint.

Fig. 3. Weighted sum-rate with the CR constraint (top) and the evolution of
� �� � (bottom).

evolution of the sum-rate each time the maximum interference
powers are updated following (24) with for all

. The bottom panel shows the evolution of starting from
the equal assignment of for all . It can be seen that
although convergence is observed within 10 iterations, the sum-
rate is increased no more than 3% by updating . This is
due to the fact that enough degrees of freedom become available
in the spatial domain to avoid interference to the PU such that
the additional degrees of freedom to play with the powers add
little value. Thus, the centralized operation of adjusting
can be removed without much sacrificing performance when the
system has sufficient capability to steer away the beams from the
PUs. In this case, the central controller is no longer necessary.

Performance of the centralized algorithm in Table III is illus-
trated in Fig. 4 for the scenario in Fig. 3. In this particular case,
the centralized algorithm yields a sum-rate higher than the dis-
tributed algorithm, as can be verified from the top panel of the
figure. However, its computational complexity is considerably
higher than that of its distributed counterpart. The bottom panel

Fig. 4. Sum-rate (top) and transmit-powers � � � (bottom) corre-
sponding to the centralized algorithm.

Fig. 5. Sum-rates achieved by the distributed and the centralized algorithms.

depicts the transmit-power at each link, which is constrained to
be less than or equal to 10 W.

To compare the actual performances of the proposed dis-
tributed and centralized algorithms, the two algorithms were
applied to 50 random topologies with the node positions uni-
formly distributed in a 1000 m 1000 m area. Four links were
present in each experiment with antennas,
and the CR constraints were not imposed. Fig. 5 depicts
the achieved sum-rate in the 50 different experiments. The
upper-bounds, which are also shown in Fig. 5, were obtained
by artificially setting all interference channels to zero matrices.
Since both algorithms aim at locally optimal solutions, there
is no guarantee that one will uniformly outperform the other.
However, one can see that the centralized algorithm usually
performs better than the distributed one, which partially justifies
the heavy feedback overhead associated with the centralized
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algorithm. It is noted that a similar trend has also been observed
in [21] for the single-antenna case.

VII. CONCLUSION

Distributed resource allocation algorithms for MIMO ad hoc
CR networks have been developed to maximize the weighted
sum-rate of any-to-any links under per-node transmit-power
and CR interference constraints. When the CR interference con-
straints are absent, the problem amounts to weighed sum-rate
maximization for MIMO ad hoc networks with per-node power
constraints when other-user interferences are treated as noise,
which is, in itself, an important problem. A provably conver-
gent distributed algorithm was developed that yields a locally
optimal solution.

When the CR interference constraints are added, the primal
decomposition technique was adopted to ensure that the con-
straints are enforced even during the iterative procedure, and a
semidistributed algorithm was proposed.

An alternative centralized algorithm was also developed
based on network duality and GP-based power control. Ex-
isting network duality results for the single-cell cellular network
topology were extended to the ad hoc network configuration
under the per-node power and CR interference constraints.
The novel algorithm views MIMO optimization as a multi-
beam beamforming problem without loss of optimality, and
iteratively updates receive-beamformers, transmit-powers, and
transmit-beamformers in cycle to attain a KKT-optimal solu-
tion. The numerical tests verified the efficacy of the proposed
algorithms.

Overall, although optimization of MIMO interference net-
work is a difficult problem even when simple single-user de-
coding is assumed per link, the study finds that “good” solutions
can be obtained in a distributed and on-line fashion exploiting

only local feedback, and CR interference constraints do not nec-
essarily alter the fundamental solution structure. Given a more
lenient budget on computational complexity and feedback over-
head, a centralized alternative often provides an improved per-
formance, tapping into the power of GP and network duality.

Recently, the interference alignment idea advanced the un-
derstanding of ICs in a major way by characterizing the in-
herent degrees of freedom in the high-SNR regime [3]. How-
ever, from a practical standpoint, it is still important to have
weighted sum-rate-optimal solutions for the low- and mid-range
SNRs. In fact, algorithms that specifically target interference
alignment seem to be often outperformed by algorithms that di-
rectly maximize the sum-rates in finite SNRs [22]. The bottom
line is that a weighted sum-rate maximization does not preclude
interference alignment, and often leads to desirable solutions in
the SNR ranges of practical interest.

APPENDIX A
PROOF OF PROPOSITION 5

Convergence is clear as each of S1)–S3) does not decrease
the objective of (P8). It remains to show that the convergence
point corresponds to a KKT point of (P8).

For ease of exposition, let us ignore the CR interference con-
straints, which does not change the essential steps of the proof.
Since the inequalities (28b) in (P9) are tight at the optimum, (P9)
can be equivalently rewritten as (34), at the bottom of the page.
The Lagrangian of (34) is given by (35), at the bottom of the
page, where and are the Lagrange mul-
tipliers associated with the constraints (34b) and (34c), respec-
tively. Then, the conditions shown in (36)–(38), at the bottom
of the next page, are necessary for optimality, and hence are en-
forced at the fixed point of the iterative procedure S1)–S4). It is

(34a)

(34b)

(34c)

(35)
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useful to note that the following relations hold for all at
the fixed point due to (27):

(39)

(40)

(41)

Substituting (39)–(41) into (36), multiplying the both sides by
, and using (37) yields

(42)

Consider now (P10) without the CR interference constraints:

(43a)

(43b)

(43c)

Assuming w.l.o.g. that , the Lagrangian of
(43) is given by

(44)

where and are the Lagrange multipliers.
The necessary conditions for optimality for (P10) include

(45)

(46)

(47)

(48)

where the fact that the optimal at the fixed point has been
used in (47), and it is noted that (48) holds automatically as the
inequalities in (28b) are tight. Substituting (27) into (46) and
left-multiplying the both sides by yields

(49)

(36)

(37)

(38)
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By comparing (42) with (49), one can deduce that and
must be proportional to and , re-
spectively, with the proportionality constant determined to sat-
isfy (45). Substituting these relations into (46), and using (41)
yields (50), at the bottom of the page.

The goal is to show that the conditions explored so far imply
the KKT conditions for (P8). Replacing the receive-beam-
formers by the optimal MVDR beamformers, (P8) is equivalent
to

(51a)

(51b)

Upon introducing the Lagrange multipliers to relax (51b),
the Lagrangian is given by

(52)

and the KKT conditions are

(53)

(54)

(55)

(56)

By choosing , one can see from (38) and (50) that the
fixed point of the iterative procedure S1)–S4) satisfies
the KKT conditions (53)–(56).

APPENDIX B
PROOF OF PROPOSITION 6

The proof is adapted from [32]. Letting ,
and denote the Lagrange multipliers associated with con-
straints (29b), (29c), and (29d), respectively, the Lagrangian
corresponding to (P10) can be written as

(57)

(58)

Thus, the dual function is given by

(59)

and the dual problem by

(60a)

(60b)

(50)
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(60c)

where (60b) and (60c) are necessary to ensure that
.

To establish that the dual problem (60) is equivalent to (P11),
it is first noted that the optimal receive-beamformers
for (P11) can be obtained in closed form as

(61)

where denotes Moore-Penrose pseudoinverse, which is nec-
essary here as may be rank-deficient. Plugging (61) into
(31b) yields

(62)

Consider next the following optimization problem

(63a)

(63b)

in which the inequality in (62) is reversed, and the minimiza-
tion in (31a) is replaced by maximization. Problem (63) admits
identically optimal reward as (P11) because both achieve their
optimum when the SINR constraints are met with equality; i.e.,

(64)

The remaining task is to prove that (63b) is equivalent to (60c).
For this, [32, Lemma 1] states that for a positive semidefinite
matrix if and only if . The desired
result now follows immediately after substituting

and in the said Lemma.
To determine the desired transmit-beamformers ,

equate to zero the gradient of w.r.t. for ; that
is

(65)

Thus, the optimal transmit beamformer can be represented
as

(66)

from which it is clear that is collinear to . Since
phase rotation is irrelevant, only the transmit-powers
need to be determined. (The optimal transmit-beamformers can

then be computed as .)
The transmit-powers can be obtained by solving the system of
(32), based on the fact that the SINR constraints are met with
equality at the optimum.
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